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PREFACE. 



riiHE work of which this volume forms the first or introductory 
part is intended to supply studento of mathematics with a well- 
filled storehouse of solved examples and unsolved exercises in the 
application of the fundamental theorems and processes of pure Alge- 
bra, and to exhibit to them the highest and most important results 
of modern algebraic analysis. It may be used to follow and sup- 
plement the ordinary text-books, or it may be em[>loyed as a 
guide-book and work of reference, in a course of instruction under 
a teacher of mathematics. 

The following are some of the special features of this volume : 

It gives a large number of solutions in illustration of the best 
methods of algebraic resolution and reduction, some of which are not 
found in any text- book. 

It gives, classified under proper heads and preceded by type- 
solutions, a great number of exercises, many of them illustrating 
methods and principles which are generally ignored in elementary 
Algebras ; and it presents these solutions and exercises in such a 
way that the student not only sees how algebraic transformations 
are e£fected, but also perceives how to form for himself as many 
additional examples as he may desire. 

It shows the student how simple principles with which he is quite 
familiar, may be applied to the solution of questions which he has 
thought beyond the reach of these principles; and gives complete 
explanations and illustrations of important topics which are omitted 
or are barely touched upon in the ordinary books, such as the Prin- 
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ciple of Symmetry, Theory of Divisors, and its application to Fac- 
toring, and Applications of Horner's Division. 

A few of the exercises are chiefly supplementary to those proposed 
in the text-books, but the intelligent student will find that even 
these examples have not been selected in an aimless fashion ; he will 
recognize that they are really expressions of certain laws ; they are 
in fact proposed with a view to lead him to investigate these laws 
for himself as soon as he has sufficiently advanced in his course. 
Nos. 8, 9, 10, and 11 of Ex. 1 afford instances of such exercises. 

Others of the questions proposed are preparatory or interpretation 
exercises. These might well have been omitted were it not that they 
are generally omitted from the text-books and are too often neglected 
by teachers. Practice in the interpretation of a new notation, and 
in expression by means of it, should always precede its use as a sym- 
bolism itself subject to operations. Nos. 23 to 36 of Ex. 3, and nearly 
the whole of Ex. 15, may serve for instances. 

By far the greater number of the exercises is intended for prac- 
tice in the methods exhibited in the solved examples. As many as 
possible of these have been selected for their intrinsic value. They 
have been gathered from the works of the great masters of analysis, 
and the student who proceeds to the higher branches of mathematics 
will meet again with these examples and exercises, and will find 
his progress aided by his familiarity with them, and will not have 
to interrupt his advanced studies to learn theorems and processes 
properly belonging to elementary Algebra. In making this selec- 
tion, it has been found that the most widely useful transformations 
are, at the same time, those that best exhibit the methods of reduc- 
tion here explained, so that they have thus a double advantage. 

The present volume ends with an extensive collection of exercises 
in Determinants. These present under new forms and from a dif- 
ferent point of view the greater number of the theorems proposed, 
and many of the general results obtained, in the earlier chapters, and 
to these they add many important propositions in other subjects ; as, 
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for example, in the method of least squares, in linear, homograph ic, 
orthogonal, and homaloid transformations, and in the degeneracy 
and the tangency of qnadrics. 

The second volume will treat of factorials and the combinatory 
analysis; finite diflferences and derived functions, both direct and 
inverse, of explicit functions of a single variable ; expansion, sum- 
mation, reversion, transformation, and interpolation of series ; the 
arithmetic, harmonic, and geometric series of integral orders, includ- 
ing the theta-functions ; recurring series ; binomial, logarithmic, and 
exponential series ; hyperbolic and circular functions ; trigonometric 
series, direct and inverse ; Legendre's, Bessol's, Lam6*s, and Heine's 
series and their associated functions ; double series ; infinite pro<I- 
ucts ; continued fractions ; indeterminate equations ; theory of num- 
bers ; inequalities; maxima and minima; binomial oquationn und 
cyclotomic functions ; transformation of binary forms ; theory of the 
quintic and of higher equations; theory of substitutions. The whoh* 
will close with a chapter on the fundamental pr)stulat«'8 and the 
general laws of algebra, illustrated by examples and problems in 
matrices, polar algebras, and ideal arithmetic. 

In this second part of the work the authors liope to be able to 
give numerous historical notes and bibliographical references for 
the use of students who desire to pursue the subj«'ct further, or 
to consult the original memoirs. 

A companion volume to the present is in course (if preparation for 
the use of private students and of all who have not the advantage 
of instruction by a specialist in mathematics. The companion will 
contain proofs of the theorems employed and solutions of the exer- 
cises proposed in this volume, the whole accompanied by hints on 
the best method of attacking problems, and on the selection of pro- 
cesses for their reduction. 

Notwithstanding that the utmost care has been taken in revis- 
ing the proof-sheets, there doubtless remain many errors both in 
the examples and in the exercises. The authors would feel grate- 
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fal to teachers and stadents for notification of all errors which 
may be discovered, and also for suggestions in relation to the im- 
provement of the work. 

Messrs. J. S. Cashing k Co. deserve special mention for their 
masterly skill in overcoming all the difficulties in the typography 
of this work, and for their excellent taste and judgment exhibited 
in the beauty and elegance of these pages. 

G. A. WENTWORTH. 
J. A. McLELLAN. 
J. C. GLASHAN. 



Note. It is due Mr. Glashan to state that the main part of the 
work on this Algebra has been done by him. 

G. A. Wentwobth. 
J. A. McLellan. 
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CHAPTER L — SUBSTITUTION. 

Ex. 1. 

1. If a = l, i = 2, c--=3, df=-4, x^9, y-^^S, find the 
values of the following expressions : 



a — ix — y) — (b - c)id - a) - (y ~ b){x + c); 

^ — yb/ — (y — a)\'i + e{f> — <")]]; 

(x + d)(y + b+c) + ix-d)(a-b-d) 
+ (y + d){a-x-d); 

{d-xy + (c + yy; 

(a - i) (c»- b^x) -(c-d) (A* - o»ar) 
+ (d-b-c){d*-a*); 

d — a , rf-j- c Q C?-f~ ^ 

d + a d — c d—b 

2. If a = 3, 3 = —4, (?=— 9, and 2s = a + i -he, find 
the values of the following expressions : 

« (s — a) (« — ft) (s — c) ; 

s* + (s — a)«+ (s - ft)'+ (s - cf ; 

»* — (* — a) (s — ft) — (s — ft) (s — c) - (s — c) (s — a) ; 

2(5 — a) (5 — ft) (s — c) + a(s — ft) (s - c) 
+ ft (s — 6') (s — a) + c(s — a) (s — bji. 



' 
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3. If a = 2, 6 = — 3, c = 1, a; = 4^, find the values of the 
following expressions : 

a^-h\ a^ + b\ (a-b)\ (a - by . 
a' + b'' a?-b'' (a + by {a + by' 

a^ + ab + b\ a^ — b\ a:f 2a; — 3 Sx — l ] a:~l 
a^-ab + b^' a'- 6*' 2 1 3 4 i 2 ' 

(a+b)\(a+by-c'l . a\b-c)+bXc-a)+(^(a-b) 
U^c^-^a^-b'-c^y {a-b){b-c){c-a) 



4. If a = 6, i = 5, c = — 4, c? = — 3, find the values of the 

following expressions: 

a^ '- -^/jb^ + ac) . g + V(o?' + g") 
2a- V(^' - ac) ' c» + 2c?(d» - c") 

5. If a; = 3, ?/ = 4, 2; = 0, find the values of 

x" + 2/^ + r ; (^ - 2/)'"' + (y " 2)'~' + (2 - ^y~' ; 



6. Find the values of 
when 



(x + j/ + zy-s(x^+jy+^) 



xyz 



(i.) X 

(ii.) a; 

(iii.) X 

(iv.) a; 



1. y 

2, y 

3. y 
10, y 



2, z 

3, z 

4, 2 
11, z 



= 3 
= 4 
= 5 
= 12 
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7. Given ar = 3, y = 4, 2 — - - 5, find the valutjH of 

(^ + y + .r)' - 3 (a: + y - f 2) (ry + y2 + «^) ; 
^(y + z) + ^{z + x) + :^{x + y) + 2xyz', 

^iV — «) + y'C^ — ar) + 2"(jr — y) ; 

(5a; - 42)» + 9(4a: - zf - (13a: - 52)' ; 

(3a; + 4y + 52)'+ (4a:+ 3y + 122)'- (5a: + 5y -} 132)". 

8. If s = a + i + <?, find the values of 

(2s - aY+ (2« - by - (28 + cy 
when 

(i.) a = 3, i = 4, c = 5; 

(ii.) a = 21, i = 20. c-20; 

(iii.) a =119, i-120, c=169; 

(iv.) a = 3, A = — 4, c — 5 ; 

(v.) a = 5, *-=12, C-- 13. 

9. If a=l, * = 3, c=5, rf=7, c = 9, /^ 11. show that 

J_+i + i. + l + i = lA_iV 
06 he cd de ef 2\a fj 

—+—+—+— =V---V 

abc bed ede def A\(ib ef) ' 



1 ,+ 1 + 1 ^V.i -, 



lef)' 



abed bede cdef Q\abe dej , 

a> + 6» + c* — ai — ^>c — ca - h''+ r'+ d""- bc-cd~- db 
= c* + d* + c* — cd — dc — cc 
=^d^ + ^+p-de-cf-fd. 



*T2s*t: 



m- n — ~ 



10. :t a 



2 ^ = h. i=4. ^ = -: 



^ *^ 



Atu'^nr 'Xda;; 






//- //^-^-^ 



^/ .;,//., <^-f <f* = 






o/t-a — ^^ ' 



^f « 



,/ : t/.r^^^d''^^=^ 



^-J ) 



// f //-f-c' = (a + ft + c)'; 
«'-f//-fc» + <? = (a + i + <r + rf)'; 
a«-fA'-f-c» + £P + ^ = (a + * + c + a;+c)'; 

h* .1. r^ 4- rf* - <fe(<^+g)(g'^-l) . 



a" 



a' 



a" 



a 
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11. Assume any numerical values for x, y, and 2, and find 
the values of the following expressions : 

(a;*- 10a:* + 5ar)« + (5a?»- lOo:* + 1)« - - (x* + 1/; 

(a: + 1/ - 2(ar + 5)» ~ (ar + 9)« + 2(j: + 11)» 
+ (a:+12)»-.(a:+16)»; 

(^-/)' + (2a:y)'-(a:' + y')'; 

(3a;'+ 43^+3^)'+ (4a;' + 2a:y)'-(5a;' f 4ry | y*/; 
(^-y)' + (y-2)' + (2-^)'-3(2:-y)(y -2)(2-a:). 

§ 1. If a: = any number (as, for example, 3), thon 
3^{= ar X a:) = 3ar; a:'(= a: X a:*) = 3a;»; x\= x X a:») -^ 3^-*; 
etc. Or, 3 = ar; 3ar = a:*; 3a;* = a:*; 3a:* -= a:*; etc. Honce, 
problems like the following may be solved like ordinary 
arithmetical problems in " Reduction Descending.'* 

Examples. 

1. Find the value of a;* ~ 2 a: — 9, when a: = 5. 

a;* — 2a;- 9 
5 

hx 
— 2x 

3a: 
5 

15 
-9 

6 Ans, 
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2. Find the value oi x^ — a^ — ^o^ — ^x — b wlien a; = 3. 

x*' — r? — ^.3^ — 3^ — 5 
3 

P^ 



Zx" 



n 2:r* 

3 

r., 2^:^ 

3 

— 3a; 

ra 3a; 

3 

p. 9 

-5 

r* 4 J.WS. 

3. Find the value of 2a;*+12a;'+6a;'— 12a;+10 when x = -5. 

Using coefficients only, we have 

2 + 12 + 6-12+10 
-5 

Pi -10 

+ 12 

n + 2 

- 5 

P2 -10 

+ 6 
ra — 4 

- 5 

p, 20 

— 12 

rs 8 

— 5 

/?4 -40 

+ 10 

r4 — 30 Ans. 
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§ 2. If the coefficients, and also the values of x, are small 
numbers, much of the above may be done mentally, and the 
work will then J»e very compact. Thus, performing men- 
tally the multiplications and additions (or subtractions) of 
the coefficients, and merely recording the partial reductions 
^i» f%i ^si and the result r*, the last example will appear as 

foUows : 

-5)2 +12 +6 -12 +10 

2 

-4 

8 

-30 

§ 3. In the above examples, the c(^fficients are "brought 
down " and written below the products j^i, p^, p^, p^, and an' 
added or subtracted, as the case may require, to got the 
partial reductions ri, r,, ra, and the result u. Instt^ad of 
thus "bringing down" the coefficients, we may "carry up" 
the products pi, p,, p^, p^, writing them beneath their cor- 
responding coefficients, and thus get rj, r^, rj, ri, in a tliinl 
(horizontal) line. Arranged in this way. Exam. 2 will 

appear 

1 -1 -4 -3 -5 

+3 +6 +6 +9 



1+2+2+3; 4 
and Exam. 3 will appear 



-5 



2+12 +6-12+10 
-10 -10 +20 -40 



+ 2 -4 +8; -30 



Comparing these arrangements with those first given 
(Gxams. 2 and 3), it will be seen that they are, figure for 
figure, the same, except that the multiplier is not repeated. 
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§ 4. When there are several figures in the value of x, 
they may be arranged in a column, and each figure used 
separately, as in common multiplication. When only ap- 
proximate values are required, "contracted multiplication" 
may be used. 

4. Find the value of 3r^-160a;* + 344ar»+ 700 a;'— 1910a: 



+ 1200, given x = 51. 



1 

50 


3 -160 

3 

150 


+ 344 

7 

350 


+ 700 

13 

650 


1910 

37 

1850 


+ 1200 

23 

1150 


. resi 


3 7 
lit is 27. 


13 


+ 37 


-23; 


+ 27 



5. Given a; = 1.183, find the value of 64a;*- 144a; + 45 
correct to three decimal places. 





64 





144 


+ 45 


1 


64 


75.712 


89.5673 


- 38.0419 


1 


6.4 


7.5712 


8.9567 


3.8042 


8 


5.12 


6.0570 


7.1654 


3.0434 


3 


0.192 


0.2271 


0.2687 


0.1141 



64 75.712 89.5673 -38.0419 
.'. result is —0.004. 

Ex. 2. 

Find the value of 

1. a;* -liar* -11a;* -13a; +11, for a; =12. 

2. a;* + 50a;»-16ar^-16a;-61, fora; = ~17. 

3. 2a;* + 249 ar* — 125ar* + 100, for a; == - 125. 

4. 2a;» - 473 a.-*- 234a; -711, for a; = 200. 

5. a;* — 3a;' -8, for a; = 4. 



0.0036 
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6. a;*-515a:»~3127a?» + 526«»-2090a;» + 3156z 

— 15792, for a: = 521. 

7. 2ar^+401a^-199a:» + 399a;»-()02ar + 211, 

for ar = — 201. 

8. lOOOar* — 81a:, fora: = 0.1. 

9. 99ar*+117a:»-257a:»-325a:-50, fora: = U. 

10. 5a:^ + 497a?* + 200a:» + 196a:»- 218a? -2000, 

for a: = — 99. 

11. 5a:^ — 620a?*-1030a:» + 1045a;»-4120a:+9000, 

for X = 205. 

Calculate, correct to three places of decimals : 

12. ar»+3a:»— 13a:--38,forar=3.58443,fora:==-3.77931, 

and for a:=— 2.80512. 

13. /-14y»+y + 38, for y= 3.13131, for y=- 1.84813, 

and for y = — 3.28319. 



Bx. 3. 

What do the following expressions become (i.) when x-—a\ 
(ii.) when ar=— a? 

1. a:* — 4aa:' + 6a»a:* — 4a'ar + a*. 

2. V(^ — «^+«')- 3. V(^ + 2aa; + a'). 

If x^=y=^z^=a^ find the value of the following expres- 
sions : 

6. (a:+y)*(y + 25 — a)(a; + z — a). 
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■\-z(x + y)(a?-{-f-^). 



8. _^+^^+ ^ 



y + z x + z x + y 
Find the value of 

X X ^ CLuC 

9. - + T> when x =s 



10. 



a b a + 3 

"71 ^ + 17 \"' — 7 :,whena:=-(a-i + c). 

a{o — x) b{c — x) a^x — c) a 

11. ? + ^.when:. = ^g^. 
a — a o{o-\-a) 

12. (a + a;)(6 + a:)— a(^> + c)+a:», whena?=:^. 

13. bx + cy + aZf when a; = J + c — a, y = (? + a — i, 

z = a + i — c. 

-- a(l + 6) + Ja; a i 

1^* )-, ,x T — ;-, when a; = — a. 

a{l-f-b) — bx a — 2bx 

15. f^Y_£±^«±|,whena: = i(i--a). 
Va:+fty x-a-2b' ^^ ^ 

16. (i9-?)(a?+2r) + (r-a:)(j9 + g'), when a?= ^(^P~y^ - 

2g' 

17. a'(i - c) + b\c—a) + c» (a - i), when a — * = 0. 

18. (a + i + c)(Jd? + ^a + «&) — (a + b)(b + c){c + a), 

when a = — J. 

19. (a + J + c)'-(a» + y + (?*), when a + i = 0. 

20. (a; + y + z)*-(a:+y)*-(y+2)*-(z + a;y+a?*+/ + 2*, 

when a; + y + 2 = 0. 

21. a'(c - V) + b\a- (?) + c»(J - a*) + ai(?(ai(? - 1), 

when J — a'* = 0. 
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23. Express in words the fact that (a— 4)*=a*— 2aA + i\ 

24. Express algebraically the fact that "the sum of two 

numbers multiplied by their difference is equal to 
the difference of the squares of the numbers." 

26. The area of the walls of a room is equal to the height 
multiplied by twice the sum of the length and 
breadth. What are the areas of the walls in the 
following cases : (i.) length I, height A, breadth b ; 
(ii.) height x, length b feet more than the height, 
and breadth b feet less than the height. 

26. Express in words the statement that 

(x + a)(x + b) = x' + {a + b)z + ab. 

27. Express in symbols the statement that **the square of 

the sum of two numbers exceeds the sum of their 
squares by twice their product." 

28. Express in words the algebraic statement, 

{x + yy^a^ + i^ + Sxy(x + 7/). 

29. Express algebraically the fact that ** the cube of the 

difference of two numbers is equal to the difference 
of the cubes of the numbers diminished by three 
times the product of the numbers multiplied by 
their difference." 

30. If the sum of the cubes of two numbers be divided by 

the sum of the numbers, the quotient is equal to the 
square of their difference increased by their product. 
Express this algebraically. 

31. Express in words the following algebraic statement: 

^ = (x + yy — ^' 



x — y 



SUBSTITUTION. 



3. If a = 2, b = — S, c = 1, x = 4i^y find the values of the 
following expressions : 



a' 



^, a' + b\ (a-b)\ (a ~ by . 



a'+b'' a'~b'' {a + by {a + by' 

a^ + al> + b\ a^ — b\ ^ ( 2x — S _Sx-^\x^ 
a'-ab + b'' a'-b'' 213 4 J 2 ' 

(a+b)\(a + by~-(^\ . a\b-c)+b\c-a)+c'(a-b) 
U^c'-id'-b'-cJ ' {a-b){b- c) (c-a) 



4. If a = 6, J = 5, c = — 4, c? = — 3, find the values of the 

following expressions: 

2a-V(^'-a^)' e' + ^did^-i^) 

5. If a; = 3, y = 4, 2; = 0, find the values of 

. . . . ^ +y'_t>' ; (* - y)"' + (y " ^)'~' + (^ - *)'"' ; 



6. Find the values of (^ + y + ^)'-3(a--' + y'+^) 
when 



:ryz 



(i.) ;. 

(ii.) X 

(iii.) a; 

(iv.) X 



1- y 

2, y 

3, y 

10, y 



2, z 

3, « 

4, 2 



= 11, 2 = 



-3 
= 4 
= 5 
12 



SUBSTITUTION. 



7. Given a; = 3, y = 4, 2 -- - 5, find the values of 

(^ + y + .r)»-3(2: + y + z)(xy + y2 + «r); 

^(2/ + z) + l/'(z + x) + ^(z + y) + 2xt/z; 
^(y-2) + y'(2-ar) + 2»(a;~y); 

(5a:-4z)» + 9(4a:-2)«-(13ar-52)'; 

(3a: + 4y + 52)»+ (4a: + 3y + 12zy~ (5a: + 5y + 13 2)". 

8. l£ s = a + b + c, find the values of 

(2s - a)H (2« - by - (2« + c)» 
when 

(i.) a=3, 6 = 4, c = 5; 

(ii.) a = 21, 6 = 20, c = 29; 

(iii.) a =119, 4=120, c=169; 

(iv.) a = 3, 4 = ^4, cr = 5; 

(v.) a = 6, 6 = 12, c=- 13. 

9. If a=l, 6=3, c=5, c?=7. 6 = 9./= 11, show that 

a + b + c + d+e+/==f^!:^tA\ 

J-+l + i. + i+l^l/l^lV 
ab be cd de ef 2\a J J' 

— + — +— + — = VI- iV 
ahc bed cde def ^\\ab ef)" 

ahcd bode cdef 6 \abc def) ' 

a^ + b^-\-c^-ah-bc-ea-~h''+e'+d''~be~-cd~db 
= (^ + d^ + (?—ed— de~ ce 

= cP + ^+r-de-cf~fd 



SUBSTITUTION. 



10. If a = l, b = 2, c = 3, c^=4, e = b, /=6, ^ = 7, 
show that 

a-\-b ~{- c^= icd] a-{-h -{- c-{- d= ide; 

a+b + c + d + e=ief\ a + b + c+d+e+f=ifg; 

ab (a + b) 

ab {a + b) 

a» + 5' + c« = (a + ^ + c)' ; 

a» + ^>' + c* + c?» = (a + ^> + c + c^)* ; 

a» + ^>' + c* + c?' + e* = (a + i + c + 6?+ e)' ; 

a' + b' + ^ + d' + ^+f^-{a + b + c+d+e+fy- 

a* + i* + ^♦= e^Iiii^K^^Ldl ; 

a« + 5* + c« + rf« = ^£M±^l£^^ ; 
.. + J. + ^ + ,. + ._^)^; 

•^ bc{b + c) 

c» + t? = c»; c' + ^ + e*--/'. 



r 
I 



SUBSTITUTION. 



11. Assume any numerical values for x, y, and 2, and find 
the values of the following expressions : 

(a:* - 10ar» + 5 a:)' + (5 a:* - 10a:» + 1)' ~ (x« + 1)» ; 

(ar + 1)' - 2(z + 5)» - (a: + 9)» + 2(x + 11)« 
+ (a;+12)'~(a:+16)»; 

(^ - 3:ry»)' + (3:^y - y*)' - (a:» + y")» ; 
(3a;»+4a;y+y0'+(4a:» + 2a;y)'-(5a;' + 4a*y t y'/; 

§ 1. If a: = any number (as, for example, 3), then 
a:*(= xy.x) = Zx\ 3f{= xXx') = Za^\ x\= xXaf) --- 3 j-"; 
etc. Or, 3 = ar; 3a; = a:'; 3a:* = a:*; 3ar* -- .r*; etc. Ilonce, 
problems like the following may be solved like ordinary 
arithmetical problems in ** Reduction Descending." 

Examples. 

1. Find the value of a:* — 2ar — 9, when a; = 5. 

a:'-2a: — 9 
5 

bx 
— 2x 

3a: 
6 



15 
-9 



6 Ans, 
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9. {a^ + xy — i^y — ia^ — a^ — fy, 

(1 + 2a: + ^o^y+ {l-2x + ^o^)\ 

10. If a + S = — f ^1 show that 

{2a-h)^ + {2h-cy+{2c-ay+2(2a--h){2h-c) 
+2(25 -c){2c-a) + 2{2c-a){2a-h) = ^c^. 

Simplify : 

11. 2(a - by -(a-2hy; (a* + ^ab + by - (a» + bj. 

12. (a + by-(b + cy+(c+dy-(d+ay. 

13. (ix -yy + (iy - zy + (iz- xy+2(ix-y)(iz-x) 

+ 2(iy-z)(y-x) + 2(ix-y)(iy-z). 

Show that : 

14. (x-yy + (y-zy + (z-xy 

==2(x~y)(z-y) + 2(y-x)(z-x)+2(z-y)(z-x). 

Simplify : 

16. (l + xy-2(l+x')(l + xy + 2(l + x'), 

16. (x+y+zy- (x+y—zy—(:y+z—xy—(z+x—yy. 

17. (x-2y+Szy+(Bz-2yy+2(x-2y+Sz)(2y-Sz). 

18. (a''+Z>»-c7+(c^-S7+2(Z>^-c»)(a'+y-c«). 

19. {x + yy + {x-yy-2(x-yy(x + yy, 

20. (5a + 3Z>)^+16(3a + 5)^-(13a + 5Z>)^ 

Show that : 

21. (3a-by + (3b-cy + (Sc-ay-2(b-3a)(Sb-c) 

+ 2(Bb-c)(Sc-a)-2(a-Sc)(3a-b) 
-^a+b+cy = 0. 

22. If i^ = 2xy, show that (2ar» - y*)' + (z» - 2fy 

i-ix"- 2zy - 2(2a;^ - ^/^ (z» - 2^) 

+ 2 (:zr» - 22«) (2^ - 2^^) - 2 (a;^ - 2 2') (2ar^ - y^) 
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Simplify 

23. (l + x + x' + a^^ + il -x-x' + Ji^y 

+ (l~x + x'-3*y + (l+x--x'- 2*)\ 

24. (aar+ W-2(a'a;' + iV)("^+^y)'-i-2(aV f AY;. 

Formulas [2] and [3]. Examples. 

+ 4a;»- 12j:» 

= 1 - 4ar + lOx" - 12x-» + 9x* 

2. (a6 + 5c + ca)* 

= a'&' + 2oi'c + 2a'6c + 6V + 2,af><^ -\- <?d> 
= a'i' + iV + c*a' + 2a6c(a + 6 + c). 

3. [(^ + y)" + :»^ + y'? 

= (a: + yy + 2(a: + y)'(j:« + y*) + x* + 2:/^/ 1- // 

= (^ + y)*+(^ + y)'[(^ + y)' + (^ yy\ 

= 2(ar + y)* + (:r»~y')* + ^* + 2:r'y« + y* 
= 2[(ar + y)* + a;* + y*]. 

4. (^ + a:y + y«)« 

= ar* + 2a;*y4- 22*y'+3^y' + 2xi/ + y* 

= (a: + y)V + a:'y' + y'(:p + yy. 

6. In Exam. 3, substitute h—ciorx, c- a for y, and con- 
sequently h—a for rc+y; then, since (b -- ay — 
(a— by, Exam. 3 gives 
[(a-5)' + (6-c)'+(c-a)7 
= 2 [(a - i)* + (J - o)« +(c- ayi 

6. Making the same substitutions in Exam. 4, we have 
(a» + 5' + c» — oi — be — cay 

=^(a'-'by{b-cy+{b^cy{c-ay+{c~ay{a-by 
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or, maltiplviiig both sides by 4, 
[(a-hf~{b-cf^{c-afY 

Hence, from Exam. 5, 

= 2(a-A)'(^-€r)»+2(^-^y (c-ay+2(c-^)»(a-6)'. 

Expand : ^^ ^' 

1. (l-2x+Sx'-4:2rf; (l-x + x'-xy. 

2. (l-2x + 2x'-Sx'-2^''; (l + Sx + Sx' + x'y. 

3. (2a-b-c'-iy; (l-x + y + zf; (lx-iy+6z)'. 

4. [3^ — 3?y-\-xy'-ifJ\ (oar + 5a:» + ca;* + &*)«. 

5. Show that (a* + 6«+c^(^+y' + z')-(ap+6y+cz)* 

6. Show that (a + i)a: + (6 + c)y+(c + a)z multiplied 

by {a~-}>)x-\-{b — c)y-\-{c — a)z is equal to the 
difference of the squares of two trinomials. 

7. Showthat(a— 5)(a— c)+(5— c)(5— a)+(c— a)(<?— i) 

8. Simplify [a-(^>-e)]«+[5-(c-a)]'+[(?-(a-ft)]'. 

9. Show that (a'+5'-a;»)'+(ax'+V-a:')'+2(aai + Wi)' 

= (a* + a^ - ^y + Q>^ + Si' - a;*)' + 2(a5 + aj^O'. 

10. Show that lia-b) (b-c)+(b-c) (c-a) + (c-a) (a-b)] * 

= (a-by(b-cy+(b-cy(c-ay+(c-ay(a-by, 

11. Square 2a — \bx — \cx + 2dx. 

12. If a; + y + 25 = 0, show that 

13. Show that a' (5 + cy + b\c + ay + (^{a + by 

+ 2ahc{a + b + c) = 2(aZ> + be + cay. 
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§ 5. To apply formula [4] to obtain the product of two 
factors which differ only in the signs of some of their terms, 
group together all the terms whose signs are the same in 
one factor as they are in the other, and then form into a 
second group all the other terms. 

1. Multiply a + J — c + cfbya — i — c — rf. 

Here the first group is a— c, the second if rf. Hence, 
we have 

= [(1 + 3:c») + (3a; + a:»)] [(1 + 3x«) - (3x + r*)] 
-:(l + 3a:*)'-(3ar+aJ»)« 

3. Find the continued product of a + J + c, b-^-c — a, 

c + a~b, and a + b - c. 

The first pair of factors gives [(6 + c) + «] [(i + c) — d] 
= (b + cy-a^=V + 2bc + c'-'a\ 

The second pair gives [a — • (i — c)] [a f (6 — c)] 

The only term whose sign is the same in both these 
results ha2bc\ hence, grouping the other terms, we 
have 

\2bc+{b^ + <?- a')] [2bc - (J« + c» - a')] 
= (2ftc)'-(i« + c»-a7 
= 2a' J' + 2iV + 2c»a' - a* - 6* - c\ 

4. Show that {d^ + ab + by -a*b* = (a» + aby + (ab + by. 
The expression = (a' + b') (a* + 2a6 + 6') 

= (a' + b^)(a + by 

= a^(a + by + b*(a+by 

= (a* + aiy + (ab + by. 
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Ex. 7. 

1. {a? + 2ab+b''){a^-2ab + h''), 

2. {\a^-xy + y'){^a^ + y' + xy), 

3. (p?-ol) + 2h^){a* + ab + 2V)\ {x' + 4:xy){x^-^xy), 

6. Simplify {x+Z){x-^)+{x+^){x-^)-{x+b){x~b), 
6. Simplify (1 + x)' + (1 - a:)* - 2 (1 - a^)\ 

8. (2a^-3S'' + 4c2)(2a' + 3Z^'-4c*). 

9. (2a+S-3c)(5+3c-2a); (2a-S-3c)(6-3c -2a). 

10. ix' + y'){:i^ + f){x + y){x-y). 

11. (r* + a:y + y')(a:*-a;y + y')(^*-^3/' + /). 

12. (a + 5-a2>-l)(a + J + a5 + l). 

13. If a* = S* + c\ show that 

Simplify : 

14. {p^ + 'i^-\xy){a^ + y' + \xy). 

15. {pi^-2a?+Z3^-2x+ 1) (a:* + 2^^ + 3a;* + 2a: + 1). 

16. Multiply (2a; — y) a' — (a; + y) «^ + ^ by (2a: — y) a' 

+ {x-\-y)ax — a^. 

Show that ; 

17 . (a^ + b^ + (? + ab + bc + cay - (ab + bc + caf 

= {a + b + cfia^ + b^ + (^). 

18 . {a^ + b'' + (? + ab + bc + caf ~ (a« + aA + ca - 6c)' 

= [(a + ^)(* + ^)]' + [(^ + ^)(^ + «)7. 

19. iiab + cdy-ia' + b'-c'-dj 

= (a+J+^-rf) (a+&-c+rf) (c+d+a-b) (c+d-a+b). 
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20. Find the product of: a^ + t/^ + :?—2xi/+2xz * 2yz 

and a:* + y* + 2;* — 2zy — 2xz -f 2i/z. 

21. (:c" + y» + a:yV2)(^-a^V2+y')(^--y*)- 

22. (1 — 6a + 9a')(i + 2a + 3a»). 

23. [(m + n)+(p + ?)](w — j+p — n). 

24. l + ar + a;*, a:* + a:— 1, a;* — 2? + !, and 1+x x*. 
26. (a - i»)« (a + *«)« (a' + VJ (a* + *•)•. 

26. Show that {p^ -\- xy '\- ff {^ - xy -\- y'f - (x't/y 

Formula A. Examples. 

1. Multiply a^ — x-{-b by a^-~x - 7. 

Here the common term is a:* — x ; the other termn, -f 5 
and —7. Hence, the product equals 

(a;»-ar)*+(~7 + 5)(a:»-a:) + (-7x5) 
= (a:*-ar)'-2(a:*~a;)-35 
= x^-2a?*--x'+2x-%b, 

2. (ar — a)(a: — 3a)(a: + 4a)(2r+ 6tt). 

Taking the first and third factors together, and the 
second and fourth, we have the product equals 

(a;* + Boa: - 4a»)(a;» + 3ax - 18a») 

= (a,''+3aary~(4a'+18a»)(i;»+3rta:)-72a*,etc, 

Ex. 8. 

Find the products of : 

1. (a;» + 2ar + 3)(a:" + 2a;-4); {x-y+^z){x-y-\-bz). 

2. (a:+l)(a;+5)(a:+2)(a;+4); {2?+a-h){x'+2b-a). 

3. (a»-3)(a»-l)(a'+5)(a«+7); (a;*+:^+l)(a;*+a;^--2). 
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4. [(x ^yf-iTyll,z-~ yf - bxy]. 

6. (iir -i- y — 3) ( Hx -f y -i- T). 

7. (x + a — y)(x-f a-i-3y). 

8. (x»--rx--a>(x»--rJ:--&)- 

9. (|x*_y»-f2)(Jx*-y»-4). 

11. ar-2+V^ x-2-fV^» x-2-V-, Jr-2-V3. 

12. (x + a + b)(x^b-c)(x—a-{-h)(x-rh + c). 

13. (a + J + c)(a4-^-r</)-r(a + c + (^)(6 + ^+^) 

14. 8}iowihaLt(2a + 2h — c)(2b^2c — a) 

+(2c+2a^b)(2a+2b-<!)+(2b+2c-a)(2c+2a-b) 
= 9(ab+bc+ca). 

Formulas [5] and [6]. Examples. 

1. We get at once 

{x + yf-{x-yy = 2y{^a^ + y'). 

2. Simplify (a+b+cy-S(a+b+cyc+S(a+b+c)c'-cf'. 

This comes under formula [5], the first term being 
a+b-\-c; the second, —c. Hence, the expression is 

[(a + b + c)-cy = (a + by. 

3. eihovftha.t(x' + xi/ + y'y + (xy~x'-y'y 

— 6xy(x* + x'y' + ^) = 8ar»y». 

This comes under formula [6], the first term being 
(3^'{-sc7/ + y^)i and the second —(x^ — xy-{-y^); we 
have, therefore, 
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Simplify: ^^' ®- 

2. (a + 2by - (a - by ; (3a - 6)' - (3o -- 2A)'. 

3. (a; + y-z)' + 3(a; + y-z)'z + z' + 3(x + y-z)z'. 

4. (a-A)» + (a + 5)' + 6a(o'-6'). 

6. (x-yy+(x+yy + 3ix-yyix+y)-5(r/-x)(x | //)'. 

6. (l + a; + a;')»-(l-x+a:0*-6a:(l+«' + a;*)- 

7. (a-b-cy + {b + cy + S(b + cy{a-b-c) 

+ 3(a-i-c)'(i + c). 

8. (3a;-4y+5z)»-(5z-4y)»+3(5z - 4y)'(ar -4y f-5:) 

- 3(3ar-4y+52)»(5z- 4y). 

9. (l + x + x'y + S{l-a?)(2 + a*) + (].-xy. 

Show that : 

10. a(a-2by- b(b - 2a)' = (a - i)(a + by. 

11. a* (a* - 2 6')' + 6» (2 a» - i')' - (a" - i') (a' f by. 

Simplify : 

12. (a;'+a;y+yO*+6(a;'+y')(a;«+xy+y')+(a;' - xy+i/y. 

Show that : 

13. a'Ca' + 25')' + i'(2a» + i')' + (3a' J')» 

= (o*+7a»i' + i*)'. 

Simplify: 

14. (ax + byy + €f^ + b*3^ — Sabxy(ax + by). 

15- What will a* + 6* + c* — 3aic become when 
a + b+c = 0. 

16. Find the value of a* — y* + z* + 3a:'y'z' when 
aJ_y« + 2» = 0. 
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FOMTTLAS [T], [8]. JlSD [9]. ExAITFLRS, 

1. Simplify (2x - 3 v)^ - ^4y - 5xf-^(Sx - yf 

— 3 (2x — 3y) y\y —bx)\Zx — y). 

By [9] this is seen to be 
' [^2x-3y)-f (4y-5x)-^(3x-y)P = (0/ = 0.- 

2. Prove that (a — 5y — (6 — e/ -h (e — a)» 

= 3 (a — 5) (6 — r) (<r — a). 

In [9] sahstitute o— i for x, h—e for y, and e—a for z; 
' for these Talnes x -f y -r ^ = 0, and the identity ap- 
pears at once. 

3. VTOveia+b+cf—(h+c—df-{a+c—by-{a+b—cf 

= 2Aahc. 

In [8] let ar = ft+c — a, y^=c-\-a — h, z = a-\-b — c\ 
and therefore, a: +y = 2c, y-\'Z = 2a^ z + x = 2b; 
and this identity at once appears. 

Ex. lO. 

1. Cube the following : 

l — x + x"] a — b — c; 1 — 2a; + 3a;» — 4a:'. 

Simplify : 

2. (x'+2x-iy + (2x-V)(x'+2x-2)-(a^+Sa^-l)\ 

Prove that : 

3. xi/z + (x+i/)(y + z)(z + x) = (x+i/+z)(xy+yz + zx)* 

4. (ax — iy)' + a'y* —b^a^ + S abxy {ax — by) 

* Note that the right-hand member is formed from the left-hand one by 
changing addUiona into muUiplicatwns, and mvUiplications into addUions ; 
hence, in (ar + y + 2) X (ar X y + y X « + z X a:) the signs + and x may be 
interchanged throughout without altering the value of the expression. 
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Simplify : 

5. (^ + y + 2)' + (x- 2y)» + (y - 22)* -f- (z - 2x)' 

+ 3(x-y-2r)(y-z-2a:)(2 -x--2y). 

6. (2a:»-3y» + 4z»)» + (2y'-3z« f 4x»)' 

+ (2z'-3a;» + 4y')'. 

7. (2ax — bi/y + (2bi/-czy+(2cz-axy 

+ S(2ax + by~cz)(2bi/ + cz-aa)(2c2 \ (w hi/). 

Prove : 

9. 9(j:» + y' + 2»)-(a; + y + 2)'--(4a- + 4y-f 2)(r- t/)» 
+ (4y + 42; + a:)(y-z)« + (42 + 4:r + y)(2-:r)\ 

10. If a: -fr y + z = 0, show that a:* + y* -[ 2" - - ^xyz. 

11. Ifar=2y+32, show thatar*- 8y'-272^ -ISryr -0. 

Show that : 

12. (a;*+a:y+y')'+(a^~^+y')'+82*- 6s*(x*-f a:»/ { y') 

= 0, ifa:*+y* + 2' = 0. 

Prove that : 

13. 8(a + i + c)» - (a+ i)' - (6 + c)' - (c + f/)' 

= 3(2a + i + c) (a + 2 J + f) (a + 6 + 2c). 

Prove the following : 

14. (ax — byy + b^^ = €fa^ + Sabxi/(by—ax). 

15. a' + 6» + c'-3a5c 

-=i[(a-by + (b-cy + (c^ay]{a + b + c). 

16. (a+J+c)[(a+6-c)(J+c-a) + (5 + c-a)(c+a-t) 

+ (c + a — J)(a + 6-c)] 

= (a + J — c) ( J + c — a) (c + a — ^) + 8 abc. 

17. (a + i + ^)*-3[a(J-c)«+i(^-a)'+^(«-*)'] 

=:a» + i' + c' + 24ai<?. 
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18. (a-^h^^C'd — ht^^Kh — C—la^xh — cf 

19. {a-^h-^c)[{2a-h)(2h-c}-^iJLh-c){2c-a) 

-r (2c - a) (2 a - hu = {2a -h) (2^ - c) (2c - a) 
— !2a-f i — e)r2t — c — a»(2r-f-o — i). 

20. If 2^ry-^z) = a*, y"(2-fx) = A». r»(jr+y) = c^, and 

a:y2 = o^c, show that 

Expansion of Binomials. 
We have, from formula [5], 

(a+5)» = a» + 3a'i + 3a^» + ^*; 
multiplying by a + 5, we obtain 

multiplying this by a + 5, we obtain 

From these examples we derive the following law for the 
formation of the terms in the expansion of a-\-h to any 
required power: 

I. The exponent of a, in the first term, is that of the given 
power, and decreases by unity in each succeeding term ; the 
exponent of h begins with unity in the second term, and 
increases by unity in each succeeding term. 

II. The coefficient of the first term is unity, and the co- 
efficient of any other term is found by multiplying the 
coefficient of the preceding term by the exponent of a in 
that term, and dividing the product by the number of that 
preceding term. 

It will be observed that the coefficients equally distant 
from the extremes of the expansion are equal. 
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Bx. U. 

1. Expand (2: + y)*; (ar + y)'; (ar + y)«; (x\ y)". 

2. What will be the law of siffns^ if — y be written for y 

• in [1] ? 

3. Expand (a -J)»; (a -2 6)*; (26 a)*. 

4. Expand (1 + my ; (m + If ; (2 w -\- 1)\ 

5. What is the coefficient of the fourth term in (a - />)'" ? 

6. Expand (x" - y)* ; (a - 2i')» ; (a» - 2 67. 

7. In the expansion of (a — J)" the third term in CGa'^t* ; 

find the fifth and sixth terms. 

8. Show that {x + t/y-a^ — i^'-5xi/(x+y)(j^-\xf/ \ y*). 

9. From[8]showthat2[(a-6)* + (6-r)M 0' -")'l 

= 6 (a - 6) (J - c) (c - a) [(a - 6/ -} {b - 6')' 

Horner's Methods op Multiplication and Division. 

Examples. 

1 . Find the product of ka^ + /a:* + 7ux + n and cu^ -\-hx-{-c. 

Write the multiplier in a column to the left of the mul- 
tiplicand, placing each term in the same horizontal 
line with the partial product it gives : 

ka^ +b^ -{-mx +n Q 






akof ■\-ah^ -{-ama^ -{•aria^ pi 

-j-bka^ -\-hh? -\-hvi3^-\-hnx p^ 

-{-chx? -\-clx* -{-crnx-{-c7i p^ 



akQi^-{-(al-i-bk) x*+(am+bl-\-ck) x^-\-(an-\-bm+cl) a? 

-\-{l)n-{'CV\) x-\-cn P 



28 



MTLTIPLICATIOW A^H) DIVISIOlf. 



§ 6. The above example has been given in fdU, the pow- 
ers of X being inserted ; in the following example detached 
coefficients are nsed. It is evident that, if the coefficient 
of the first term of the multiplier be unity, the coefficients 
of the multiplicand will be the same as those of the first 
partial product, and may be used for them, thus saving the 
repetition of a line. 

2. Multiply 3a^ — 2a:' — 2a; + 3 by x' + 3a; — 2. 

1 

+ 3 

-2 



3 -2 + 
+ 9 - 



6 
6 


2 
+ 
+ 4 


+ 3 
-6 
-0 


+ 9 

+ 4 - 


-6 


Zif+la? 


12a; 


*-\-2a> 


-3a^ + 13a:- 


-6 



3. Find iho i)rodnct of (x — 3) (a; + 4) (a; - 2) (a; - 5). 



+ 4 


1 3 

+ 4 -12 




-2 


1+1 12 

-2 2 +24 




5 


1 1 14 +24 
-5 +5 +70 - 


-120 




a;* -6a:'— 9a;» + 94a:- 


-120 



4. Multiplyar* — 4a;' + 2a: — 8by2ar»~3. 





14+23 


2 


3 


2-8+4 6 (3?x 




3+12 6+9 




2a;» — 8a* + 4ar« 9a;» + 12a:» 6a; + 9 



^ 



In this example the missing terms of the multiplier are 
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supplied by zeros ; but, instead of writing the zeros as in 
the example, we may, as in ordinary arithmetical multipli- 
cation, "skip a line" for every missing terra. 



5. Multiply ar* -- 2a,'* 4- 1 by x*-x' + S. 



1 
-1 
+ 3 



1+0-2+0+1 

-1-0+2-0-1 

4 34 0-6-f i 3 



(x'xx' -y*) 



-3a^ +6a:* -Tx" +3 



6. 



Find the value of 
(2: + 2)(rr + 3)(^ + 4)(x + 5)-9(:r4 2)(x4 3)(x| 4j 
+ 3(a: + 2)(a:+ 3) + 77 (a: + 2) - 85. 





1 -1-5 
9 




+ 4 


1 4 

+ 4 - 16 
+ 3 




+ 3 


1+0 --13 
+ 3+0 


39 

+ 77 


+ 2 


1+3 -13 
+ 2+6 


+ 38 
26 +76 
85 




ai' + bi* 7a:'+12a: 9 



7. 



Find the coefficient of a^ in the product of 
a:* — aa^ -j-baf — cx+d and x' -\ px + q. 

1 —a +6 —c -\-d 
-\-p —ap 

+ q +j[ 

+ (h — ap + q) 



^ 
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- -■ — - — 

Ex. 7. 

1. (a'+2ab + b')(a'-2ah + b'). 

2. (ix'-xr/ + y')(^x' + i/' + xy). 

3. (a'-a& + 26')(a« + aJ + 2J'); (x^ + 4:Xi/)(x'-^xy). 

4. [(a: + y)ar-y(a;-y)][(a;-y)a;-y(y-a:)]. 

6. Simplify (a;+3)(a:-3) + (a:+4)(a;-4)-(a:+5)(a;-5). 
6. Simplify (1 + xy + (1 - a;)* - 2 (1 - x'y. 

8. (2a'-3J' + 4c*)(2a' + 3^'-4c2). 

9. (2a+5-3c)(6+3c?-2a); (2a-6-3c)(6-3c -2a). 

10. (x' + y')(x' + y')(x + y){x-i/). 

11. (a;« + ^ + 3^)(a;»_a:y + 3^)(a;*-:c^2/^ + y). 

12. (a + J~a5-l)(a + J + «^ + l). 

13. If a* = J* + c*, show that 

= 4:b*c\ 

Simplify : 

14. (3^ + y'-ixy)(x' + f + ^xy). 

16. (x*-2x'+3x'-2x+l)(x^ + 2x' + Sx' + 2x + l). 

16. Multiply (2x — y)d^ — {x + y)ax + a? by (2x — y) a? 

+ (ar + y) or — a;*. 

Show that : 

17 . (a' + J» + c* + a J + Jc + caf - (a5 + 4c + ca)' 

= (a + 6 + c)'(a' + 6' + c'). 

18. (a« + J' + c* + a& + ic + ca)» ~ (a' + aA + ca - 6c)* 

19. 4 (ai + cdy - (a' + J* - c* - rf*)« 

= (a+S+c-cf ) (o+a-H-rf) (c+c^a-J) (c+cf~a+i). 
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20. Find the product of: a:* + y* + 2*— 2j:y + 2x2 — 2y2 

and a:* + y* + 2' — 2ary — 2xz + 2y2;. 

21. (x' + y' + x7/^2)(x'^xy^2+y')(x*-y*), 

22. (l-6a + 9a«)(i + 2a + 3a»). 

23. [(w + n) + (p + g)](w-g'+;>-n). 

24. l + a? + a:*, a;* + ar — 1, a:* — a: + l, and 1 + i;-- X*. 
26. (a - h'^y (a + ^^ (a* + 6*)' («* + i')'- 

26. Show that (a:" + a;y + y*)' (a:* - a;y + y*)' - (j^'y*)' 
= (a;^ + ^y')' + (a:"y' + /)'. 

Formula A. Examples. 

1. Multiply a;* — ar + Sbya:*— a: -7. 

Here the common term is a;* — a: ; the other terms, + 5 
and —7. Hence, the product equals 

(a^_-a;)» + (-7 + 5)(a;»-x) + (-7x5) 
= (a:» -a:)*- 2(a;»-a;) - 35 
= ar* - 2ar» - a:* + 2a; - 35. 

2. {x — a) (a; — 3a) (a: + 4a)(ar + 6a). 

Taking the first and third factors together, and the 
second and fourth, we have the product equals 

(a;" + 3aa; - 4a') (a;* + 3aa; - 18a') 

= (a,-'+3aar)'-(4a'+18a')(a;»+3aa:)--72a*,etc. 

Ex. 8. 

Find the products of : 

1. (a;' + 2a: + 3)(a;' + 2a;-4); (a;-y+3z)(a;-y+5z). 

2. (a:+l)(a:+5)(a;+2)(a:+4); (ar»+a-6)(a;»+26-a). 

3. (a'-3)(a'-l)(a'+5)(a'+7); (ar*+a;'+l)(a7*+a;»-2). 
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Ex. 7. 

1. (a' + 2ab + b')(a'-2ab + h'), 

2. (:^a^-xy + f){^a^ + f + xy). 

3. (a*-ab + 2b^)(a* + ab + 2b^); (x' + 4:xy)(x'-4:xy), 

4. [(a: + y)ar-y(a;-y)][(a;-y)a:-y(y-a:)]. 

5. Simplify (a;+3)(:r-3)+(a;+4)(a;-4)-(a;+5)(a;-6). 

6. Simplify (1 + xy + (l-xy-2(l~ 3^)\ 

8. (2a»-36' + 4c*)(2a' + 3^*-4c^). 

9. (2a+b-Zc){b+^c-2a)\ (2a-6-3c)(6-3c -2a). 

10. {x' + y'){a^ + f)(x + y){x-y). 

11. (jx^ + xy + f){x'--xy + f){x^-o^y' + y% 

12. (a + J~a5-l)(a + 6 + a5 + l). 

13. If a* = 6* + c*, show that 

Simplify : 

14. {3^ + y'-\xy){x' + y' + \xy). 

16. (x^-2a?+^a^-2x+l){x* + 2x' + Za^ + 2x + V). 

16. Multiply (2a; — y) a' — (a; + y) oa; + ar^ by (2a; — y) a' 

+ {pc-[-y)ax — c(?. 

Show that : 

17 . (a* + J' + c* + aJ + 6c + ca)' - (aJ + Jc + caf 

= {a + b + €y{a* + V + (^), 

18. (a' + J' + c* + a& + ic + ca)' ~ (a' + ai + ca - 6c)* 

= [(a + J)(5 + c)]« + [(S + c)(c + a)]«. 

19. 4 {ab + erf)' - (a» + J« - c» - ^7 

= (a+J+c-rf) (a+&-(H-rf) (H-rf-f-a-S) (H-rf-a+J). 
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20. Find the product of: a^ + y^ + s^—2xy + 2xz - 2yz 

and a;' + y* + 2*--2ary — 2xz + 2yz. 

21. (x' + r/' + xy^2)(x'--xy^2 + y')(x*-y*). 

22. (l-6a + 9a»)(i + 2a + 3a'). 

23. [(m + n) + (p + q)](m'-q+p-n). 

24. 1 + x + x^, a^ + x-^l, x* — x + l, s^nil + x- x*. 
26. (a-by(a + b'y(a^ + by(a^ + bj. 

26. Show that (x" + X7/ + y'f (x" - xy + y»)» - (2:»y»)» 

Formula A. Examples. 

1. Multiply a^ — x + 6hyx^ — x -7. 

Here the common term is a^ — x; the other terms, + 5 
and — 7. Hence, the product equals 

(a^_a:)« + (_7 + 5)(a^-a:) + (-7x5) 
= (x'-xy-2(x'-x)-B5 
= x^ — 2af' — x' + 2x-^5, 

2. (x — a)(x — Sa)(x i- 4:a)(x -i- Qa). 

Taking the first and third factors together, and the 
second and fourth, we have the product equals 

(a;* + Sou; - 4a') (a;" + 3aa; - 18a') 

= (a,''+3aa;)'-(4a'+18a')(j;'+3aa:)-72a*,etc. 

Ex. 8. 

Find the products of : 

1. (a;' + 2a; + 3)(a^ + 2a;-4); (x-i/+Sz)(x-i/+bz). 

2. (x+l)(x+b)(x+2)(x+^); (x'+a-b)(x'+2b-a). 

3. (a'-3)(a'-l)(a'+6)(a'+7); (x*+x'+l)(x'+a^~-2). 
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4. [(x + yy - 4 a;y] [(x + y)' + 5 xy]. 

6. (7i^ + y + 3)(na; + y + 7). 

7. (x + a — y)(x+a + 3y). 
.8. (ar*** + af* - a) (ar^* + a;" - ^>). 

11. a7-2+V2, a;-2+V3, a;-2-V2, a:-2-V3. 

12. (a7 + a + J)(a; + 5 — c)(a; — a + 5)(a; + S + c). 

13. (a + b + c)(a + b + d) + (a + c + d)(b + c + d) 

-(a + b + c + d)\ 

14. Show that (2a + 25 - c) (2 J + 2c -a) 

+ (2 c+2 0^5) (2 a+2 b-c) + (2 J+ 2 c-a) (2 c+2 a-5) 
= 9 (a5 -\-bc-\- ca). 

Formulas [5] and [6]. Examples. 

1. We get at once 

(x + yf -(x- yf = 2y (3a;» + y»). 

2. Simplify {a+b+cf-^(a+b+cfc+^{a+b+c)c^-(^. 

This comes under formula [5], the first term being 
a+S+ c; the second, —c. Hence, the expression is 

[{a + b + c)-cY = {a + b)\ 

3. Show that (ar' + a;y + y*)' + (a:y - ar» - ^)» 

- ^xy{x'' + :^f + y*) = 8ar»y». 

This comes under formula [6], the first term being 
(ar* + a?y + y^), and the second ~-{p^ — xy-\-'f)\ we 
have, therefore. 
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Simplify: ^^- ^• 

1. (l-a^y + (l + a^y; (a^ + xi/y-(x'--xi/y. 

2. (a+26)»-(a-6)'; (3a- i)'-(3a-2A)». 

3. (x + i/-zy + S(x + y-zyz + ^ + S{x + y-^2)^. 

4. (a-ft)' + (a + 6)' + 6a(a'-6'). 

5. (x-yy + {x+yy+S(x-yy(x+y)~S(y-x)(x } y)'. 

6. (i+x+x'y-(i-x+x'y-ex(i+x'+x*). 

7. (a-ft-c)» + (i + c)' + 3(i + (?)'(a-6~(?) 

+ 3(a-i-c)«(A + c). 

8. (3a:-4y+5z)»-(52-4y)»+3(52-4y)'(32:-4y J-S^) 

-3(3ar-4y + 6z)»(5z-4y). 

9. (l + a: + a:»)* + 3(l-a:»)(2 + ^) + (l-x)». 

Show that : 

10. a(a-2by--b(b-2ay = (a~b)(a + by, 

11. a»(a»-2i7 + i»(2a»-^»)'-(a'- 6») (a' -f t»)'. 
Simplify : 

Show that : 

13. a'(a» + 267 + i»(2a' + 67 + (3a'^>')' 

= (a«+7a'6» + ^«)'. 

Simplify : 

14. (ax + byy + o^y* + Voi? — Sabxy(ax + Jy). 

16. What will a' + 6' + c* — 3a^c become when 
a + b+c = 0. 

16. Find the value of a;" — y* + z* + Sx^y^z* when 
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Formulas [7], [8], and [9]. Examples. 

1. Simplify (2x - Zyf + (4y - 5a;)'+(3a; - yf 

By [9] this is seen to be 

[(2x - 3y) + (4y - 6a;) + (307 - y)J = (Of = 0. ' 

2. Prove that (a - bf + (b~ 6f + {c- a)' 

= ^{a-b){b — c){c~a). 

In [9] substitute a — b for a:, b—c for y, and c— a for z; 
for these values a? + y + z = 0, and the identity ap- 
pears at once. 

3. VroYe(a+b+cy-(b+c-ay--{a+c-by-{a+b-cy 

= 24:abc. 

In [8] let x = b + c — a, y = c-\-a — b, z = a-{-b — c\ 
and therefore, a: + y = 2 (7, y + z = 2a, z-\-x = 2b; 
and this identity at once appears. 

Ex. 10. 

1. Cube the following : 

1 — ar + a;*; a~b~c; 1 — 2a; + 3a;' — 4ar^. 

Simplify : 

2. (x' + 2x-iy + {2x-l)(x' + 2x-2)-(x^ + Sx'-l)\ 

Prove that : 

3. xyz + (x+y)(y + z)(z + x) = (x + y+z)(xy+yz + zx)* 

4. (ax — byY + a' 3/* — 6'ar^ + 3 aSa:y (oa: — Jy) 

= ia'-b'){a? + ^. 

m 

* Note that the right-hand member is formed from the left-hand one by 
changing additions into multiplications, and multiplications into additions ; 
hence, in (a; + y4-z)X(iPXy + yXz + zXa^) the signs -|- and x naay he 
interchanged throughout without altering the value of the expression. 
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Simplify : 

+ Z{x-y — 2z){y-z-2x){z~x- 2y). 

+ (2z»-3a:» + 4y»)'. 

7. (2axr-byy + (2by-C2y + (2cZ'-axy 

+ S{2ax + by-cz)(2by + cz ' ax) {2rz \ ax by). 

Prove : 

8. ia^ + ^a^y-y'f+[^xy{x + y)Y 

9. 9(a;» + y» + 2»)-(ar + y + 2)»-(4j:-t-4y f 2)(.r- yf 

+ (4y + 42 + a;)(y~z)' + (42 + 4:c + y)(2-a:)'. 

10. If a: -fr y + z = 0, show that a:* + y* + 2" -- ^xyz, 

11. Ifa? = 2y+3z, 8howthata:»- 8/-272* - ISryz-- 0. 

Show that : 

12. {f+xy+ff+{a^-xy-^y'y+%:f- (jz^x'-^^y'^y') 

= 0, ifa:'+y» + 2' = 0. 

Prove that : 

13. 8(a + J + cf - (a+ 6)» - (i + c)' -{c + af 

= S(2a + b + c)(a + 2b + c)(a + b-{- 2c). 

Prove the following : 

14. (ax — byy + b^t^ = a^a^-\-Babxy(by—ax). 

15. a^ + V + (^-Sabc 

= i[{^-f>y + if>-cy + (c-ay]{a + b + c). 

16. (a+6+c)[(a+J-c)(J+c-a) + (^+c-a)(c+a-i) 

+ ^c + a-b)(a + b-c)] 

= (a -{- b — c)(b -\- c — a) (c -{- a — b) -{- Sabc. 

17. (a + 6 + ^)'~3[a(i-c)«+^(^-a)'+^(«-^)'3 

= a» + J» + c* + 24aZ>c. 
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3 in Exam. 2), the multiplication and addition being per- 
formed mentally. The last example, written in this way, 
would appear as follows : 

47 66 23 



12 



20 



(-7) 



6 (10) 
(0) 



Bz. 14. 

Express : 

1. a^ — 5a;*-|-33; — Sin powers of a:— 1. 

2. 3^ + 3a^-f-6a;-|-9in powers of a;+ 1. 

3. a;' — 8ar' + 243;' — 32a: + 97 inpower8of:c-2. 

4. a^ + 12ar' + 5a^-7inpowersof3: + 2. 

5. 33r'-«' + 4a:'-f 53;-8in powersofa;— 2. 

6. 3^-73^ -|-lla^-7a:-|-10inpowersofa:~l}. 

7. ar* — 2ap'-4a; + 9 in powersofa;-!. 

8. a;'-9a^y-|-6a^-8y inpowersofa; — 2y. 

9. 3?—ft3^y + hxi^ — y* in powers of a; — y. 

'"a:^y-i-10a^-|-8y* in powers of 2a; + y, 
f S^ - T^ in powers of \x - ^. 
- 15a: — 10 in powers of a; -|- 2. 



CHAPTER II. 
Symmetry. 

§ 9. An expression is said to be symmetrical with rcpport 
to two of its letters when these can bo interchanged by 
substituting each for the other without altering the expren- 
sion. 

Thus, a^ -{■ a^ X + 03^ + a^ is symmetrical with respect to 
a and x, for on substituting x for a and a for x it becomes 
3^ -{- x^ a -{- xa^ -\- a^j which differs from the original expres- 
sion merely in the order of its terms and of their factors. 
So, also, ar* + «'^ -{- ab -{- b* x is symmetrical with respect to 
a and b, for on substituting b for a and a for b it becomes 
x^-{-Px-{-ba-{-a^Xf which is identical with the given expres- 
sion. On interchanging x and a,a^-{-a^x-\-ab-\-b'x becomes 
a^-{-x*a-{-xb-{'b^a'j this is not the same as the given ex- 
pression, which is therefore not symmetrical with respect 
to X and a. In like manner, it may be shown that this 
expression is not symmetrical with respect to x and b. 

An expression is symmetrical with respect to three or 
niore of its letters if it is symmetrical with respect to each 
and every pair of these that can be selected. 

Thus, a^-^-T^+T^ — Sxyz is symmetrical with respect to 
a:, y, and 2, for it remains the same on interchanging x and 
y, or y and z, or z and x ; and these are all the pairs that 
can be selected from x, y, and z. So, also, 
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and (x — a)(b — cy+(x-- b)(c — ay + (x-c)(a — by 
are each symmetrical with respect to a, J, and c, 
but a^b + b^c + <^a 

and (x-a)(a — by + (x — b)(b — cy + (x — c)(G — ay 

are not so. 

ah-\'ac-\-ad'\-bc-\-bd-\-cd 

is symmetrical with respect to a, 5, c, and c?, 

but ab-\-bc-\-cd-\-da 

is not symmetrical with respect to these letters, for on inter- 
changing a and b it becomes 

ah + ac-^- cd-{- bd. 

So, also, 

bcd-{- acd-\- abd-{- abc 

is symmetrical with respect to a, ^, c, and d^ as may be seen 
at once by writing it in the form 



ahcd(- + --\ t-^Y 

\a c dj 



An expression is cyclo-symmetric with respect to three 
of its letters, a, J, and c, if it remains the same expression 
when a is changed into S, b into c, and c into a. 

Thus, a^S + S*c-|-c*a is cyclo-symmetric with respect to 
the cycle (abc), for on changing a into i, 6 into c, and c into 
a, it becomes J'c + c*a-f a'J, which differs from the orig- 
inal expression only in the order of its terms. 

(a — by + (J — cy + (<? — ay is not symmetrical with re- 
spect to a, S, and c, for interchanging a and J changes it 
into (b-ay+{a-cy+{c-by which =-(a-by-{b-cy 
— {c — ay, and this differs from the original expression in 
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the signs of all its terms. But this expression is cjclo- 
symmetric with respect to (a i c). 

So, also, (x-a)(a-by+(x''b)(b-cy+(x-c)(c-'ay 
is cyclo-symmetric with respect to (a be) but is not com- 
pletely symmetric with respect to a, i, and c. 

Oenerallj/f an expression is cyclo-symmetric with respect 

to any set of letters, a, i, c , A, i, called the cycle 

{a be A£), if it remains the same expression when a is 

changed into 5, b into o, , A into k, and k into a. 

Thus, ab -{- be -{- cd -{- da and ac-{-bd are each cyclo-sym- 
metric with respect to the cycle (a 6 r rf), but are not com- 
pletely symmetric with respect to a, 6, ^, and d. 

Every expression which is completely symmetric with 
respect to a set of letters is necessarily cyclo-symmetric 
with respect to them ; but, as is seen by the above exam- 
ples, an expression may be cyclo-symmetric without being 
completely symmetric. 

Principle op Symmetry. An expression which in any 
one form is completely symmetric^ or is cyclo-synimetnc, with 
respect to any set of letters will in every other form be com- 
pletely symmetric, or be cyclo-symmetric ^ as the case may be, 
with respect to these letters. 

Thus, a' -f- J' + c* — Sabc is symmetrical with respect to 
a, b, and c ; hence, it will be symmetrical when written in 
any other form, as, for example, in the form 

i(a + b + c)[(b^cy + (c--ay + {a^byi 

Again, (a — by + (b — cy -\- (c — ay ia cyclo-symmetric, 
but not completely symmetrical, with respect to (a be); it 
will therefore remain thus cyclo-symmetric, but not com- 
pletely symmetrical, under every change of form which may 
be given it ; for example, when it is reduced to 

S(a-b)(b~c)(c-a). 
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A symmetric function of several letters is frequently 
represented by writing e^h. type'term once, preceded by 

the letter S ; thus, for a + 6 + (? + + Z we write Sa, and 

for ab -\- ac -{- ad -\- + bc-{'hd+ (that is, the sum of 

the products of every pair of the letters considered) we 
write Sa5. 

Ex. 15. 

Write the following in full : 

1. Sa'J; S(a — i)*; Sa(& — c); %ab{x — c)] Sa'i'c; 

S(a + b){c-a){c-b)', 5 [(a + df - b'] ; and 
2a(i + cf, each for a, S, c?. 

2. 2a5c; 5a*i; %a^bc] S(a — 5); and S a' (a— Z>), each 

with respect to a, 5, <?, c?. 

Show that the following are symmetrical : 

3. (^ + a) (a + ^) (^ + ^) + ^^1 with respect to a and J. 

4. (a + 5)* -f- (a — i)' with respect to a and 5, and also 

with respect to a and — b, 

5. (a5 — a:y)* --{a-{-b — x — y) \ab {x -\- y) — ocy {a + &)] 

with jespect to a and 5, and also with respect to x 
and y, 

6. a' (5 — cf+h^{c-~af-\-c^{a—by with respect to a, i, <?. 

7. (a<? + bdy + (5(? — ady with respect to a' and 6', and 

also with respect to c* and c?'. 

8. af^ + i^ + ^xyipi^ + xy + y^) with respect to x and y. 

9. [^-3^ + 3a:y(2a; + y)]»+[y»-a;» + 3:ry(2y + ^)]» 

with respect to x and y. 

10. a (a + 2 &)' + i (6 + 2 a)' with respect to a and J, and 
also with respect to a and — S. 
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11. abl[(a + c)(b + c)+2c(a + b)y^(a~cy(h~cy\ 

with respect to a, J, c, 

12. a»y + iV + c»a« + 2a^c (a -f- h -f- r) with roH])e(»t to ab, 

he, ca. 

With respect to what letters are the following' nym- 
metrical ? 

Theory of Divisoes. 

Any expression which can be reduced to the form 

cuxf + baf-^ + caf -• + + hz f *, 

in which w is a positive integer, and a, b, c, , A, A, an^ 

independent of x^ is called a PolTiiome in z of degree n. 

The expressions /(a:)*, ^(a:)* ^ (a:)"*, are used as general 
symbols for polynomes; the exponents n and m indicate 
the degree of the polynome. 

Thegbem I. If the polynome f{xY be divided by 
X — a, the remainder will be /(a)*. 

Cor. 1. /(^y—f{cLy is always exactly divisible by a: a. 

Oor. 2. If /(a)* = 0, f{xy is exactly divisible by a: — a ; 
that is, /(a;)* is an algebraic multiple of a? — a. 

Oor. 3. If the polynome /(a:)*, on division by the poly- 
nome ^ (a;)* leave a remainder independent of x, such 
remainder will be the value of /(a;)* when ^ (a:)* = 0. 

Examples. Theorem I. 

1. Find the remainder when a;*— 7a:*+13a;'— 16a;"+9a:— 12 
is divided by a? — 5. 
The remainder will be the value of the given polynome 
when 5 is substituted for x. (See § 3.) 
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-7 +13 
5-10 


-16 +9 
16-5 


-12 
20 


1 


-2 3 


-1 4; 


8 



Hence, the remainder is 8, 

2. Find the remainder when {x — a)' + (x — 5)' + (a + by 

ia divided by a; + a. 
For X substitute ~a, then 

3. Find the remainder when 

x' + c^ + b'+(x + a)ix + b)(a + b) 

is divided by a: + a -f S. 
For X substitute — (a-j-b), and we obtain 

^ia + by + a^ + b^ + ab(a + b) = ~Zai{a + b). 
See Formula [6]. 

4. Find the remainder when 

{x'+2ax-2ay(x'-2ax~2a')+32{x~ay(x + ay 

is divided by s* — 2 a'. 
3J _ 2 a' may be struck out wherever it appears. 
This reduces the dividend to 

(2ajr)'(- 2aa;} + S2(_x- a)' (a; + a)* 

= -16a'x' + 32(x'-a'y. 
In this substitute 2 a' for x', and it becomes 

— 64a' + 32a' = -S2a', 

which is the required remainder. 

Bx. 17. 

I. Find the remainder when 3a:'+60a^+54a:'— 60a: + 58 

is divided by a:+ 19, 
" "' ' '-'-eremainder when ^;c'—35j:'+3r;r— sis divided 



THEORY OF DIVISORS. 51 



3. What number added to 

4:0^+ 34a;* + bSa* + 21 a:» - 123ar - 41 
will give a sum exactly divisible by 2x-f 13. 

4. What number taken from 

will leave a remainder exactly divisible by 10 x" 11 ? 

Find the remainders from the following divisions : 

5. (x+iy-a^-^x+1; (ar+a+3)'-(x+a+l)»-+-ar+2. 

6. sf+p^-^x—y] a^+^^x+ij; a:*^'+y*^*H-jr-t-y. 

7. (x+iy + x' + ix-iy-i-x-^. 

8. (x - ay (x + ay + (^ - 2A»)» 4- x" \ b\ 

9. {pi^ + ax-{'a^){pc^ — ax + a^) 

— (a:» — 3aa; + 2a»)(j:* + 3a.r + 2a») : x" -\ 2a\ 

10. (9a» + 6a6 + W) (9a» - 6aA + 4^) (81a* - 36cW - \- IG//) 

-^(3a-2A)«. 

11. a'(a; — a)' + 6'(a: — A)'-^a;~rt -i. 

12. (a:r + hyy + a^ y" -\- h^ 3? - Z abxy {ax + by) 

-^{a + b)(x + yy 

13. a:* + a* + 5' — 3 abx -?- a; — a -|- i ; also, -?- a: + a — ^ ; 

also, -i-x — a — J. 

14. Any polynome divided by ar— 1 gives for remainder 

the sum of the coefficients of the terms. 

Examples. Cm-, 1. 

1. a;* + y* is exactly divisible by a: + y. 

In "a;*— a* is exactly divisible by a;— a," substitute — y 
for a. 
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2. m3^—px'+qx+m-i-p + q ia exactly diviaible byai+l. 
This may be written 

(m^-p^ + qi)-[m(,-lf-i,i-iy+q(,-l-)] 
is exactly divisible by a: — (— 1). 

3. (x' + 6xy + iy'f + (x' + 2xy-\-iy')'' is exactly divis- 

ible by (x + 2yy. 
For (x' + 6x1/ + iy')* — (-x' — 2xy — iy'f is exactly 
divisible by (x' + &xy + iy')-~(- x'--2x^-ii/'), 
which iB2(x' + ixifi-4t/') = 2(x + 2y)'. 

Ex. 18. 

Prove that the following are cases of exact division r 

1. x^' + i/'^'-i-x + ^j; x^'-f^x + y, 

2. x^ + y"-i-x'+y*; a^ + f^i^ + i^; 3.\Bo,-^x"'+y"; 

also, -i-a^ + y'. 

3. iax + hyf + (bx + ay)'^(a + h)(x + y). 

4. {ax + bi, + cz)'-(bx + a/ + azy 

-^(a-b)x+{b-c)y + (c-a)z. 

5. (2y-xr-(_2x-y)'^B(s-x). 

- ' txf— {mx — nyf -^ (m + n) (y — x), 

' + {x-y)'^2(x' + f). 
l^-fJ + i^-xy-\-y')''^2{:^ + f). 
-(a-by^2b(3a' + b'). 

bx+b'y+(x'-bx+b'y^2(x+by. 

!n/(x-y) ~y'Y+[x' - 9xy(x -- y) - y*]' 
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14. Sar'-bx' + 4:X-2-^x — l. 

15. Any polynome in a; is divisible by x — 1 when the 

sam of the coefficients of the terms is zero. 

16. Any polynome in 2: is divisible by a: + 1 when the 

sum of the coefficients of the even powers of x is 
equal to the sum of the coefficients of the o<ld ]>ow- 
ers. (The constant term is included among the 
coefficients of the even powers.) 

Examples. Cbr, 2. 

1. Show that a(a+2by — b(2a+by is exactly divisible 

by a+6. 

By Cbr. 2, the substitution of — i for a must cause the 
polynome to vanish. 

Substituting, a (a— 2 a)' + a (2 a— o)'~— a* + a* - 0. 

2. Show that 

(ab — xi/y—(a + b — x~y)[ab(x + y)-xy(a + b)] 
is exactly divisible by (x — «) (y — a), also, by 
(x-bXy-b). 

For X substitute a, and the expression becomes 

(ab — ay)* — (b-y) [ai (a + y) - ay (a + b)] 
= a\b-yy-{b-y)[a\b-y)y-^0. 

The expression is, therefore, exactly divisible hy x ~a. 
But it is symmetrical with respect to x and y, hence 
it is divisible by y—a\ and, as a; — a and y—a are 
independent factors, the expression is exactly divisi- 
ble by (x — a){j/ — a). Again, the given expression 
is symmetrical with respect to a and b ; hence, mak- 
ing the interchange of a and 5, the expression is 
seen to be divisible by {x —b){y~ b). 
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3. Show that ^{a' + b' + c')-b{aJ^ + b' + (?)(a?-\-P + c^) 

is exactly divisible by a + h + c. 

For a substitute —(h + c), and the result, which would 
be the remainder were the division actually per- 
formed, must vanish. 

-b[-{h + cf + h' + c'] [{b + cy + h'+ c'] 

:=^.^[-lb + Cf + 1"^ + (^] + ?>Qbc{b+ C)(b'' + hc+c'). 

See [1] and [6]. 

The expansion being of the fifth degree, and symmetri- 
cal in b and c, it will be sufficient to show that the 
coefficients of b^, b^c, b^(? vanish, the coefficients of 
b^&^ bc^y & being the coefficients of the former terms 
in reverse order. Calculating the coefficients of these 
type-terms, we get 

^\:-hb'c-Y)b^&- ]+30(^>*c+2^>^c?''+ ), 

which evidently vanishes. Hence, the truth of the 
proposition. 

4. Ifa+^> + c = 0, 

W'+h'+c') = W'+h''-V<?)y.\{a^-\-b^ + &). 
In the last example it has been proved that the differ- 
ence of the quantities, here declared to be equal, is a 
multiple of a-f-5 + <?, that is, in this case, a multiple 
of zero. Hence, under the given condition they are 
equal, 

Ex. 19. 

Prove that the following are cases of exact division : 

1. {ax- byj + {bx — ayf - {a? + b') {o^ — f)-^ a, 5, x, y, 

a+^, x—y, 

2. ax^ — {p^-\-b)3i^ + b^^ax—h. (Substitute ax for 6.) 



THEORY OF DIVISORS. f>5 



\ (ax — ifyy—{a+h)(x+z)(ax—by)'\'(a-\-byxz :-ar+//. 

6. l,2a^x- 5.494 aV + 4.8a'«»+ O.Ooj;* - j^ 

6- af' + s^y' + x^y + l/^-i-a^ + y. 

7. (c-d)c^ + ^bc-bd)a+^(h'c-b*d) i a {Sb. 

8. x(x-^yy + y(^x-yy-^X-y. 

9. a(a + 2i)» — J(i+2a)»-f-a— i, also-5-a4 *. 

10. a*— 2a*i+a'6« + aV-2aAj;*+JV-4-(a"t)(j: + a). 

11. a(i — c)» + i(<7-a)' + c(a— 6)»-h(«~/>), (/>-c), 

(c — a). 

12. a»(5 - c) + i»(c- a) + c»(a- i) h- (a - 5), (6 ~ r), 

(c - a). 

13. a^ (b — c) + b^ (c — a) + c\a- b) -ir (a-b), (b-c), 

(c - a). 

14. (a-by(c-dy + (b-cy{d-ay-(d-by(a-cy 

-H (a — - J), (b — c)y (c — d), (d - - a). 

15. [(a-by + (b-cy + (c-ay][(a-byc'+(b-cya' 

+ (c- ayb'] - [(a - byc + (b - cya + {c- ay by 
-5- (a — b), (b — 6), (c — a). 

16. (x + i/)(:i/ + z)(z + x) + xyz-i-x + y + z, 

17. ab(a^ — i') + bc(b* — c') + ca(c' — a^)-^a+b + c. 

18. (ab — be — cay — a^b* — b^c* — c'a' -^a+b — c. 

19. (a + 2by + (2b-3cy-(Sc-ay + a' + Sb'-27(^ 

-f-a + 25 — 3c. 

20. o'i' + JV + c'a' — 3a'iVH-a5 + ic + ca. 
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1. 



Examples. Gors. 3 and 2. 

Find the value of 4ar^+ 9ar^— 5a;»+ 23a: + 6 when 
2a;' = 3a;— 4. 

Since 2a;* — 3a; + 4 = 0, we have simply to find the 
remainder on division by 23^ — 3a; + 4; and, if it is 
independent of a;, it is the value sought, Chr. 3. 



3 

4 


4 
6 


9 
9 

R 


5 23 
15 3 
12 20 


6 
4 


2 


2 3 


5 


- 1; 


10 



Hence, the required value is 10. 

2. What value of c will make oc^ — ba^-\-7x — c exactly 
divisible by a;— 2. 

If 2 be substituted for a;, the remainder must vanish, 
Cbr.2, 

1-5 7 -c 
2-6 2 



1 -3 l;2~-c 
Hence, 2 — c = 0, or c = 2. 

3. What value of c will make 6a:*— 5a;*+car^— 20a;'+19a: 
— 5 vanish when 2a;* = 3 a; — 1. 

By Gor. 3 the remainder must vanish when the given 
polynome is divided by 2a;* — 3a;+l. We may 
divide at once and find, if possible, a value of c that 
will make both terms of the remainder vanish ; or, 
we may first express ca^ in lower terms in a;, and 
then divide and find the required value of c from 
the remainder. 
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Mrst Method (see page 31). 

6-10 4(? -160 • 304 100 

3 18 24 12c + 36 36c- 420 

2 -12 -16 ~8c-- 24 ~24r-t-280 



6 8, 4c+12, 12c -140; 28c 140 - 24c-{ 120 

Hence, 28c= 140 and 24c ^ 120. Both of thos** are sat- 
isfied by c = 5. 

Second Method. a^~^x(Sx 1) Jx* Jr 

.*. C2^ = If car — f c. 

Substituting for ca^ in the given polynome, it becomes 

6a:»— 5a:*-20a;* + (l|c+19)r fc 5. 
Divide and apply Cor. 3. 

6-10 0-160 28c + 304 ~24c 160 

3 18 24 36 -420 

2 -12-16 - 24 280 



6 8 12 -140; 28c -140 -24c + 120 

We thus obtain the same remainder as by the former 
method, and consequently the same result. A comparison 
of the two methods shows that they are but slightly differ- 
ent in form, but the second method shows rather more 
clearly that c need not be introduced into the dividend at 
all, but the proper multiples of it found by the preliminary 
reduction can be added to or taken from the numerical 
remainder, and the "true remainder*' be thus found, and 
c determined from it. 

Ex. 20. 

Find the value of : 

1. a;* — 3a;* + 4a;' — 3a: + 4, given a;' = a:— 1. 

2. a^- 2x* - 4a;* + 13 a;^ - 11 x ~ 10, given (x-iy = 2. 
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3. 23^~'Jx*+'i.2:^-llx'+2£-6. given (x-iy + 2=0. 

4. Sa^+n3^+l0^+7u^+2x+S, 

given x^+Sa^- 2a:+ 5 = 0. 

given 3ar' + a: — 4 = 0. 

What values of c will make the following polynome 
vanish under the given conditions: 

6. a:* + 13ar' + 26a:' + 52a; + 8c, given3;-J-ll = 0. 

7. 3^-2a:'-9a:' + 2c3:— 14, given 3ic+ 7 = 0. 

8. x* — i3? — x' + lQx + Go,^vena:' = x + Q. 

9. 2a;* — 10a;' + 4ca;+6, givenfl^ + 3 = 33:. 

10. 2a:'+a:»-7ca;' + llK + 10, given 2a: = 5. 

11. ix* + ex' + llOx - 106, given Sa;" — 53:+ 15 = 0. 

12. 3a;'-16a:* + ca;' — 5a:'-1143;+200,given3;'=3a:— 4. 

13. What values of^ and g'will make 

x*+ 2a^~ 103:" -^3;+ q vanish, if 3:" = 3 (a; — 1) ? 

14. What values oi p and q will make 

a"_5oi'»_|_10a»-15a* + 29a'-^a' + J vanish, if 
(a'-2)'=a'-3? 

Theorem II. If the polynome /(3;)' vanish on substi- 
tuting for X each of the n (different) values Oi, a,, a,, , a^, 

/W = X(i-o,)(i-a,)(j.-a.) (x-a.), 

in which A ia independent of x, and consequently is the co- 
efficient of a:" inf(xy. 

Cor. If /(a:)" and ^{x)"* hoth vanish for the. same m dif- 
ferent values alx,J{x)* is algebraically divisible by ^(a-)"*. 
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Examples. 

1. 3!^-\- ax* -\-bx-\-c will vanish if 2, or 3, ur 4 Imj pub- 
stituted for x ; determine a, i, c. 
The coefficient of the highent power of x is 1 ; 

,'.a^ + ax' + bx + c=--(x--2)(x- 3)(.r ^ 4) 

= a^ — x'~Ux+24; 
.•.a=r — 1; ^=^-14; c- 24. 

2.0;* + /5>a:' + car + rf will vanish if — 3, or 2, or 5 be sub- 
stituted for X ; determine its value if 3 be substitut^Ml 
for X, 

The given polynome ~ (.r 4 3) (r - 2) (x - Tj) ; 

.-. the required value is (3 + 3) (3 - 2) (3 5) 12. 

3. aa^ -f Sbo!^ + Scx + d will vanish if for x bo substitutctl 

— 3, or ^, or IJ, but it becomes 45 if for x th<»re b<» 
substituted 3 ; determine the valufs (»f a, b, r, r/. 

The coefficient of the highest i)()wer of x is a ; 

ax' + Sbx' + Scx + d- - a(x 1 3) (x J ) ( r 1 J) ; 

.a(3 + 3)(3-i)(3--lJ)-:45; 

a = 2. 

•.2x' + Sbx' + Scx + d---.2(x + S){x--:^)(,r - l.J); 

.5=1; c = -3i; c;=4f 

4. If a? -j-poi^ -\-qx + r vanish for x — «, or b, or r, Jeter- 

mine^, q, and r in terms of a, i, c. 
a:* +^a;* + ga: + r = (a: — «) (.f -b){x-v) 

— 3^ — {a-^b -\- c)3? ^ {nb '\-bc + ca)j' ((be. 

.'.p = — (a + b + c) or — 2<^ 
q =z ab -\- be -{- ca or S«i, 
r = — aftc* or - S f*^>^'. 
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5, If a;" -|- p^ -\- qx-^r vanist for z^a, or b, or c, deter- 
mine the polynome that will vanish for x = b-\-e. 

Since a^ + p2^ -{- qx -\- r vanishes for a; = tt, or b, or c, 

x' —p^ -\-qx — r will vanish for a: = — o, or — b, 

or — c, and — p^a-\-b-\-e. 
But the required polynome will vanish for 

X = —J) — a, or —p—b, or —p ~ c ; 

that is, for x-\-p = — a, or — J, or —c. 
Hence, it ia (x +py —p (x+p)' + q(x+p) -r 

= ar" + 2p:i^ + (p' + q)x +pq ~ r. 

ring is the calculation in the last reduction. 
!i,.;o 37.) 
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iangle, the square of the area expressed in 
of the lengths of the sides, is a polynome of 
imensiona ; and the area of the triangle, the 
3 of whose sides are 3, 4, and 5, respectively. 
Find the polynome expressing the square of 

.nd c be the lengths of the sides, and A the 

^d polynome. 

ea vanishes if any two of the sides become to- 
equal to the third side ; hence, if a -|- 6 = c, 
and consequently A is divisible by a -|- 6 — c. 

rly it is divisible hy i + c -a and byc+a— &■ 
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2. The area vanishes if the three sides vanish together ; 

hence, ifa + J + c = 0, -4 — 0, and consequently A 

is divisible by a + i + c. 
We have thus found four linear factors, but ^4 is of only 

four dimensions. 

.'. A=7n(a-\-b-\'C)(b-^-c — a)(c-}-a — b)((i \ h c), 

in which m is a numerical constant. 

But 6» or 36 = 7^ (3+4+5) (H 5- 3) (5+ 3 4)(3|4 5) 
= 676 m ; .*. m = ^. 

The above includes all the ways in which the area of a 
triangle can vanish, for the vanishing of only one side in- 
volves the equality of the other two ; or, if a — 0, 6 ^ e, 
and therefore a + i = c, which is included in (1). If two 
sides vanish simultaneously, the three must vanish. 

Examples on the Corollary. 

7. Prove that (a: + 1)"- a:" -2a:- 1 is divisible by ^x" 

Factoring 2a? + ^3^ + x, we find it vanishes for x --- 0, 
or — 1, or — ^. Substituting these values in the first 
polynome, it also vanishes. But these are different 
values of ar, hence the truth of the proposition. 

8. (a: + y + z)* — a:* — y* — 2* is divisible by (a: + y + zf 

— ar* — y* — z*. 

The last expression vanishes if a: = — y, so also does the 
first. 

By symmetry they both vanish if y=— 2 and if 2 =— a:. 
Hence, they are both divisible by (a:+?/)(y+z)(2+a:). 
But this expression is of three dimensions, as also is 
the second of the given polynomes, hence it is a 
divisor of the former. 
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, Prove that 

+ [{b + c)'+{a + i[f]9-cHa.-i) 

+ Ub + df + {c + af](b-d-,(c-a) 

is algebraically divisible by 

(a-h) (c-d) (b-c) (a-d) ih-d) (e-a)(a^^>+c+d). 

and find the quotient. 
Let a = b, and the first polynome reduces to 
Ka+cy + (a + d)'](a-e)(a^dl 

+ [(a + df+(c + a)'](a-d)(c-a) 

which vanishes, the second complex tenn differing 

from the first only in the sign of one factor, having 

(c — a) instead of (a — c). 
Hence, the first polynome is divisible by a — b, and 

by symmetry .it is also divisible by a — c, by a — c?, 

by i — c, by 6 — d, by c — (f. 
Again, (a+ J)'+{c+<^' is divisible by (a+6)+(c+<f); 

for, on putting a + i = — (c + rf), it becomes 

[-~(, + d)]'-t-(c + df-0. 
Similarly the other terms of the first of the given poly- 

nomes are each divisible by a-)-i + c + (^ and 

consequently the whole is so divisible. 
Now all these factors are difi^erent from each other, 

hence the first of the given polynomea is divisible 

by the product of these factors ; that is, by the sec- 
ond of the given polynomes. 
Both of these polynomes are of seven dimensions, 

hence their quotient must be a number the same for 

all values of a, b, c, d. 
" ■ " '1 = 1, c = 0, d = — \, and divide. The 

ill be found to be — 5. 
' + (. + <in(a-S)(.-<f) 
'+(« + i)'](J-t)(o-rf) 

i'+(<-+»n{i-<j){<---»)= 

c d){h-^){a -d){b-dX^~,.\a+lJr^+d). 
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Note. It is not always necessary to find tlie factore of the divwor, 
as the following examples show. 

10. Prove that x' + x+liaei factor of x^* + x^ -}- 1. 

x' + x + l will be a factor of a?" + a;M- 1, provided 

a:'* + a:' + l = 0, ifa:» + ar+l=-0. 
Ux' + x+l=0, 
/,x^ + x'-\-x = 0, 
.'.x' + x' + x+l = l, 

.-.0^=1 and a:'' = l, 

.-. x^ = x and ar" — a:*, 

.•.a^^ + x^ + \ = x' + x+l=0, 

.'.3^ -\-x + \ is a factor of ar" -f- x' + 1. 

Two other methods of proving this proposition are worthy 
of notice. 

I. a:* -f- ar+ 1 will be a factor of a:" |- .r^ -{- 1, provided 
it is a factor of 
[(ar" + a:^ + 1) d= a multiple of (a:* + .r -f. 1 ) ]. 

x^^ + a;^ + 1 differs by a multiple of a:* J a: ♦- 1 from 

a:** + a:^*(a:» + a: + l) + a;*(a;» + a: + l)4.a:' 
-\'X*{3^+x-\-l)+x(jx^ + x + l)-\-\ 

= a:'*(a;» + a: + l)+a,-»(a:'-|-.r-[-l) !-a:*(a,-'-f-ar + l) 

+ a:»(a;' + a;+l) + (a;' + ^-hl) 
= (a:" + a;» + a;' + ar» + l)(.r» + a;+l). 

Hence, a;* + •'^ + 1 is a factor of a;" -|- a;' + 1. 

f^ a^' + x' +1 _y^-l x-l 
' a^ + x + \ x'-i x'-i 

. ^ (a:^^ - 1) rCa:'^ - 1) - x{x'' - 1)1 

{x' - 1) (a:» - 1) 

^ (x"' - 1) (a:^^ - 1) _ x{i^^-V){ ±''-Y) 
ix' - 1) {x' - 1) (.r' _ 1 ) (o:^ _ 1) ' 
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Bnt we see at once that on reduction both of these 
fractions give an integral quotient ; hence, 

{p^* -\-3^-{-V)-^3^-\-x-\-\ gives an integral quotient. 

11. a:» + ar+lisa&ctorof (jT+iy — a:*-!. 

If a:» + :r+l = 0, (x+iy — a^*-l will vanish also; 
for in such case a: + 1 = — a^. 

which by the last example vanishes if j:' + ar+l =0. 
.'.a^ + x+\ is a factor oi (x +\y —x^ — 1. 

For X substitute _, and multiply by y* and y^, respec- 

y 

tively, and this example becomes 
^ + ^ + y* 18 a factor oi {x-^yy — x^ —y^, 

Ex. 21. 

Determine the values of a, h, c, d, e, in the following 
cases : 

1. x^ -\- Sbx^ -\- S ex -{- d vanishes for x = 2, or 3, or 4. 

2. a^ -}- ca^ -{- dx -\- € vanishes for x = 1^, or — 3, or 4^. 

3. a^ + ba^ -\- ex + 24: vanishes for x — 2, or — 3. 

4. aa:^ + bci^ -{- ex -{- 90 vanishes for a: = 3, or — 5, or 2. 

5. ax* -\-c3(^ — 30ar + ^ vanishes for x = 1^, or — 4, or 2^. 

6. 81a:* + 6ca:' + 4c?a:+e vanishesfora7=lf, or— 3|, or 1-|. 

7. ax* -{- bar^ -\- ex^ — SI vanishes for x=-^, or f , or 3. 

8. ax*+ ca^+ dx -\- e vanishes for a; = 2, or 1^, or —1, and 

becomes 14 for a; = 1. 

9. aoi? -{■ ex -\- d vanishes for x = 1 J, or 2f , and becomes 49 

for a; — 3, determine its value for a: = — 3. 
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Griven that a^—pai^+qx — r vanishes for x = a, or i, or r, 
determine the polynome that vanishes for : 

10. ar = a + If or ^ + If or ^ + 1- 

11. x = a — 1, or J — 1, or c— 1. 

12. a; = 1 — i, or 1 — i or 1 - - 

a c 

13. X = ah, or be, or ca, 

14. X = a', or i', or c'. 

15. x = a{b + c), or i (<? + a), or c{a + J). 

U(* + ^) = 2'-^j 



a+b b+e c-\-a fa-\-b p ■,\ 
16. a; = r-i— , or — !— , or ^^. I— !—.=€. — \\. 

cab 



Prove that the following are cases of exact division : 

17. {x-\y-3f+(3?-x+\y^3?-22? + 2x-\. 

18. {x-\y-!i/'+(!>?-x+\y^^-23^ + 2x-l 

19. (a;-2)«'(2a:-5)~-a:'« + 2"(j:'-4a: + 5)» 

-^3* — 63? + lix-lO. 

20. (a;»+4a: + 8)»-a;"-a;'-5a:-3H-a;» + 6a:'+8a;+3. 

21. (9x-4)"(x-l)"-a^-(9a;'-14a: + 4)" 

-i-(a;-l)(9ar-4)(9:E»-14a; + 4). 

22. [6(a;-l)]"-(2:K' + 3a;-4)»+(2x»-3a; + 2)" 

H- (2a;» + 3ar- 4) (2a;' - 3a; + 2) (a; - 1). 

23. [2(a;+l)(a;-2)]"+(a;'-3a;+3)"-(3a;'-5a;-l)" 

^(x + l)(a;-2)(a;'-3a; + 3)(3a;'-5a;-l). 

24. [6(a;-l)]"-(2a;' + 3x-4)»-(2a;'-3a;+2)'« 

+ 2(2a;' + 3a; - 4)' (2^ - 3a; + 2/ 
^(a;-l)(2a;' + 3a;-4)(2a;'-3a; + 2). 
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so 



+ 2(x'-Sx+Sy(Sx'-bx-r)'' 
-^(x+l)(x-2)(x'-Sx + S)(Sx'-5x-l). 

26. I +x* + af'^l + x + x'. 

27. x^ + s^j^ + y'^'^a^ + xi^ + i^. 

28- l+x' + af + 2^ + x"-^l+x + x' + x' + x\ 
29. l+x* + 3f' + x^ + x'*-^l + x + x' + x' + x\ 

31. x''' + a^ + a* + x+l^x* + a^ + x' + x + h 

32. l+a; + a;' + a^ + ic* + a;« + ar« 

-^l + a; + a;' + a:» + a:* + ic* + a;». 

Find the quotient of tlie following divisions, in which D 
denotes the product : 

33. (b^c'+a*d^)(b-c)(a-d) + (c'a^+b^d*)(c-a:)(b-d) 

+ {a^b'' + (^d^)(a-b){c-d)-^D, 

34. {bc + ad){b''--(^){a^-d^) + {ca + bd){(^^a^){b^-d^) 

+ {ab + cd) {a* - b^) (c» - cZ') ^ D, 

36 . (5 + c) (a + d) (b^ - c') (a' - c?') + the two similar terms 

36. (*' + c') (a' + c?^) (J - c) (a - c?) + the two similar 

terms -?- -D. 

37. [be (b + c)' + acZ (a + dy] (b-c)(a-d) + the two 

similar terms -f- -D. 

38. [5c?(^ + c) + ad(a + c?)] (^' - c') (a* - cZ") + the two 

similar terms -v- D. 

39. [&c(S» + c») + arf(a» + cZ»)](5-c)(a--e^) + the two 

similar terms h- D. 
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40. (b-j-c — a — dy (b — c) (a—d) + the two similar termn 

41. The sum of the fractions -J-, ^, ^, , i, increas*»J l)y 

the sum of their products, two by two, incn»as<Ml hy 
the sum of their products, three by throe, in- 
creased by their product is equal to n. 

» 

42. In any trapezium, the square of the area exprowed in 

terms of the lengths of the parallel nidos and the 
diagonals, is a polynome of four dimensions ; deter- 
mine that polynome. 

43. In any quadrilateral inscribed in a circle, the s(iuar« 

of the area, expressed in terms of the lengths of the 
sides, is a polynome of four dimensions ; find that 
polynome. 

Theorem III. If the polynome /(^)* vaninh for mon* 
than n different values of x, it vanishes identically, the co- 
efficient of every term being zero. 

Cbr, If a rational integral expression of n dimensions be 
divisible by more than n linear factors, the expression is 
identically zero. 

Examples. 

J ( x — a)(x-b) (x-b)(x-c) (x - - c) (x - a) , 
(c — a)(c-b)'^{a-b)(a-cy(b-c)(b-a) ' 

if a, J, and c are unequal ; for this is a polynome 
of two dimensions in a?, but it vanishes for x--a, 
and, therefore, by symmetry, foTx=b, and for a: — c; 
that is, for three different values of x ; hence, it van- 
ishes identically. 

2. [(a + by + (c + dy](a-b)(c-d) 

+ [ib+cy+(^ + dy](b-c){a~d) 
+ [(c + ay+(b + dy](c-a)(b-d)^0. 
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Substitute h for a, and the expression becomes 

[{b + cy + {h+dmb-c){b-d) 
+ [{c+ by +(b+ dy] (c -b)(b-d), 

wbicli vanishes; hence, the given expression is divi- 
sible by a — b, and consequently, by symmetry, it is 
divisible by (a — 5), (6 — c), (c— c?), (a — c), (b — d), 
and {a~d). But the given expression is of only 
four dimensions, while it appears to have six linear 
factors ; hence, it vanishes identically. 

Ex. 22. 

Verify the following : 

J x'y'z^ (a^-b')(^-h')(z'-b') (x'-c') (j/'-(^) (z^-c") 
b'c" ^ b''{b^-c^) "^ c\(^-b^) 

= ^ + y' + z'-6'-c^. 

* b'c"^ b\b^-c^) c'ic^-b') 

a^y^ (a^-a^)(a^-y^)^ (a^-b^)(b^-y^)^ 
' a'b''^ (2^-a')(b'-a')a'^ (b'-z')(b'-a')b' 

^ (2* - a') (b' - z') • 

4 1 I 1 

(x + a)(a-'b)(a — c) (x+b){b — c)(b-a) 

+ 1 ' 



(x + c)(c — a) (c —b) (x-{- a) (x + b)(x-{- c) 

5, be (b^ -c') + ca (c^ - a^) + ab (a^ - b^) 

= {a + b + e) [a? {b-c)+ P (c-a) + c" {a - b)]. 

^ a+x . a+y . a+z 

x{x — y){x—z) y{y — oc){y-z) z{z — x){z~y) 
a 

^ xyz 
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a'^C^ - c) + ^•-'(c - ay+c'^a - A) ' 
8. (ac^+ 5c/"+ Z^cc? — aery -\- (bee ['aed+ (uf- - bdfy 

9 {a-~by+{h-cy + (e~at 
(a-b)(b-c){c-a) 

= ^[(a-by + (b~cy + (c- ayi 

10. (—x+y + z)(x — i/ + z)(x-{t/~-z) 

+ x(x-~ij+z)(x+y~z)+y(x\-y- z)( j-\-^\z) 
+ z(—x + i/ + z)(x — y + z)- \xi/z, 

11 {a-~b'y + (b'-c^y+{<^-a^y 

{a + b)(b + c)(c + a) 

^ (a - by + {b- cy +{c- ay, 

12. :x^(y + zy + y'{z + xy + ^{x~\ yy + 2xi/z{x \ y -| z) 
= 2{xy+yz + zxy. 

Theorem IV. If the polynomes /(j:)*, ^(j*)* (n not 
less than ??i), are equal for more than n different values of 
x, they are equal for all values, and the coefficients of equal 
powers of x in each are equal to one another. 

This is called the Fzindple of Indetenniiiftte Ooeffioients. 

Examples. 



{a — b){a~ c){a — d) {b- a){b — c){h~ d) 

c* d* 

~^ {c-a)(c~b)(c-d)'^ (d-a)(d~b)(d-c)'' ^^' 

x^ 
Assume 



(x — d)(x — b) (x — c)(x — d) 



A ^ B ^ C ^ D f . 



x — a x — b x — c x — d 
in which A^ B^ (7, D^ are independent of x. 



Multiply by (x -a){x- b) (a: -c)(a;- d). 

.\a? — {A + B-{- C-f- D)3? -f terms in lower powers 

of X 
Now this equality holds for more than three values of 

X, holding in fact for all finite values of x. 
,-.A + B+O+I> = 0. (/S) 

Again, multiply hoth sides of (a) by a: — a, 






' (b-a)(b-„)(b-d) 



c){a-d) (b-„)(b-c)(b-d) 



,Xc-b)(c~d) ■ (d-a)(d~bXd~e) 
S + C+Il = 0, by(/S). 

.-»)+ (4-.)(J-„)+ (o~a)\c-b) 

i+cy. 

-K + j.-r = (i-o)(j;-J)(i-.) (.) 
+ }» + .--(» + o)(i + 4)(a: + c) (j3) 



gJ^ + j; 



x+2^+^ + £j + -^ (y) 
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Multiply by o^ —pa^ -\- qx — r, and equate the coeffi- 
cients of the terms in a;*. In multiplying the frac- 
tions in the right-hand member of (y), use the factor 
side of (a). 

q = q-2p'+A + B+a 

Multiply both members of (y) by a: a. 

x(x-{-d) {x+ h) jx+c) 
(x—b)(x—c) 

= A + (x + 2p + -^:-^ + .J[^{a: a). 
Put x = a, 

(a— b)(a—c) 
By symmetry, 

2b^(b + c)(b + a) _jg ^^ 2^{r-\-a)(r^ -_h} ^ 
(b-c)(b-d) ' (c-a){c-b) 

. a*(a + b)(a + c) . b' (b + c) ( b + a) 
■■ (a-b){a-c) "^ (6-c)(A-o) 

(c — a){c — 0) 
= (a -I- J -f c)». 

3. Extract the square root Qil + x + a^ + a?-\-x*-\r 

Assume the square root to be 

1 + ax + la^ + CO? + dx^ + 

.',l + x + x' + af'+x' + 

= (l+ax + ba^ + ca? + dx'' + )' 

= \ + 2ax + {a^ + 2b)a? + 2{ab + c)x' 

+ {2d+2ac+b')x'+ 
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.•.2a = l, .'.a^=if 

2b + a?=l, 6=J^(l_i) = |, 

2(c + ab) = l, ''=i-(iX|) = T^, 

2d+2ao + b*=l, d=^(l-^-:^)^^. 

.•.V(l+a; + a;' + ) = l + lar + K + A^^ 

+ m^*+ 

Note. As it is frequently necessary to determine the coefficient of 
a particular power of x, a few preliminary exercises are given on this 
subject. 

Ex. 23. 

Determine the coefficient of: 
1. x'mil + axf + il + bxy + il'^cxy, 

3. x*m(l + x + 2x' + Sa^ + 4:x* + ) 

(l-x + x'-x' + x* — ). 

4. x^ in A(x — b)(x— c) (x — d) + B (x—a) (x— c) (x— d) 

+ C(x-a)(x-b)lx — d)+I)(x — a)(x-b)(x—c) 

5. ar* in (1 — axf (1 + axy. 

6. x'm(l + axy(l-bxy. 

7. In the product 

(l + ax + bx' + ca? + ) (l — ax + bx" — ca^+ ) 

prove that the coefficients of the odd powers of x 
must be all zeros. 

Determine the value of the following expressions : 
8. , ... '. ,. + 1 



{a-b)(a-c)(a-'d) ' (b-a)(b-c)(b-d) 



(o-a){c-b)(c-d) (d-a){d-b){d-c) 



K- 

b 



THEORY OF DIYISOSS. 73 



9 « I 2 1 

' {a-b)(a-c)(a-dyib-a)ib-c){b-dy 

10. — ^ ^ ■ + three similar terms. 

(a — b) {a—c)(a — a) 

11. 7 rr-7 --^ ;7 + three similar terms. 

(a — 6) (a — c) [a •— a ) 

a* 

12. ;^ —-; — + three similar terms. 

(a — 6) (a — c) (a — a) 

13. — — — —• + three similar terms. 

(a — o){a-'C){a — d) 

14- -jr 5^;^^ ^ + two similar terms. 

(a — o)(a — c) 

16. .^ 7x/ X + two similar terms. 
(a — o)(a — c) 

16. .^ Tx^ V + two similar terms, 

(a — 6) (a — c) 

„^ g (g + y (g + c)(a +d) ^ ^^^^^^ ^.^^^^ ^^ 
(a — b){a — c) (a — a) 

18. «;(a + &)(a+^)(«+j;) ^ three similar teriPB. 
(a — 6) (a — c)(a — a) 

j^ ^ (g + &) (« + ^) (g + c?) three similar terms. ^ 
(a — b) (a — c) (a — a) 

20. - — ^\,7" N + two similar terms, 
(a — 6)(a — c) 

For numerator use jpa:* —p'x -{-pq — r. 

21. (2 a + g(2« + g) + two similar terms. 

(a — 6)(a — c) 

For numerator use 3a:*+/'^ + 5'. 



'(''+') 



+ two similar terms. 



For numerator use x{x—p). 

; — — — 2^ ^^ ^ three similar terms. 

{a-h){a-c){a-d) 



+ three similar terms. 



25. 



€c'{bc-\-cd-\-d 
(a-b)(a-c)ia-d) 

^^ '^, — -f three similar terms, 

(a-b)(<i-c){a-d) 



Extract the square root to four terms : 
26. \-\-x. 27. 1-a:. 28. l+2a:+Sa:'+4ar'+ - 

29. l-43;+10^-20a;» + 35a:*-56rc' + 843^. 

30. Extract the cube root of 1 + a; to four terms. 



E n. 1 V\n^ the coadition that p:^ + 2qx + r and 
shall have a common factor, 
polynomials by p' and p respectively, and 
ice of the products ; also, by r' and r, re- 
ivide the difference of the products by x. 

x-^p'r pr'3^ -i- 2qr'x ■}- rr' 

X -i-pr' p'r^ + 2 j'n + rW 



-H{pr'-_pV) ipr' -'p<r)x-\-'2,{qr' -r'q) 

inner of these remainders by (pr'—p'r), and 

?' ~p'^)' ^'^^ *^^ difference of the products 

)• ~ 4(pj' -p'q) (qr' - r'q). 

en polynomials have a linear factor, this 

ranish, or 

)'-^-i(pq' -p'q)(qr'-t^q). 
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If the given polynomea have a quadratic factor, the 
linear remainders must vanish identically, or (Th. III.), 

pq^ - p^q = 0, pr^ —p*r ~ 0, and qr' - r'q i), 

p ^ _ '^ 

p' q* r' 

2. Find the condition that ps^+S qot^ -f 3 rr { s shall havo 
a square factor. 

Assume the square factor to be (j:*- a)'. On division, 
the remainder must be zero for every finite value of j*, and 
consequently (Th. III.) the coefficient of eu<h term of th« 
remainder must be zero. Divide by {x — a)*, negli»cting 
the first remainder. 



a 



a 



p 


3? 

pa 


3r 
p(i^ \- Sqa 


s 


p 


pa-^Zq 
pa 


pa^ + Hqa + Sr; 
2pa^ -\ 3 qa 


n 



p 2pa + Zq\ 2>{pa^ + ''Iqa + r) 

r.pd^ + 23^0 + r = ; 

.*. pa^ + 2 g^a: + r is divisible by a; — a ; (Th. I. Cor. 2.) 
or, pa? + 3 qa? -\-^rx-{-s and pa? -\-2qx-\- r have a common 
divisor. Multiply the latter polynome by x, and subtract 
the product from the former, and the proposition reduces to 

Ji poi^+Zqa^+Zrx+s have a square factor, /?a;^ + 2 g'x-f r 
and qx^-\'2rx-i-8 will have the square root of that factor 
for a common divisor. 

Ex. 24. 

1. Determine the condition necessary in order that 

a?-\-px-\-q and a? -^p'x-\- q' may have a common 
divisor. 
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2. The expression x^+Sa^af+Sbx'+car'+Sdx'+S^x+f 

will be a complete cube if 

3. Prove that a^ -]-bx + c and a+ Ja:* + c^ will have a 

common quadratic factor if 

4. Prove that aaf'-{-b9(?-\-c and a + Sa;' + ca;^ will have a 

common quadratic factor if 

a« J« = (a' - c") (a» - c» + Sc). 

5. Prove that ax^-\-ba?-\-cx-\-d and a-\-bx-{-coi?-\-dpp^ will 

have a common quadratic factor if 

(a + d){a--dy = (b--c){bd—ac), 

6. a? -{- pa^ -\- qx -{' r will be divisible by a^' + oar + iif 

a' — 2^a' + Cp' + q)a+r—pq = 0, 
and S' — qb^ + ?p6 — r* = 0. 

7. X*' -\-px + 2' will be divisible hj a^-\-ax-\-b\i 

a* - 4 qa^ =p^ and (J« + q) (b' - ^)« -^^ js 

Determine the condition necessary in order that : 

8 . or* + 4:pa^ -{-6qx^-\'4:rx-\-tmSi.j have a square factor. 

9 . ax* -\-4:ba:^+6c3^-\-Adx+e may have a complete cube 

as factor. 

10. afi -{- 10 ba? -{- 10 ca^ -\- 6 dx -{- be may have a complete 
cube as factor. 



CHAPTEB III. 

Direct Application of the Fundamental Formulas. 

Formulas [1] and [2]. (ardty)' = a:"± 2ary+y", etc. 

§ 12. From this it appears that a trinomial of which the 
extremes are squares, is itself a square if four times the 
product of the extremes is equal to the square of the mean, 
and that, to factor such a trinomial, we have simply to con- 
nect the square root of each of the squares by the sign of 
the other term, and write the result twice as a factor. 

Examples. 
1. 4a;*-80a:*y" + 400y* = (2a:»-20y*)(2a:«-20y*). 

3. (a-by+(b-cy+2(a-b){b-c). 
This equals 

(a — ft +i — e)(a — 6 + * — c) = (« — c){a—c). 

4. ar' + 3^ + 2;' + 2ajy — 2a?2 — 2y2. 

Here the three squares and the three double products 
suggest that the expression is the square of a linear 
trinomial in x, y, z. 

An inspection of the signs of the double products ena- 
bles us to determine the signs which are to connect 
^1 y» 2J ; we see that 

1. The signs of x and y must be alike ; 

2. The signs of x and z must be different ; 

3. The signs of y and z must be diffo-eni. 

Hence, we have a:+y— z, or —x—y-\-z=^ — (x-{-y—z)^ 
and the factors are (x -\- y — z) {x -\- y — z). 
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FACTORING. 



^ 



Ex. 25. 

1. 9m' + 12w + 4; c^-2c^ + l. 

3. 9a'5' + 12aJtf + 4c»; 36a;'y'-24ay» + 4y*. 

4. Ja:* + 16y'z'-4a;'yz; Jo* — ta'JV + |J*c*. 

6. 2» + (a:-y)'-2z(x-y); (f)'"+Q'"-2- 

7. (a;'-y)' + 2(a^-y)(y-2') + (y-2')'. 

8. (x' — xyy — 2(x' — xy)(xy-y^ + (xi/-f)''. 

9. ia+b+cy-2c{a+b + c) + <f; ^f-2fq^ + ^q\ 

10. (3a; — iyy + (2a; — 3y)' — 2(3x — 4y) (2ar — Zy). 

11. (a;'_a:y+y»)«+(a;»+a^+y')'+2(a;*+a;'y'+/). 

12. (ba> + 2an/+ Iff + (43;" + Cy*)' 

- 2(4a;» + %f) (bo? + 2xy+ If). 



- (tr^ .. 




a» 



-2f? 



»— » 



14. a^ + h' + (^ — 2ab — 2bc + 2ac, 

15. a* + J* + c*-2a*5''-2aV + 2^>V. 

16. (a - i)» + (^ - c)' + {c- ay + 2(a - b){h 

— 2(a — b){c- a) + 2(h — c){a- c). 

17. 4a*-12a«S + 96* + 16aV + 16c'-24Jc. 



^) 



Formula [4]. 3i^ — y^ = {x + y){x — y), 

§ 13. In this case we have merely to take the square root 
of each of the squares, and connect the results with the 
sign + for one of the factors, and with the sign — for the 
other. 
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Examples. 

1. (a+by-(c + d)\ 

Thi3 = [{a + b) + (c + d)][(a + b)-(c + d)] 
= (a + b + c + d)(a + b-c-d). 

2. Factor (a^ + Sa^y + y*)*- («" ~ ^+3^)*. 

Here we have [(3^ + 5ary + y*) + (a:" — ry + y*)] 

= l2x7/(x + y)\ 

3. a» — i» — c' + 2ic. 

Tliis = a'-(&-c)«=:(a + 5-c)(a-J + 0. 

4. Resolve (a* + i')* - (a' - &•)• - (a* + J* - c?)'. 
This = 4a»i' - (a* + ft' - c*)' 

= (2 aJ + a* + 6' - c") (2 ai ~ a* - 5* + c»). 
The former of these factors 

= (a + by- c'^ {a+ b + c)(a + b -c); 

and the latter 

= c' — (a-by=(c + a-b)(c-a + b). 
/. the given expression 

= (a + b + c)(a + b - c)(c + a- b)(c - a + b). 

Ex. 26. 

1. 49a' -4S'. 9. 81a*- 1, 

2. 9a' — i J*. 10. a* -166*. 

3. 81a*- 16 J*. 11. a^«-i". 

4. 100a;' — 36y*, 12. a* - V + 2bc - c". 

5. 5a'i-20Sa;'y'. 13. (a + 25)'- (3a:- 4^)1 

6. 9a;«-16y*. 14. (a:« + y«)«_4a:'y'. 

7. ^c'-l. 15. (a? + y)'-42». 

8. 4y*-ta;'z'. 16. (3 a: + 6)'- (5a: + 3)', 



17. 4t's'-(i' + j'-2')". 

18. if + x!i-ff-(,^~xy-yy. 

19. (rt'-j' + 2")"-4i"z'. 

20. {a + h + c + dy — (a — b-{-e~dy, 

21. (2 + Sa; + 4»')'-(2-3i + 4»")'. 

22. (if+tf+iahf-(a' + hy. 

23. (o'-J' + c>-i-)'-(2a«-2M)'. 

24. {^-f-ef-i-iff. 

26. ((i'-o'J" + J")'-(o'-5o'S' + 5')'. 

26. (i"-i" + 6a'4'-6iV + 8SV-8a'6". 

27. (ai'^-y + z' — ay — 3/z — aar)' — (;ry + 3/z + za:)". 

28. (a^ + y' + s' — 2ay + 2a;3 — 2y3) — (y + i)*. 

29. 2a"6» + 2JV + 2c'a' — a* — i*-c*. 

30. a;* + / + z*-2«»/-2/3'-2a'a^. 

FoEMDLA [A]. (ar4-'*)(a:+s) = a^+('*+s)a;+rs. 
EZAHPLES. 

1. a»-9i" + 20 = (j"-5)(i' + 4). 

2. (i-,)' + a;-y-nO-(a:-j, + ll)(i-y-10). 

3. (a'-a{ + 6')' + 6S(o"-oJ + J")-4<i' + 9J" 

-[(a--oi + S-) + (2« + 3i)] 
X [(o'-<iJ + S^- (2<i-3i)]. 

4. («'-6a:)"-6Ci?-6a;)-40 

= (i"-6a: + 4)(rt"- 61-10). 
6. (aa; + 6y + i!)"-(m-i.)(oa; + 4y + c)-m™ 
= (aa: + iy + C — wi)(a:c + Sy + c + n). 



FACTORING. Si 



§ 14 It will be seen that the first (or cortvmon) term of 
the required factors is obtained by extracting the wjuare 
root of the first term of the given expression, and that the 
other terms are determined by observing two conditions : 

I. Their product must equal the third term of tho given 
expression. 

II. Their algebraic sum multiplied into the comvum 
term already found must equal the middle tfrm of th<> 
given expression. 

Hence, to make a systematic search for integral factors 
of an expression of the form a^zhbx.^ r, we may proceed a>» 
follows : 

1. Write down every pair of factors whose produ(»t is r. 

2. If the sign before c is +i select the pair of factors 
whose sum is i, and write both factors x\-, if the sign before 
fe is + ; a;—, if the sign before b \a —. 

3. But if the sign before c is — , select the pair of factors 
whose difference is i, and write before the larger factor X'\- 
or X — , and before the other factor a:— or x-j-, according 
as the sign before 6 is + or — . 

Examples. 

1. a:*+ 9a:+20. The factors of 20 in pairs are 1 and 20, 

2 and 10, 4 and 6. The sign before 20 is +; hence, 
select the factors whose sum is 9. These are 4 and 
5. The sign before 9 is +; hence, the required fac- 
tors are (ar+4) {x + 5). 

2. a:" — 8 a: +12. Pairs of factors of 12 are 1 and 12, 

2 and 6, 3 and 4. Sign before 12 is + ; therefore 
take the pair whose sum is 8. These are 2 and 6. 
Sign before 8 is — ; hence, the factors are {x — 2) 

(*-6). 
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3. r^- 21a; -100. Pairs of factors of 100 are 1 and 100, 

2 and 60, 4 and 25, 5 and 20, 10 and 10. Siga be- 
fore 100 is — ; therefore, take the pair whose differ- 
ence is 21. these are 4 and 25. The sign before 21 
is — ; therefore, x— goes before 25, the larger factor, 
and the factors are (a;-f-4)(a:— 25). 

4. x^ + \2x - 108. Pairs of factors of 108 are 1 and 108, 

2 and 54, 3 and 36, 4 and 27, 6 and 18, 9 and 12. 
Sign before 108 is — ; therefore, take the pair whose 
difference is 12. These are 6 and 18. Sign before 
12 is +; therefore, x-\- goes before 18, the larger 
factor, and x—~ before 6, the other factor. Hence, 
the factors are (x — 6) (a; + 18). 

Note. It will be found convenient to write the factors in two 
columns, separated by a short space. Taking Exam. 2 above, pro- 
ceed thus : Since the sign of the third term is +, write the sign of 
the second term (in this case — ) above both columns. 

1 12 

{x-2) (aj-6) 

Exam. 3 above. Since the sign of the third term is — , write the 
sign of the second term (in this case — ) above the column of larger 
factors, and the other sign of the pair, ±, above the other column. 

+ - 

1 100 

2 50 
(a? + 4) (x-26) 

5. r^- 34a; +64. 

Here we have the factors 

1 64 

x-2 :c-32 

4 16 

And since the last term has the sign +, and the 
middle term has the sign — , we write — over both 
columns. 
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6. ar'+12a;-64. 

+ 

1 64 

2 32 
X — 4 a:+ 16 

Here, since the last term has the sign — , we write the 
sign (+) of the middle term over the column of 
larger factors, and the sign - - over the other column. 

7. a;* — 10 2:* -144. 

Here we have the pairs of factors 

+ 

1 144 

2 72 
4 36 

a: + 8 X -18 

And since the sign of the third term is — , we write 
the sign of the second term (in this cai^e — ) abovo 
the column of larger factors, and the other sign (of 
the pair, db) above the other column. 

Ex. 27. 

1. x'-bx — l^', x'-^x+U] 3i^+lx + l2. 

2. re* — 8a; + 15; a:*— 19ar + 84; a:»-7a;-60. 

3. 4a;* -2a; -20; Oa:* — 160a: + 600. 

4. ia:' + 4ia;-36; 25a;' + 40a:+ 15; 9a:«- 27a:»-f 20. 

5. ^x'+\\x + \2\ 16a:*-4ar»-20. 

6. a^- {a* + 1^)2^ + 0^1^) 4(a;+y)'-4(a: + y)-99. 

8. {a + by-2c{a + h)-^(?, 

9. (a; + y)' + 2(a^ + y»)(a: + y) + (a:'-3^)*. 
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10. (a + hy-4: ah {a + h)- {a^ - by. 

11. {o(? + xy + yy + a^ — f — bxy — 2'j^-2a^.' 

12. a^~-2a{h-c)-'^(h- c)\ 
13-__(^ + /)' + 2a»(ar^ + y") + a* - b\ 

14. (a^ - lOxf - 4 {a^ - 10a:) - 96. 

15. (a;' - 14a: + 40)^ - 25 (ar^ - 14a; + 40) - 150. 

16. {a^ - xy + yy + 2xy{a^ - xy + f)-^a^y\ 

17. 0*-3z^ + 2; a:*-2a:^-3; 9a:« + 9a:*y' - lOy*. 

18. ^'"' + ^"•-2; a:«-ar»— 2; a:'"- 2a:"*y'*-8y*". 

19. a:^"* — (a— 6)a;*''y'* — «%^^ 

• 
§ 16. Trinomials of the form (ioi^-\-hx-\-c {a not a square) 
may sometimes be easily factored from the following con- 
siderations : 

The product of two binomials consists of 

1. The product of the^rs^ terms ; 

2. The product of the second terms ; 

3. The algebraic sum of the products of the terms taken 
diagonally. 

These three conditions guide us in the converse process 
of resolving a trinomial into its binomial factors. 

Examples. 

1. ResolveBa:'' — 13a:y + 6y*. 

Here the factors of the first term are x and 6 a:, or 2 a: 
and 3 a:; those of the third term are y and 6y,or 
2y and 3y. These pairs of factors may be arranged: 

(1) (2) (3) (4) 

a: 2a; y 2y 

6a: 3a: 6y 3y 
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Now, we may take (1) with (3) or (4), or (2) with (3) 
or (4) ; but none of these combinations will satisfy 
the third condition. If, however, in (4) we inter- 
change the coefficients 2 and 3, then (2) and (4) give 

2x Zy 
and 3:r 2y, 

where we can combine the *' diagonal " products to 
make 13, and the factors are 

2x-Zy 
and Zx — 2y. 

The coefficients of (2), instead of those of (4), might 
have been interchanged, giving the same result. 

2. ^a^—lbxy + ^y". 

Here, comparing (2) and (3), Exam. 1, we see tliat 
their diagonal products may be combined to give 
15, and the factors are 2x — y and 3a: — 6y. 

3. 6a;» — 20a:y + 6i/». 

Here, again referring to Exam. 1, we see at once that 
it is useless to try both (2) and (4), since the diag- 
onal products cannot be combined in any way to 
give a higher result than \^xy. But comparing (1) 
and (4), we obtain, by interchanging the coefficients 

iii4» x-'^y 

and 6a? — 2y, 

which satisfy the third condition. 

Or, we might interchange the coefficients of (3), and 
take the resulting terms with (2), getting 

2x — ^y 
and 3a;— y. 



86 



FACTOBING. 



4. 6a;* + 35ay-6y*. 

Here the large coefficient of the middle term shows at 
once that we must take (1) and (3) together. Inter- 
changing the coefficients of (1), we have 

6a;— y 
and a; + 6y. 

The same result will be obtained by interchanging the 
coefficients of (3). 



Ex. 28. 



1. 6a;» — 37a;y + 63^. 

2. 6a;» + 9a;y — 6y*. 

3. 56a;»-76a;y + 20y*. 

4. 56a;»-36a;y — 20y*. 

5. 56a;»- 1121 a;y + 203^. 

6. 56a;" — 68a;y+20i/». 

7. 56a;'-558a;y-20y*. 

8. 56a;»+36a;y-20i/». 

9. 56a;'-67a:y + 20y'. 
10. 66a;» + 3a;y-20y*. 



11. 6a;" — 16a;y-6y». 

12. 6a;* + 5a;y — 6y*. 

13. 56a;" + 562a;y + 20y". 

14. 56a;»— 122a;y + 20yl 

15. 56a;»-102a;y-20y». 

16. 56a;"-229a;y + 20y*. 

17. 56a;" — 94a:y + 20y». 

18. 56a;" — 276a;y-20y". 

19. 36a;"-33a:y-15y". 

20. 72a;" — 19a;y-403/". 



§ 16. Oenerally, trinomials of the form ao^'\-hx^ro{a not 
a square) may be resolved by Formula [A] ; thus, 

Multiplying by a we get cil^3^'\- bax+ac. Writing z for 
ax, this becomes z"+&2; + ac. Factor this trinomial, restore 
the value of 2;, and divide the result by a. 

Examples. 
1. 6a;" + 5a; — 4. 

Multiplying by 6, we get (6a;)"+5(6a;)— 24 or z"+52;— 24. 

Factoring, we get (z — 3) (2 + 8) ; hence, the required 

factors are |(6a; - 3) (6a; + 8) = (2ar - 1) (3a;+ 4). 
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Factoring 2* — 13zy + 36y*, we get (2 — 4y) (z — 9y) ; 
hence, the required fiactors are 
i(6a:-4y)(6ar-9y) = (3a;-2y)(2ar-3y). 

3. 33— 14a;— 40a:*. 

Factoring 1320 — 14 z — 2", we get (30 - 2) (44 + 2) : 
hence, the required factors are 
:^(30-40a;) (44 + 40a;) = (3-4a:)(ll + 10a:). 

Note. The fjekcton may convenienUy be arranged in two colomns, 
each with its appropriate sign above it 

- + 

Exam. 1, above : 1 24 

2 12 

i(6x - 3)(6 jj + 8) = (2x - l)(3x + 4). 

Exam. 2, above : 1 36 

2 18 

3 12 

i(6z - 4)(6aj - 9) = (3x - 2) (2x - 3). 

Another method of factoring trinomials of the form ax* •{■ bx -i c 
is as follows : 

Multiply by 4 a, thus obtaining 4 a'x* + 4 abx -k-iac. Add 6* — 6*, 
which will not change the value, 4a'x* + iabx + 6* — 6' + 4ac ; by 
[1] this may be written (2ax + 6)* - (6* - 4ac). Factor this by [4], 
and divide the result by 4 a. 

Sample. Factor 56x» + 137 x- 27,886. Multiply by 4 X 5^ or 
2 X 112, 112«x» + 2 X 137 X 112x - 6,246,240. Add 137^ - 137^ then, 

112»x« + 2 X 137 X 112x + 137" - (UV + 6,246,210) 
= (112x + 137)* -6,265,009 
= [(112x + 137) + 2503] [(112x -h 137) - 2503] 
= (112x + 2640)(112x - 2366). 

We multiplied by 4 x 56 ; we must, therefore, now divide by that 
number. Doing so, we obtain as factors (7x + 165) (8 x — 169). 
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Ex. 29. 

1. 10a;' + a; -21. 8. 15a«+ 18a»**- 206*. 

2. lOa;" — 29a: — 21. 9. 12a;' — ar— 1. 

3. 10a;' + 29a; — 21. 10. 9a;»y» — Sa^ — 6y*. 

4. Ga;" — 37a; + 55. 11. Aa^ + Sanz+Sy". 

5. 12a' -5a — 2. 12. GJ'a;'— 7iar» — 3a;*. 

6. 12a;' — 37 a; +21. 13. 6 a;* — a;'y* — 35y*. 

7. 12a;' + 37a; + 21. 14. 2a;* + a;' — 45. 

15. 4a;* — 37a;'i/» + 9y*. 

16. 4 (a; + 2)* -37 a;* (a; + 2)' + 9a;*. 

17. 6(2a;+3y)' + 5(6a;'+5a;y-62/')-6(3a;-2y)'. 

18. 6(2a; + 3y)* + 5(6a;' + 5a;y — 6y')'-6(3a; — 2y)*. 

19. 6(a;'+a;y+y')'+13(a;*+a;'i/»+y)-385(a;'-a;y+y')'. 

20. 21(a;' + 2a;y+2y')'-6(a;'-2a;y + 23/')'-5(a;*+4y*). 

Extended Application of the Formulas. 

§ 17. The methods of factoring just explained may be 
applied to find the rational factors, where such exist, of 
quadratic multinomials. 

Examples. 

1. Resolve 12a;' — a;y — 20 f + 8a; + 41y - 20. 

In the first place we find the factors of the first three 

terms, which are 

4a; + 5y 

and 3 a; — 4y. 

Now, to find the remaining terms of the required fiac- 
tors, we must observe the following conditions : 
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1. Their product must - — 20. 

2. The algebraic sum of the products, obtained l>y 
multiplying them diagonally into the y s, muHt 4 1 y. 

3. The sum of the products, obtained by multiplying 
them diagonally into the x%, must =: 8:r. 

We see at once, that —4, with the first pair already 
found, and + 6, with the second pair, satinfy the 
required conditions ; and hence the factors are 

4ar+5y — 4 
and 3a? — 4y + 5. 

2. p^^2pr — 2^ + lqr~^i* + pq. 

Here the factors oi p*-\-pq — 2q* are 

p + 2q 
and P'~'9' 

Now find two factors which will give — 3r*, and which, 
multiplied diagonally into the ^'s and ^ s respec- 
tively, will give 2pr and 7 qr ; these are found to be 
— - r, taken with the first pair, and + 3r, taken with 
the second pair. Hence, the required factors are 

p-\-2q — r 
and p — q + ^r. 

The work of seeking for the factors may be conveniently 
arranged as follows : 

3. a:* + ay — 2y" + 2a?2:+7y2 — Sz*. 

Reject : 

1. The terms involving z ; 

2. The terms involving y ; 

3. The terms involving x ; 

and factor the expression that remains in each case. 
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1. 7?-\-xy-2f={x-y){x-\-2y). 

3. -2y^+7yz-3z^=(^y + 32)(2y-2;). 

Arrange these three pairs of factors in two sets of three 
factors each, by so selecting one factor from each 
pair that two of each set of three may have the same 
coefficient of ar, two may have the same coefficient of 
y, and two the same coefficient of z {coefficient includ- 
ing sign). In this example there are 

^-y, x+^z, —y + Sz, 

and a: + 2y, x—-Zj 2i/ — z. 

From the first set select the common terms (including 

signs) and form therewith a trinomial, x — y-^-Sz. 
Repeat with the second set, and we get x-\-2y — z. 
,\a^ + x7/-2y^+2xz + 7yz-Sz^ 

= (x — i/ + Sz)(x + 2y — z), 

4. Sx'-8xy-Sf + S0x + 27. 

1. Sx'-Sxy~Sy' = (Sx + y)(x-Sy). 

2. 3ar' + 30a: + 27 = (3a: + 3)(a; + 9). 

3. _3y^ + 27 = (y + 3)(-3y + 9). 

.*. the factors are (3a7 + y + 3) (a; — 3 y + 9). 

1. 6a«-7a5-20^>«=(2a-5J)(3a + 46). 

2. 6a' + 2ac-48c' = (2a + 6c)(3a-8c). 

3. -206'^ + 64Jc-48c* = (-5J+6c)(45-8c?). 
.-.the factors are (2a — 5J + 6c)(3a + 45 — 8<?). 

To find, where such exist, the factors of 

ao^ + A^ + oxz + ey* + gyz + Az*. 
Multiply by 4a: 

4 a'ar* + ^ahxy + ^acxz + 4aey* -{-iagyz + ^ahz^. 
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Select the terms containing z^ and complete the square : 
thus, 

4a' a;" + ^ahxy + Aacx2 + A't/" + 2iexz + c*2* 

- (*'- 4a€)3/» - 2{bc-2aff)yz-(c'-Aah)^ 
= (2ax + bi/ + ezy 

— [(b^ - 4ae)3/» + 2{bc - 2aff)y2 + (c* - 4aA)2*]. 

If the part within the double bracket is a square, say 
{my + ^2)', the given expression can be written 

(2ax + it/ + ezf - {my + wz)*, 

which can be factored by [4]. Factor and divide the result 
by 4 a. If the part within the double bracket is not a 
square, the given expression cannot be factored. If b and c 
are both even, multiply by a instead of by 4 a, and the square 
can be completed without introducing fractions. If e be 
less than a, it will be easier to multiply by 4 ^ instead of 
by 4a, and select the terms containing y. A similar remark 
applies to h. 

This method can evidently be extended to quadratic 
multinomials of any number of terms. 

Examples. 

1. Resolve a;* + ^ + ^arz — £3/* + 7y2 — 82* into factors. 
Multiply by 4 : 

4a:* + 4a;y + 8ar« - Sy* + 28yz - 122*. 
Complete the square, selecting terms in x : 

4a;" + 4icy+8a:2+y'+4y2 + 42;'-9y* + 24yz-162» 

= (2a; + y + 22)*-(3y-4z)» 

= [(2a:+y+2z)+(3y-4z)][(2a:+y+22)-(3y-42)] 

= (2x-\Ay-2z){2x-'2y+e>z) = ^{x+2y-z){x-y+^z), 
.-. the factors are (a: + 2 y — 2) (a: — y + 3 2). 
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2. 6a^ — 7ah + 2ac-20b^ + 64:bc — 4cSc'. 

Multiply by 4 X 6 = 24 : 

144 a« - 168 aft + 48ac - 4805'^ + 15366c- 1152 c* 
= (12a - 7h + 2cy - 529b' + 1564 Jc- 1156c^ 
= ll2a-7b + 2cy-(2Sb-d^cy 
= (12a + 166 - 32c)(12a - 30 J + 36c) 
= 24(3a+46-8c)(2a-56 + 6c). 
.*. the factors are 3a + 4 J — 8c and 2a — 56 + 6c. 

3. x' + 12xy + 2xz + 26y' — Syz~9z'' 

=-- (x'+ I2xy+2xz+^6y'+ 12yz+z')—l(h/'-20t/z-10z' 
= (x + 67/ + zy-[(y + z)^10J 

= [^ + (6 + Vl0)y + (Vl0+l>] 

X[x+ (6- V10)y~(V10- 1)4 

4. 3a' + 10a6 - Uac + 12ac?- 86=^ - 86^^+ 8c' - 8cc?. 

Multiply by 3, not 4x3, since the coefficients of the 
other terms in a are all even : 

9a' + 30a6 — 42ac + 36ac? - 246' - 246c?+ 24c'- 24c<^. 

Select the terms containing a, and complete the square : 

(3a + 66-7c+6cf)' 

-496' + 706c-846cZ-25c' + 60ccZ-36(^' 
= (3a + 56-7c + 6c^)'-(76-5c + 6c;)' 
= (3a + 126-12c+12c^)(3a-26-2c) 
= 3(a + 46-4c + 4cZ)(3a-26-2c). 
.". the factors are a + 46 — 4c + 4(^ and 3a — 26 — 2c. 

Ex. 30. 

1. Ta:" — a;y-62/'-6a:-20y-16. 

2. 20a;'-15a;y-5y' — 68a: — 42y-88. 

3. 3a;*+ar»y'-4y + 10a;'-17y'-13. 

4. 20a;'-20y' + 9a;y + 28a: + 35y. 
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5. 72a;*-8y* + 55ary+12y-169a: + 20. 

6. a;* — a?y— 12y* — 5a: — 15y. 

7. Sx'+lSxi/ + 9y' + 2x2-~3?. 

8. 6a^ + 6j/'—lSxy-Ss^-2yz + 8xz. 

9. 6a?*-10y*+ll.T'y'-252»+10/+26y»z*-15^+10a^3*. 

10. 15a?*-16y*-22a:'y»+152* + 14y»z* + 50j^2*. 

11. 4a'-156' — 4ai-21c»-366c -8ac. 

12. a* + 6* + c*~2a*y~2iV-2c»a'. 

§ 18. Trinomials of the form ctz^ -^-bj^ + c can always be 
broken up into real factors. 

If a and c have different signs, the expression may be 
factored by § 16. 

If a and c are of the same sign, three cases have to be 

considered : 

(i.) b = ?^(ae). 

(ii.) h>2y/{ac). 

(iii.) b<2-y/lac). 

Case I. 6 = 2 ^(ac). This case falls under § 12, For- 
mula [1], where examples will be found. 

Case II. b>2^(ac). This case falls under § 16, where 
examples will be found. 

The following additional examples are resolved by the 
second method of that section : 

Examples. 

Here we see that (J y*)* will make, with the first two 
terms, a perfect square, and we therefore add to the 
given expression, (Jy*)' — (^y*)'. 
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The expression then becomes 

Here, multiplying by 4 X 3, and completing the square 
as in Exam. 1, we have 
36a;*+722:» + 6' + 24-6» 
= (6a:» + 6)*-12 

= (62:» + 6-Vl2)(6a:» + 6 + Vl2), 

which, divided by 4 X 3, gives the required factors. 

3. oa:* + ha^-\-c. 

Proceeding as in Exam. 2, we have, by multiplying 

by 4a, 

ax^ + ^^ + ^ 

= (4a* 2:* + 4aia:*+ J*- y + 4ac) h- 4a 

Ex. 31. 

1. x* + Ta^ + l] ^x^ + 14:0^ + 1, 

2. x^+Tx'f + i/*; 3a;* + 5a:»y^ + y. 

3. 4:x'+lOx' + S] S(x + 7/y + bz\x + yy + z', 

4. x*+7x'y' + Siy*] a;* + 7a:«y* + 8Jy*. 

6. 4a;* + 9a;Y + tt2/*; 4(a + 5)*+ 10c'(a + 6/+ 3c*. 

6. Sx* + 8x'y'+4^y^; 36a:* + 96ar» + 55. 

7. 5a;* + 20a;» + 2; 4a*+12a*+l. 

8. 4(a; + 3/)*+12(a: + y)'z» + z*; 5a;* + 20a;'y' + 2y*. 



FACTOBINO. 95 



9. 9a:*+14a;» + 4; 2a:* + 12a;»(y + 2)' + 15(y + 2)*. 

10. 2a?* + 12a:» + 15; 1x' + 40a* + 4b. 

11. 8a:* + 36a:»y» + 29y*; 7a^ + 20a:»y'--20y*. 

12. 7(a-6)* + 16(a-i)V+5c*; f a« + 3a'i' + i*. 

13. 3a:* + 6a^y« + 2y*; 3(a + *)* + 6(a'-i7 + 2(« 6)*. 

14. 49a*-84a«*» + 22**; 25m* + 60m«/i' + 27n*. 

15. 49 (771 + w)* - 84 (m' - ny + 22 (m - n)\ 

Case III. b<2^(ac). This case may be brought 
under § 13. 

The following examples illustrate the process of reduc- 
tion and resolution : 

A rr^ . 1 Examples. 

We have to throw this into the form a^ — h^i 

= (a:' + l + 3a:)(a;' + l-3a:). 

2. 92;* + 3a;'y» + 4y = (3a:« + 2/)»-9a;«i/» 

= (3a:' + 2y» - Zxy){^x' + 2y'+ 3.ry). 

3. a^^y^ = {a^ + fy~2a?y' 

4. :«^-i:r'y' + y* = (^ + y'/-*^y" 

= (a:*+y'+f^)(^+y'-f^)- 

5. aa;* + 6a;' + c = (a:'V a+Vg)'- (2V^-^)a:' 

§ 19. It is seen from these examples that we have merely 
to add to the given expression what will make with the 
first and last terms (arranged as in Exam. 5) a perfect 
square, and to subtract the same quantity. In Exam. 2, 
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for instance, the square root of 9a:* = 3a:*, the square root 
of 43/*=2y*; hence, 3ic'+2^ is the binomial whose square 
is required ; we need, therefore, 12 a:* y'; but the expression 
contains Sar'y*; hence, we have to add and subtract 12 a;* y* 
— 3ic»y^ = 9ar»3/l 

Hence, we derive a practical rule for factoring such 
expressions : 

1. Take the square roots of the two extreme terms, and 
connect them by the proper sign ; this gives the first two 
terms of the required factors. 

2. Subtract the middle term of the given expression from 
twice the product of these two roots, and the square roots 
of the difiierence will be the third terms of the required 
factors. 

6. a^ + i^a^y' + T^. 

Here -yja^ = x^, -y/p* = y', and the first two terms of 
the required factors are a:^ + y' ; twice the product 
of these is +2 re* y*, from which, subtracting the mid- 
dle term, -^x^y^t we get -f^rr'y* ; the square roots 
of this are ±\ocy. Hence, the factors are 

a? + f:ii\xy. 

Note that, since -y/^* =+3/*, or — y*, it may sometimes 
happen that while the former sign will give irrational 
factors, the latter will give rational factors, and con- 
versely. 

Here, taking +y', we have 

a^ + f + xy^l^^^nAa^ + f-xy-yJl^, 
But, taking — y*, we have 

^ — y* + S^ and a^ — y^ — ^xy. 
Sometimes both signs will give rational factors. 
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8. 16x*—nx'y' + ^. 

Here we have (4a:' + y* + 3ary) (4a:' + y* — Say), 
and also (4a:' — y' + 5a:y)(4a:' — y" 5jry). 

B3L. 82. 

1. a:* + 2a;'y' + 9y*; a:*-a;'y'+y*; a:* + a:'y' + y*. 

2. a:* + 4y*; 16a:* + y* — a:'y»; la;* + y*. 

3. a:*+l; a?*+9y*; 1 — 12y' + 16y*. 

4. a:* — 7a:'+l; ar* + 9; ia:* + y*- 3a:'y'. 

6. / — a:*+lla:'y'; a:» + 4y*; a?* + 4a:' + 16. 

6. 4a:* + y*-8Ja:'y»; a?* + y* - T^a;'y» ; 4a;* + l. 

7. a:*-+64y-; a?** + 4y*-; 1^ + Ay*~5ia:'y». 

8. 4a:* — 8a:' + l; 7a:'y'-ia?*-36y*; a?* + ay. 

9. m'ar* + n'y*-(2mn+/>)a:'y'; a:^ + 2*-'y**. 

10. 16a?*-25a:» + 9; 4a?*- 16a:» + 4; 13a:'y'-9a:*-4y*. 

11. 4a:*-12ifa:'y' + 9y*; a?* + 6a:' + 25. 

12. a'+h' + (a + by; l + a* + (l + a)*. 

13. (a; + y)*-72'(a; + y)' + 2^. 

14. (a + &)* + 7c»(a + i)' + c*. 

15. 16a* + 4(i-c)*-9a'(i-c)'. 

16. 4(a + ft)* + 9(a-&)*-21(a'-i')'. 

17. (a:* + y'-ary)*-7(a:' + y»)' + (a; + y)*. 

18. (a' + ai + i')*+7(a»-ft»)' + (a-J)*. 

19. 16a* + 4a' + l; a;*-41a:«+16. 

20. (a' + l)* + 4(a' + l)'a' + 16a*; 

(a:+l)* + 2(a:'-l)' + 9(a;-l)\ 
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§ 20. We can apply [4], § 13, to fauctor expressions of the 
form aa^ + ba^ + rbx — r^a. This may be written, 

a(a^-r') + bx(x' + r) = [a(x'-r) + bx](x' + r). 

Examples. 

1. 6a:* + 4a;» + 12a: — 54 

. =6(3^-9) + ix(x' + S) 
= (^ + 3)[6(a;*-3) + 4a;] 
= (x' + S)(6x' + Ax-lS). 

2. lla;*+10a:»-40ar-176 

= 11 (x' - 16) + 10a;(:r' - 4) 
= (s^- 4)[11 (x' + 4:) + 10a;] 
= lx'-^) (113;* + IO2; + 44). 

3. 40a:* + 30ar» + 60a; — 160 

= 10(4a:* - 16) + 15:r (2a;» + 4) 
= (2a;» + 4) [10(2a;» - 4) + 15 a:] 
= (2x' + 4) (20a;' + 15a; - 40). 

Note. To determine r, take the ratio of the coefficient of aj* to the 
coefficient of x. 

Ex. 33. 

Resolve into factors : 

1. a;*+2ar^ + 6a;-9. 6. 10a;* + 5ar*+80a;-360. 

2. 2a;* + 2ar^ + 6a;-18. 7. ia;* + 20ar^ + 4a;- -3^. 

3. a;* + 3a:» + 12a;-16. 8. 25a;*- 40 ar' + 8a;- 1. 

4. 3a;* + a:»-4a;-48. 9. 37ia;*-30ar^+48a;-96. 

5. 5a;* + 4ar'-12a;-45. 10. 63a;*- 39 ar*+ 52a;- 112. 

11. 810a;* + -fi^ar» + |a;-2^. 

12. 242a;* -33a;* -3a; -2. 
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13- 1^+tV^~A^- A- 

14. 80ar*-32a:»y + 642y — 320y*. 

15. 24a:*-12a:»y + 30ay-160y*. 

16. 2ar* + ia;»y-8ay-512y*. 

17. lla?*+10a;*-12a;-15f|. 

18. 40af* + 80a;» + 60a;~160. 

19. 13a?*-12a;»y+72ay-468y*. 

20. 3af* + 3a;»y+12ay~48y*. 

21. 5a;* + 4a;»y— 12ay-45y*. 

22. 4a;* — 14a;»y + 28ay-16y*. 

23. x* + 80a;»y+16ay-^y*. 

24. 2a;* — a;»y + 6ay-72y*. 

§ 21. Formulas [1] and [4] may sometimes be applied to 
factor expressions of the form 

ax^ + ^^ + <?^ + "rhx -\-i^a. 

This may be put under the form 

a{x^ + r*) + Ja:(a:' + ?•) + c;^ 

= a{c^-\-Tf^ bx{x' + r) + {c- 2ar)x', 

which can sometimes be factored. 

Examples. 

1. a;* + 6ar» + 27a;» + 162ar+729. 

a;* + 729 + 6ar(a;» + 27) + 27a;' 

= (x' + 27)' + 6a;(a;» + 27) + 9a;' - 36a;' 

= (a:* + 27 + 3a;)' - 36a;', which gives the factors 

a;" - 3 a; + 27 and a;" + 9 a; + 27 . 



} 
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^(x' + 5y + 4:x(x'+6)-63^ 

= lx' + by + 4x(x' + 5) + ^x'-10x' 

= (x' + 6 + 2x- arVlOXa;* + 5 + 2x + a^VlO). 

Ex. 34. 

Resolve into factors : 

1. x'-6x' + 27x'-l62x+72ld, 

2. s^ + 2x' + Sx' + Sx + 16. 

3. x^ + a^ + x' + x+l. 

4. ar* — 4ar^ + a;' — 4a:+l. 

5. 4:X*-12a^-6x' — 12x+4:. 

6. a;* + 14ar^-25a;'-70a; + 25. 

7. l6x'-2Aa^-16x'+12x + 4:, 

8. a;* + 53^^-16^:^ + 202; +16. 

9. a;* + 6ar*-lla;»-12a; + 4. 

10. a:* + 4ar*y + a;»y' + 12ay + 9y*. 

11. a;* + 6ar'-9a:' — 6a: + L 

12. x* + 4:3^^1/ -19x'f + 4:xy' + p'. 

13. 4a:* + 4ar'y-65a;'y'— 102^^ + 25^, 

14. a;* + 6ar*y — 9a;'y»-6a:y» + 3^. 

15. x* + 6x'y+l0x'y' + 12x7/' + 4^. 

16. 9a;* + 18ar^y-52a;Y-12ay + 4y*. 

17. lla;*+10ar*y + 39^a:»y*+20ay + 443^. 

Factoring by Parts. 

§ 22. To factor an expression which can be. reduced to 
the form a X F(x) + b Xf(x). 



FACTORING. 101 



When the expression is thus arranged, any factor com- 
mon to a and h, or to F{x) and/(ar), will be a factor of the 
whole expression. The method about to be illustrated will 
be found useful in cases where only one power of some let- 
ter is found. 

Examples. 

1 . Factor aca^ — aix — bc^x + b^c. 

Here we see that only one power of a occurs, and we 
therefore group together the terms involving this 
letter, and those not involving it, getting 

a {ca^ — bx) — bc^x + i'c 

= ax(cx — b) — bc(cx — b) -~ (ax — bc)(cx - b). 

2. Factor w^t? — mnoi^ x — mnx -f n' a*. 

Here we observe that a occurs in only one power (a*). 
Therefore, we have 

— a' (mnx — n') + ^'^ — wnr 
= — wa* (7nx — n) + mx (mx — n) 
= (tux — n) (mx — noi^), 

3. Factor2a;» + 4aa: + 3^>a; + 6aS. 

Here we observe that the expression contains only one 
power of both a and i. We may, therefore, collect 
the coefficients in either of the following ways : 

a(4:x + ^b) + (2s^ + ^bx\ 
or^>(3a;+6a) + (2a:" + 4ar). 

Now the expressions in the brackets ought to have a 
common factor; and we see that this is the case. 
Hence, 

a(^x + Qb) + (23^+Ux) 
= 2a(2x+^h)'\-x(2x + U) 
-=(2x + ^b)(x + 2a). 
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4. aixj/ + i'y + OCX — <f 

^ a(bxff + cx) + b''y' — 1^ 
^ax(by + c) + i(>i,+ c)(bi/-c) 

5. y'-(2a + b)y' + (2ai+a')y-a^b 

= -h(y'-2ay + a') + ?^-2af + a'y 
= _ J(y. _ 2ay +V) + yCy" ~ 2a.y + a,') 

6. 23^>/ + 2bx*-b3?y + iahx'i/~x'y' + 4axy' 

— 2iAx^ — 2af 
= J (2a;' - a^y + 4(M^y - 2aay) + 2a^y ~ ^f 

+ 4(wy'-2ay' 
= ia:(2a:' - a^y + 4(w:y - 2«y') 

+ y (23P* - a:'y + 4 day - 2 a^^) 
= (j' + ia:)(2x»-3:'3/ + 4(My-2a2^. 
And Sa:" - 3:*^ + 4aay - 2ay' 
= o(4a:y -2/) + 22:* — a;'y 
-2ay(22:-3/) + a:'(23;-y) 
= (2ay + :E')(2a:-y). 

a:'+(2a-J)3:'-(2aS-a')a:-a'i 

= J {- a;* - 2 oc - a') + a:" + 2 tKC* 4- a' j: 
= -i(a; + a)' + a:(a;4-a)' 

pa:" - (j) - y) a;" + (^ - y) a; + y 
= q{^ - a: + 1) -\-p:^ -pj^ +px 
= q(x'~x+l)+px(_^-x + l) 

Ex. 36. 

3?y — ^z — y' + yz. 3. a^'a' + oa^ — a'^ — a', 

oJaiy + i'y' + twa-c'. 4, 2a?-ax-^hx-\-2ah. 
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5. x' + 2bx + Sax + 6ab. 8. 8x'+12ax+l0hx+lbah. 

6. r'—b^x'-a^x + an\ 9. a^ + (ac- b^)x'+ bcjt*. 

7. a;^-aV-&V + a»^>«. 10. a» + (ac- 6«)a;»-ica:». 

11. aba^ + (ac — bd)x'-{qf+cd)x + df. 

12. i?ar^— (i? + ^)x* + (i? + !7)^— g'. 

13. a» + a6 + 2ac-2^>»+7^>c - 3c». 

14. x' + (a+l)x' + (a + l)x + a. 

15. mpar* + (w^g^ — wp)a:^ — (wir + w<7)a;+«r. 

16. a^ — (a + b + c)a^ + (ab + bc + ac)x ~ nbc. 

17. a^ + {a — b — c)a^ — (ab — bc-\-ca)x-\ nbc. 

18. a:;^ + (a + 5 — c)a;' — (5(? — <?a — ai):p - «/>6'. 

19. a^a^ — c^o^y — ci?xy + o'y'— aa;*y2 + ar*z — xyz + ay*z. 

20. a* Jar* + aJ':^y + acdocy + icc?^ — o^/irz — befyz, 

21. a*ar* — a(J — c)a;* + (?(a — i)a: + c'. 

22. rna? — noi^y-\-ra^z — rnoci^-\-n'i^--'nfz. 

23. aTTia;* + (wSy — nay + mcz) a: — nbi/ — ?icyz. 

24. (awi. — bcm)a^-{- (am — bcn)x + an + ^wtx. 

25. dfb^i? — V^xy — d^(?yz + (?xy^z ~a^b^zx-\- b^a^yz 

26. a;*^ — TTi'a?*— -(n— w')a:'+(m'n— m'w')a;*— a(a;'+n'— ?i). 

27. l-(a-l)a:-(a-i + l)a;' + (a + S-c)r» 

— (S + c)a;* + cr^. 

28. c^a?—a^(b—c-\-d)Q!?y—{al)c—al)d+acd)xi^-{-bcd'i^, 

29. m^npa? — {n^p — Tw'n* — m^pq)3i^ 

— (n* + ripy — rri^nq) x — nl^q. 

30. m^p^a^ + m^p^x* — {p^'n^ — q^m^)a^y^ 

— (i^'w' - trriTj^y' - (n^q^ + n^q^x)'i^. 
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§23. Sometimes an expression which does not come 
directly under the preceding form may be resolved by first 
finding the factors of its parts. 

Examples. 

1. ahoi^ + aby^ — a^xy — V^xy. 

Here, taking ax out of the first and third terms, and 
by out of the second and fourth terms, we have 

ax (bx — ay) — by (bx — ay), 
and hence {ax — by) {bx — ay), 

2. x^-{a + b)a? + {a^b + ah^)x — a^b^. 

Here, taking the first and last terms together, and the 
two middle terms together, we have 

{x^ + ah){x' — ab) — {a+b)3(^ + ab{a + b)x 
= {x" + ab) {a? — ai)) — {a + b)x{3^ - ab) 
= (V — ab)[x' + ab- {a + b)x] 
= {a^ — ab) {x ~-a){x— b). 

3. a;^ — 4a:"' + 3 

= s^ — ar — ^{x'^ — l) 
= ar{a?'^ — l) — ^{ar—l) 

= 3ir{oir + l){sir — \)--^{x'^—l) 

= {ar—l) [x'^{ar + 1) - 3]. 

Ex. 36. 

\, a? — ah-\-ax — bx. 7. a^—b'^-\-ax— ac—bx+bc. 

2. abx'+b^xy—a^xy—abf. 8. a' + (1 + a)ai + 6». 

3. x^ + aa? — a^x — a^, 9. x^-\-2ocy{oi^ — 'if) — y^, 

4. d'x + 2a^x' + 2a:x?+x\ 10. a? — f+ a^ + xy + f, 

5. acx' + {ad—bc)x — bd. 11. 2b + {h' — ^)x — 2ba?, 

6. 2boif — bx' + 3(?—\. 12. o^ + Za^ — ^. 



f 
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13. f—fq^—2'p(f-\-2(f. 20. a* — 4a^» + 3^'. 

14. a» + a» — 2. 21. a** — 3a-c* + 2 c*". 

15. 3a'6*— 2aZ>' — 1. 22. a:r»— (a»+ i)a:* + &•. 

16. y» — 3y + 2. 23. 35a:**— Ga'a;*— 9a*. 

17. 2a'-a'i-a5' + 2J'. 24. a'y+2aic*--aV-iV. 

18. ^>*» + J»-_2. 26. am* — oA' + i*m — m». 

19. y^— 2y*'2»— 2y*2**+2*'. 26. ^ — 6a' + 27 a*. 

27. (ar-y)» + (l-a: + y)(a:-y)2-2«. 

28. 24m» — 28m'n + 67nn'-7n». 

29. a*+» + a^y* + a:*3r + 2^+*. 

30. a;* + 2a;'y — a'a;* + a;'y' — 2aay — y*. 

Application op the Theory op Divisors. 

§ 24. By Theorem I. we prove that 

ir* — a* is divisible by a? — a always, 

ir* — a* is divisible by a: + a when n ia even, 

ir* + a* is divisible by a: + a when n is odd. 

By actual division we find in the above cases : 

^Lz^ = ar'-^ + ar-*a + + xa""-^ + a-» (1) 

X — a 

^-^^ = ar-i-ar-^a + + xa""-* - a*-» (2) 

x + a 

^-±-^ = af"-^ -ar-^a + - ara»-» + a*-» (3) 

x + a 

Examples. 

1. Resolve into factors a;* — y". 

Here a? — y is one factor, and by (1) the other is 
x' + xy + f. 



2. Resolve a' + (b — c)'. 

Here a-\-(b — c) is one factor, and by (3) the other is 
a^-a{b-e) + {b~cy. 

3. Resolve a" + 1024y'°. 

This equals (^)' + [(2y}']', one factor of which ia 
x^ + (2yy, and by (3) the other factor is 
(:^y - (a^niy') + (^y(i!/'y-:d'iii/'y + (iy'y 
= x"- ix'y' + 163f^ - 6i^^+ 256/. 

" jive (x — 2y)' + {2x — y)' into factors, 
B, by (3), we have 
^-2.v)' + (2^-yy 
x-2y + 2x-y 

(x - 2y)' ^ix- 2y) (2x - y) + (2ar - y)'. 
le factors are S(x — i/)(l3^ — lZxy+7y'). 

live 3:' + 3:'y + a:'j^-f-a^y* + a:y*+3/'. 

1) we see that this equals 

-!/• (J^ + !/•)(»■-?') 
—3/ a; — y 

)lve 3^^ — x^''a-i-a^a' — a^a'-i-x''a*~3^a^+a^a* 

a^a^-^3^a^ — a^a'-\- xa?" — a". 

I equals 

■-■ .■■ ^ (:^ + a-)(:.^-a-) 

(!■+»■)(»■-.■)(»•+■.•) 

■(i'+o-)(i'-a?o'+o')(i-<.)(i-+io+o'X5!'-iii+rf). 
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Bx. 87. 

Factor the following : 

1. a^-'it\ ar^-l; ar' + S; 8a*-27a:«; S + a'a:*. 

2. a;»-a«»; 27a»-64; a»-i»; ar»«-32y'. 

3. Find a factor which, multiplied by 

a* + a'^» + a'y + ai» + i*, will give a* — i*. 

4. By what factor muat a:*— 4a''y+16ay* 04^" be mul- 

tiplied to give a?* — 25Gy* ? 

5. Factor a;' + a:*y + a;*^ + a;*y' + a:*3/* + a:* y*+ar/+y^ 

Find the factors of the following : 

6. (3y»~2a:>)»-(3a;*-2y')'; a'-16iV 

7. ar» — y* — a:(a;* — y') + y(a; — y)». 

8. i(ar» — a') + aa:(a;' — a*) + a'(a; — a). 

9. &(m' + a*) + am(m* — a*) + a'(7M + a). 

10. a;*-3/» + 2a^(af*+a:»y» + y*). 

11. (a' — ic)» + 8iV ; a?*- — a**. 

12. ar» — 3aa;' + 3a'a; — a» + &'. 

13. iar' + Sy')(x + y)-6xr/{x'-2x7/ + 4:i^. 

14. 8a:» — 6a;y(2a; + 3y) + 27y'. 

15. 1 — 2a; + 4a;» — 8ar». 

16. a* + a*&c + a»iV + a'iV + a6*c* + JV. 

§25. The principles illustrated in Chap. II. may be ap- 
plied to factor various algebraic expressions, as in the 
jfoUowing cases : 
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Examples. 

1. Find the factors of 

(a + b + c)(ab + bc + ca) — (a + b)(bi-c){c + a). 

1. Observe that the expression is symmetrical with respect 
to a, 6, c. 

2. If there be any morurmial factor, a must be one. Put- 
ting a = 0, the expression vanishes; hence, a is a 
factor, and, by symmetry, b and c are also factors. 

Therefore, abc is a factor. 

3. There can be no other literal factor, because the given 
expression is of only three dimensions, and abc is of 
three dimensions. 

4. But there may be a numerical factor, m suppose, so 
that we have 

{a-\-b-\-c) (ab-{-bc-\-ca) — (a+5) (b+c) {c-\-a) = Tnahc. 

To find m, put a = b = c = \ in this equation, and m = 1. 
Therefore, the expression = abc, 

2. Resolve a* {b — c) + b\c — a)-\-(^{a — b). 

1. For a = this does not vanish ; hence, a is not a fac- 
tor, and, by symmetry, neither is b nor c. 

2. Try a binomial factor ; this will likely be of the form 
b — c\ put b — c = 0\ that is, & = c in the given ex- 
pression, and there results 

a^{c — c) + (?{c — a) + (?{a — c), which = 0. 

Therefore, 5 — c is a factor, and, by symmetry, c — a and 
a — b are factors. Since the given expression is only 
of three dimensions, there can be no other literal fac- 
tor ; but there may be a numerical factor, m suppose, 
so that 

a* {b-c) + b' (c-a) + <^{a-b) = m {a-b) (b-c) (c-a). 
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To find the value of m, give a, 6, c in this equation, any 
values which will not reduce either side to zero ; let 
a = l^ 6 = 2, c = 0, and we have 2-=m(— 2), or 
m = — \\ so that the given expression 

= — (a — J)(6 — c)(c — a), or {a~b){b — c)(a — c). 

3. Resolve 

a»(6 + c») + &»(c + a') + <?{a + V) + abc{nbc+\). 

Here we see at once that there is no monomial factor. 
Put 6 + c* = 0, that is, b = — c*, and the expression 
becomes 

a'(-c»+c»)-c*(^+a«)+c»(a+c*)-c»a(-c'a + l), 

which = 0. 
:.b-\-<^ is a factor; and, by symmetry, <? + a' and 

a + ft' are ako factors ; and proceeding as in former 

examples, we find m = 1. 
/. the expression = (S + c*) (c + a') (a + 6*). 

4. Resolve into factors the expression 

As before, we find that there are no monomial factors. 

Let a — i = 0, ora = J; and, substituting b for a, the 
expression becomes zero. Hence, a — b is a factor ; 
by symmetry, J — c and c — a are factors. Hence, 
the factors are m(a — b)(b — c) {c — a). 

To find m, let a = 0, J = 1, c = 2, and we have 

6 = 2 m, or ?7i = 3. 
The factors are, therefore, 3 (a — 6) (J — c) (c — a). 

5. Resolve into factors 

a» (6_ c) + J»(e _ a) + c^(a - 6). 

As before, we find that there are no monomial factors. 
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Let a — 6 = 0, or a — b\ substituting b for a, the ex- 
pression becomes zero. Therefore, a — 6 is a factor ; 
by symmetry, h — c and c — a are factors. 

Now the product of these three factors is of three dimen- 
sions, while the expression itself is oifour dimensions. 
There must, therefore, be another factor of one dimen- 
sion. It cannot be a monomial factor, for the expres- 
sion has no such factors. It cannot be a binomial 
factor, such as a+^i for then, by symmet;ry, h-\-c and 
c-\-a would also be factors, which would give an ex- 
pression of six dimensions. It cannot be a trinomial 
factor, unless a, J, and c are similarly involved. For 
instance, if a — h-\-c were a factor, then, by sym- 
metry, b'-c-\-a and c—a-\-h would also be factors, 
and the dimensions would be six instead oifour. The 
other factor must therefore be a -f & -f c. Hence, 

a\h-c) + b\c-'a)+(?{a-b) 

=^ m{a —■ b){b — c){c — a){a + b -\- c). 

To find m, put a=0, J = l, and c=2, and we have 
— 6 = 6 m ; therefore, m = — 1. 

Hence, the factors are -— (a — i) (6 — c) (c — a) (a -j- J -f c), 
or (a — b).{a — c) {b — c) (a -{- b -{- c). 

6. Prove that 

a» + J» + c^ + 3(a + *)(S + c)(c-f a) 

is exactly divisible by a-f-J-f-c, and find all the 
factors. 

Let a-|-6-f c = 0, or a =— (S + c); substituting this 
value for a, we have 

-{b + cY + b'' + (? + Uc{b + c\ 
or-{b + cf + {b + c)\ 

which = ; and therefore a + 6 + c is a factor. 
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As before, we find that there are no monomial faitont. 
Since a + 6 + ^» the factor already obtained, is of ofie 
dimeni^on, the other factor must be of two dimensions, 
and as it must be symmetrical with respect to x, y, 
and z, it must be of the form 

m(a' + b*+c^) + n(ab + bc + ca\ 

in which m and n are independent of each other, and 
of a, S, and c. 

To detennine their values, put c = 0, so that 
a' + 5» + c» + 3(a + i)(i + c){c + a) 

= (a + 6 + c)[m{a? + i' + c*) ^^niab -\- he + ca)] 

becomes 
a^ + V + Zah{a + J) = (a + h)[m(a^ + i*) + ruxi\ 

But 

a' + J» + Zah{a + J) = (a + h)\ 

.-. (a + J)» = (a + 5) [m (a» + i«) + ruxh], 

.-. (a + J)« = m(o? + 6') + nab. 

That is, 

a« + 5' + 2 a& = w (a« + i') + w«*- 

Now this is true for all values of a and b. 

/. m = 1 and n = 2. 

/. o» + 6' + c' + 3(a + 6)(^ + <?)(<? + a) • 
= (a-\-b + c)[a^ + h' + (^ + 2{ab + hc + ca)] 

= {a + b + e)ia + b + cy 

= (a + J + c)>. 

7. Simplify 

a{b + c)^+b{a+cy+c{a+by-(a+h){a-c)(b---c) 

-(a-S)(a-tf)(6 + c) + (a-J)(J-c)(a + c). 

Let a = 0, and the expression becomes 
h^ + cV + Jc(6 - c) - 5c(5 + c) - bc{h - c), 
which equals zero ; therefore a is a factor ; by sym- 
metry, b and c are also factors. 
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The expression is of three dimensions, and ahc is of 
three dimensions, there c«uinot therefore be any other 
literal factor. 

Hence the expression equals mahc. 

To find m, let a = 5 = {? = 1, and we have 

4 + 4 + 4==m; m=12. 
.*. the expression = 12 abc. 

In the preceding examples the factors have been linear^ 
but the principle applies equally well to those of higher 
dimensions. (See Th. II. Oor.) 

9 

8. Examine whether a;* -f 1 is a factor of 

Let a;" + 1 = 0, or a:* = — 1, and Substituting, the ex- 
pression vanishes ; therefore, a;* + 1 is a factor. 

9. Examine whether a' + 5* is a factor of 

2a* + a'& + 2a'5» + aJ'. 
Let a* + J' = 0, or a* = — b^. Substituting, we have 
2h'-aA'-2b* + ah\ 
which = 0, and therefore a' + S' is a factor. 

10. Prove that a' + 5' is a factor of 

a'+ a'b + a?V + a* J» + oJ* + b\ 
Let a' + 5' = 0, or a' = — 5'. Substituting, we have 

which = 0, and therefore o? + J' is a factor. 

Ex. 38. 

Eesolve into factors : 

1. {x + y + zY-{3?+^ + ^), 

2. bcQ) — c) — ca(a — c) — ab(b — a). 
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2. Factora:'— lOa:* — 63a: + 60. 

The measures of 60 are ±1, :*r2, ±3, :^4, =h5, etc. 
Neither + 1 nor — 1 will make the polynome vanish. 
Try 2 ; thus, 

60 -63 -10 1 
30 



30 - 16J 

A fraction occurring, we need go no further. — 2 will 
ako give a fraction, as may easily be seen. Next 
try 3 ; thus, 

60 -63 -10 1 
20 



20 - 14i 

A fraction again occurring, we may stop. — 3 will 
also give a fraction. Next try 4 ; thus, 





60 


-63 


10 


1 


1 




15 


-12 




4 


15 


-12 


-5i 





— 4 will also give a fraction. Next, trying 5, we find 
it fails, and we then try — 5 ; thus, 



1 


60 


-63 

-12 


-10 
15 


1 
-1 


5 


12 


15 


1; 






The remainder vanishes. The factors are, therefore, 

§ 27. When k has a large number of factors, the number 
that need actually be tried can often be considerably les- 
sened by the following means : 
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For X substitute successively three or more consecutive 

terms of the progression , 3, 2, 1, 0, —1,-2, — 3, 

Let ^a, ^, ^1, ^1 ^-ii A_j, A_s, , denote the correspond- 
ing values of the polynome ; and let r denote a measure of 
Ic positive or negative. 

The substitution of r for x need not be tried unless r — 1 

measure Ai, r — 2 measure h^^ , and also r+1 measure 

A_i, ?' + 2 measure A_2, If no measure of h fulfil these 

conditions, the polynome will have no linear factor. 

If p denote a positive or arithmetical measure of ^, the preceding 
criterion may be conveniently expressed as follows : 

1. The substitution of -\-p for x need not be tried unless p — 1 

measure h^, p — 2 measure ^ , and also p + 1 measure k.^,p+ 2 

measure p_3, 

2. The substitution of —p for x need not be tried unless p + 1 

measure k^.p + 2 measure A^, , and also p — 1 measure k_i, p~2 

measure ^.j, 

In trying for measures, the signs of ^, ki, k, , may 

evidently be neglected. 

If kt vanish, t positive or negative, then x—t will be a 
factor of the polynome, and should be divided out before 
proceeding to test for other factors. 

Examples. 

1 . Find the factors of a:* — 10 a;^ — 63 a; + 60. 

Here Jc=60, Ax=-12, yfc2=-98, y5;_i=112, A_a = 138. 
Tabulating the trial measures, we get 



*; 



98 


1, 


2, 




12 


2, 


3, 4, 




60 


3, 


4, 5, 


6. 


112 


4, 




7, 


138 









10, 12, 
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98 




7. 




12 


4, 


6. 


i; 


60 


3, 


4. 5, 6, 10. 




112 


2. 


4. 




138 


1, 


3. 



11 



2. 



In the upper or positive table, no measure of G() gives 
a fall column ; hence, no positive integer substituted 
for X will make the given polynome vanish. 

In the lower or negative table, 5 is the only measure 
of 60 that gives a full column ; hence, — 5 is the 
only negative integer that need be tried for x. Sub- 
stituting — 5 for ar, the polynome vanishes ; hence, 
x-\-b is a factor of a;*— 10a:'— 63a: + 60. 

In constructing the above tables it is evident that 12 
is the highest measure of 60 that need be tried in 
the upper table, for the next measure, 15, would 
give 14 as a trial-measure of 12 (the absolute value 
of >fc_i), and higher measures would give higher triul- 
measures. Similarly, 10 is the highest measure that 
need be tried in the lower table. 

Since it can make no difference in the full columns 
which of the lines of measures is made the basis from 
which to construct these columns, it will be found 
best to construct the tables by the measures of that 
one of the V^ which has the fewest number of them. 

Find the factors of a:* + 12ar» - 40a:' + 67 a; - 120. 
ife = -120, ;fei--80, i-, = -34, A_i---238. 
Selecting the measures of 34 for trial-measures, and 
tabulating, we get 



*; 



34 


1, 


80 


2. 


120 


3, 


238 





2, 17, 34, 



17. 
16. 
15, 
14, 



34, 



► 
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Here, in the only column that is full, 15 stands in the 
line of 120, the absolute value of k, and as the col- 
umn is decreasing the sign of the 15 must be minus ; 
hence, the only measure of h that need be tried is 
— 15. On substituting — 15 for x, we get 



-1 


120 


67 
8 


40 
5 


12 
3 


I— 1 I— 1 


15 


8 


5 


•3 


1; 






Hence, the only linear factor of the given polynome is 
X + 15, and, as is seen from the substitution, the 
other factor \a a? — Sx^ -{-6x — 8. 



3. Factor a;* — 27a;»+ 14a; +120. 
A: = 120, Jci = lOS, h = 66, lc_^ 



56 

108 

k) 120 

80 



1, 2, 4, 7, 8, 14, 28, 56, 

2. 3, 9, 

3. 4, 10, 
4,5, 



80. 

4, 7, 8, 14, 28, 56, 
3, 6, 27, 

2,5, 
1,4, . 



The positive or increasing columns give 3 and 4 to try ; 
the negative or decreasing columns give —2 and ~5. 
Using these in order, we get 



1 


120 


14 • 
40 


-27 1 

18 3 1 


3 
1 


40 


18 
10 


3 1; 
7 1 


4 
-1 


10 


7 
-5 


1; 

-1 


2 


5 


1; 






.', a:-— 3 is a factor. 



/. a;— 4 is a factor. 



.'. a:+2 is a factor, 



and there remains a;+5, a factor. 
Hence, the factors are {x — 3) (a; — 4) {x + 2) (a; + 5). 
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4. Faxitorx^—pa^ + (q — l)x^-^px—q. 

h=—q,h =l-p + (q-l)+p- q -0, 

J^-i = l+p + (q-l)'p-q 0. 
Since both ki and k^i vanish, the polynome is diviHiblo 
by both x—1 and x-\-l, 

y 





1 


1 


-p 

1 


7-1 p 

- p + 1 'J p 


1 


1 


-p+l 

-1 


q--p q 

+p -a 




1 


-p 


q; 



Hence, the other factor is a^ —px + q. 
6. Factora;* + 2flwr' + (a* + a)ar'-f 2tt»a:-|-a*. 

*_i = l-2a+(a»+a)-2a'+a* --a'-a«-a-l. 

The positive measures of h are 1, a, a', a'. Of those 1 
may be rejected at once, since neither hi nor /•, van- 
ish ; and a' and a' may also be rojected, since kx or 
(a+ 1)' is Jiot divisible by either a' i 1 or a' ih 1. 
But Ati is divisible by a+ 1, and k.^i is divisible by 
a— 1; thus, we need try the substitution of only 
— a for X, 





1 


2a 


a? 


+ 


a 


2rt' 


a» 


— a 




— a 


-a} 






-a' 


-a' 




1 


a 






a 


«'; 





— a 




— a 









o* 






1 









a; 








6. 



Hence, the factors are {x + af{x^-\-a). 
Factor a? — {a + c)oi^-\-{h + ac) x — he. 

ki = * l—(a-\-c)-\-(b-\-ac)—bc = l'-a-]-b—c-\-ac—hc, 
k_i = — l~(a+c)—(b+ac)—hc = —(l+a+b+c-\-ac+bc). 
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The factors of ^i, other than 1, are h and c. hi is not 
divisible by either hdtl nor by c + 1- However, hi 
is divisible by c — 1, and lc_i is at the same time 
divisible by c + 1 ; hence, we need try the substitu- 
tion of only c for x. 

1 —{a-\-c) (b-\-ac) —he 
c — ac he 



1 —a h ; 

Hence, the factors are {x — c){pi^ — ax + h). 



^>s 





Ex. 


39. 


1. 


a» 9a' + 16a 4. 


15. 


2. 


ar'^9a;* + 26rz:-24. 


16. 


3. 


3(^-1 a^ + \Qx-\2. 


17. 


4. 


ar»-12a: + 16. 


18. 


5. 


ar» + 3a;» + 5a; + 3. 


19. 


6. 


a;*+4ar»+10a:'+12a:+9. 


20. 


7. 


a?-'^x + 2. 


21. 


8. 


"?+2a;» + 9. 


22. 



9. w'-3m'w+4m7i'— 27i'. 23. 

10. a? + 2a? + 2. 24. 

11. m'— 5w*7i+8mw'— 4w'. 25. 

12. 5'+Z^*c + 75c'+39c». 26. 

13. m* — 4m7i' + 37i\ 27. 

14. a*-7a'J+28a5'-166\ 28. 

29. x*-lBa?+l\^a^- 

30. x^-^3?y + 2^x'y^- 



ar^-lla;* + 39a;-45. 
a? + b3^+1x + 2. 
a»-3a»- 193a + 195. 

a*+3a»-3a'-7a+6. 
a**-6a**+lla**-6. 
a*-41a'&' + 165*. 
a*-a'6»-2ai' + 26*. 
p^ — 4p' + 6p — 4. 
ar^ + 4a;*'* — 6. 
y*-5y» + 8y'-8. 
a*-2a»+3a'-2a + l. 
a^ + a'5' + a^>»-3J». 
2a'*-a'*-a» + 2. 
288ar+252. , 
-39ay + 183/*. 
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§28. To find, if possible, a rational linear factor oftho 

polynome ax^ + baf-' + caf^^ + + hx\-k, 

in which a, &, c A, k are all integral. 

Mrst Method, Multiply the polynome by «"' *. 

(axy+b{axy'-^+ac{azy~*+ -\-a''-^k(ax)+a*-'k\ 

or, writing y for oar, 

y" + V*"* + «^"' + + «""% + rt"~*^-. 

Factor this polynome by the method of the last article, 
replace y by ax, and divide the result by a" *. 



Example. 

1. Factor Sx^ + bx"- SSx" + 43a: - 20. 

Multiply by 3*, and express in terms of 3 a*. 

(3 xy + 5(3 xf - 99 (3 x)* + 387(3 x) - 540 ; or , 
^ _j_ 5ys __ 99y« 4. 387y - 540. 

Hereit = -540, h =-1+5- -99+387-540-^-246. 

k^.^-l -5-99- 387-540- -1030. 

3, 6, 41, 82, 123, 246. 

4, 
3, 

41, (Trying by factors of 246, 

instead of by factors of 
540, for convenience.) 

The only factors of 540 in full columns are 4 in the 
upper table and 2 in the lower one ; hence, we need 
try only the substitutions 4 and — 2. 

-540 387 -99 5 1 
-135 63-9-1 



246 


1, 


2, 


540 


2, 


3, 


1030 






246 


3, 


6, 


540 


2, 


5, 


1030 


1, 





-135 



63 



9 
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Hence, y — 4 is a factor. The substitution of — 2 need 
not now be tried, since we see that 135 is not a mul- 
tiple of 2. The other factor is, therefore, 

y» + 9/-63y + 135. 

Replacing j/hjSx, and dividing by 27, 

^(3ar - 4) (27ar» + 8l2:» - 189a; + 135) 
^(Sx-AX^.+ Sx'-lx + b), 

which are the factors. 

§29. Second Method. Write m for "a measure of a" 
and r for "a measure of A, positive or negative " : 

For X substitute every value oir-ir-m till one, say r^-^m', 
be found which makes the polynome vanish ; then on'x — r' 
will be a factor. Should a fraction be met with in the 
course of substitution, further trial of that value of r-^7it 
will be useless. 

Should Ic have more factors than a, it will generally be 
better to arrange the polynome in ascending powers of x 
and use values oim-^r instead of r -~ w, making r positive 
and m positive or negative. 

To reduce the number of trial measures, for x substitute 
successively three or more consecutive terms of the pro- 
gression , 3, 2, 1, 0, —1, —2, —3, , then denoting the 

corresponding values of the polynome by , Ic^, k^, hi, Ic^ 

"'-!> ^-2i ^-8> 

The substitution of r for x need not be tried unless r—m 

measure ^i, r— 2 m measure ^2, i and also r-\-in measure 

^-ii r+2m measure h_2, 

If ^ denote a positive or arithmetical measure of k, this criterion 
may be expressed as follows: 

1. The substitution oi +p for x need not be tried unless |)—wi 

measure h^, p — 2m measure A^g , and also p-\-m measure k.^, 

p f 2 wi measure k 2, 
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2. The sabstitation of —p for x need not be tried unless p+m 

measure k^, p-\-2m measure ib,, and also p^m measure l.j, 

p~2m measure ^_,, 

It must be remembered that here m may be either positive or 
negative, as may also be one or more of the quantities, p-^m^p'-mf 
p + 2m, p — 2m, etc. 

Examples. 

1. Factor 36a:^ + 171a:»-22ar + 480. 

)L- = 480, ki =666, i, -UOS, 
k_, = 637, i_,---.920, 

and m may have any of the values, 

=bl, ±2, ±3, ±4, ±6, rb 9, dr 12, rh 18, di 36. 

In forming the table of trial-measures, write out the 
measures of 1408, that is, kf ; they are 

1, 2, 4, 8, 11, 16, 22, 32, 44, 64, 88, 128, 170. 
352, 1408. 

Taking eaeh of these in succession, add to it each value 
of 7n separately. Should the sum appear among 
the measures of 665, that is, ki, which are 

1, 5, 7, 19, 35, 95, 133, 665, 

enter these measures of k^ and ^i in a column in the 
table, writing above them the value m used. How- 
ever, should the sum not be a measure of 665, another 
value of m must be tried. When all the values of 
m have been tried with one measure of 1408, another 
measure must be taken till all have been used. This 
having been done, proceed to test which of the col- 
umns can be filled up with measures of 480, 637, 
and 920, respectively, these being the values in this 
case of kf ^_i, k_2- 
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The table will then appear thus: 
TO ; +4. +6, +3, +1, +3. +3, +3, 



1408 


1. 


1. 


2. 4. 4. 16. 32. 


665 


5. 


7, 


5. 5. 7. 19, 35. 


k; 480 






8. 6. 10. 


637 






7. 13 


920 






8. 


1113 









m ; 
1408 
665 

k; 480 
637 
920 



-2, -6. -3, -9, -3. -9, -1. -3, -9. -4, -6, -9, -3, 



1. 1. 2, 


2. 4. 4. 8. 8, 


8, 11. 11. 16. 22, 


-1. -5. -1. 


-7, 1.-5. 7. 5,. 


-1, 7. 5. 7. 19, 


-3. -4.. 


-16.-2, 6, 2. 


-10, 3. -1, -2. 16. 


-7. 


-1, 


-1. -7, 13. 


-10. 


-^. 


-5. 10. 




-7. 


7. 



There still remain five full columns, while the given 
polynome, being of the third degree, cannot have 
more than three linear factors. To reduce the num- 
ber of these columns, and, as a consequence, the 
number of trial-measurea, extend the table by calcu- 
lating A_8 and the corresponding column-numbers 
for the full columns. A_s = 1113^ and the column- 
numbers are 9, —13, —7, —9, and 7. Of these, 9, 
— 13, and —9 must be rejected, not being measures of 
1113. This leaves only —7 and 7, to which correspond 

-— - and -— — as the values of — to be tried in substi- 
2 16 r 

tution for -. (See table above.) Making trial of 

these two, the polynome is found to vanish for 

-— - but not for ^^• 
16 2 

The actual work of substitution will be as follows. 
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Arrangement in 


ascending 


powers 


of ;r: 






480 


-22 


171 




36 


3 




-720 


1113 
G42; 


— 


102G 


2 


240 


-371 


-945 




480 


-22 


171 




36 


-3 




90 


21 




-36 


16 


30 


— t 










Hence, the factors are Sz-^-lG and 12a^ — 7a: + 30. 
The latter factor cannot be resolved, for it does not 
contain 3 a: +16, and the only other factor, viz., 
32:+2, left for trial by the tables above, lia*< been 
tried and has failed. 

2. Factor 10a:* - a^ (15y + 4 2) - r* (40y» - Oyr) 
+ x(60i/ + 16y»2) - 24^*2. 

Here wi = rfc 1, =b 2, dz 5, or ± 10. 
Jc = — 2Ay'z. 

;[;i =: 10 - (15y + 4z) - (40?/* - (ji/z) 
+ (60y» + 16y»2) - 24^2' 
= 10-15y-40y« + 60y' 

-2z(2-3y-8y' + 12y') 
= (5-2z)(2-3y-8^/'^ + 12y'). 
A_, = (5 + 22)(2 + 3y-8y'-123/»), 

as may easily be found by making the calculation. 

We get at a glance 22 a factor of k, 22 — 5 a factor of 
^1, and 2z+ 5 a factor of i_i ; hence, taking m= 5, 

22 

we are directed to try the substitution ^^ for x. 

^ 5 

10, - (15y+42),- (402/'-63/2), (60y»+16y»2), -24^2 
22 4z — 6y2 -16^2 24^2 

2 -3y ^8^^ iV^ O"" 



126 PACTORlNa. 



Hence, 5x — 2z is one factor, the other being 
2ar» - Sar'y - 8xf + 12^*. 

Seeking to determine the factors of this, we obtain 

m = ±lord=2, k=12, h^ =3, h =0, 

t^—X — ^*^t "''—2 — '-'• 

The vanishing of h^ shows that ar— 2y is a factor; and 
the vanishing of ^_, shows that a:+2y is also a fac- 
tor. Dividing these out, the remaining factor is 
found to be 2a: — 3y; so that the proposed poly- 
nome resolves into 

{bx — 2z){x — 2y){x + 2y){2x~^y). 

The factor bx — 2z might easily have been got by the 
method of § 23, but the present solution shows we are inde- 
jjendent of that section. It may also be obtained by re- 
arranging the polynome in terms of y. 

Factor : ^^' ^O. 

1. 2ar'-20rp^ + 38a:-20; a^ ~1 a^y+l^xf-\2i/'. 

2. Ux' + bx^y + xif + Sy'] Sar'-Ux + Q. 

3. Sx" ~l5ax + a^x-5a^; 2x' + 9x'y+7xf-Sy^, 

4. 2b'--7Pc-U^e' + be'~^c*; 

15a» + 47a^^> + 13a6'-126^ 

5. ^p* + Sp^q+7p^q^ + Spq''+Sq\ 

6. 150x* -725ar'y + dSlx'y' + 920xf -1152^. 

7. 36a;*-6(9-7yy-7(9+14y)a:^y+3(49-4(V)^+18(y. 

8. 10a:*-a;'(15y+4z) +.r^(4Oy^+6yz)+a;(6(y-16/3)-24y»0. 

§ 30. If the polynome aa;**+ bx^~^-{- -}- hx + k^ in 

which a, i, , A, k are all integral and n greater than 3, 

have no rational linear factors, it may have rational quad- 
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ratio factors. Let m denote a positive measure of a, and /* 
denote a measure, positive or negative, of i. The rational 
quadratic factors of the polynome, if there be any, must be 
of the form Tna^ -\-qx — r. To determine such factors w« 
may proceed as follows : 
For X substitute successively three or more consecutive 

terms of the progression , 3, 2, 1, 0, —1, -- 2, • 3 , 

and denote the corresponding values of the ix)lynome by 

, ^3, ^, ii, h, h_i, k_2, £_j, Let r, denote "a measure 

of^, positive or negative"; r, denote **a measure of /*„ 
positive or negative " ; etc. Then wwr* + qx—r need not be 
tried as a factor of the polynome, unless an arithmetical 
progression with q as common difference can be formed from 

among the values of , 9m+r,, 4wi+r„ ?/i-f-ri, r, 7n\ r i, 

4m-|-r_,, 9??i+r_s, , in which the coefficients of ?/i are 

the squares of the terms of the series , 3, 2, 1, 0, - 1, 

Examples. 

1. Factor^* — 3a:^-13a;» + 3Ga:- 18. 
m =\, /t =- 18, 

aTi = o, aTj ^= — o, A?j =^ — J, 

]c_^ = - 63, Jc^^ =-- - 102, it., ^ - - 81, A_4 - ■- 78. 

Trying for rational linear factors as by § 28, it will bo 
found there are none. We therefore proceed to seek 
for rational quadratic factors. To do this, we first 



MOiUU 


LJCii/C 


; ujj. 


\j ax 


XilJXAAJ 


L^I/XVC 


kX T C* 


A t^VO 
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# 2» ' 1> ••••• 


9 




3, 


9. 












9to 


6 




2, 


3. 


6, 










4?» 


3 




3. 














m 


i; 18 




2, 


3, 


6, 


9, 


18, 






m- 


63 




3. 


7. 


9. 


21, 


63. 






in 


102 




2. 


3, 


6, 


17, 


34, 


51. 


102, 


4w 


81 




3, 


9, 


27. 


81, 








9to 


78 




2. 


3, 


6, 


13. 


26, 


39, 


78, 
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Taking these both positive and negative, we next tabu- 
late the values of 977i + rj, 47n + r,, m + ri, This 

done, we then proceed to select and arrange in col- 
umns any arithmetical progressions that are found to 
run completely through the tahle, one term of the 
progression in each line of the table in regular order, 
thus : 



»•; 



0, 6, 

-2. 1, 

-2, 0. 

-18. -9. 



8. 10, 12, 18, 

2. 3, 5. 6, 

2, 4, 

-6.' -3.-2,-1. 



7,10, 



1, 
2. 



2, 
4, 



3. 6, 9,18, 
8, 10, 22, 64, 



0, 


12 


2, 


7 


4. 


2 


6, 


3 


8. 


8 


10,- 


-13 


12.- 


-18 



-62,-20, -8, -6,-2, 

-98.-47,-30,-13,-2, 1, 2, 3, 5, 6. 7,10,21,38,55,106, 

-72,-18, 0, 6, 8,10,12,18,36,90, 

-62, -23, -10, 3, 10, 13, 14, 15, 17, 18, 19, 22. 29, 42, 55, 94, 14, -23 

There are two columns of progressions : in the first, r=^ 
and q or the common difference is 2, giving the trial 
factor a:* -f- 2a; — 6 ; in the second column, r=— 3 and 
q = — b, thus giving the trial factor a:* — 5 a? -|- 3. On 
actual trial, it will be found these are the factors of 
a;* - 3r» - 13ar^-t- 36a; - 18. 



2. Factor ^a^ - 53a;* -f- 179 ar' - 299 a;* + 260a; - 96. 
Here m may be 1, or 2, or 3, or 6. 

^--96, h =-3, 7^,==4, ;&3 = -9, h = 
^_i = - 893. 

The factors of *^, hi, , are : 



32 




9 




4 




3 




h; 96 




893 





32, 



w w* tf, fi/j, J fMt.\^ . 




2. 4, 8, 16, 32, 


I6m 


3, 9, 


9m 


2. 4, 


4m 


3, 


m 


2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 96, 





19, 47, 893, 


m 
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As this table yields no complete column in arithmetical 
progression, the given poljnome has no rational linear 
factor. (§ 29.) 

Forming the table for w— 1, it will be found that it 
also does not yield any trial divisor. 

The table for m — 2 is : 

0, 16. 24. 28, 30, 31, 33. 34. 3«, 40, 4«, HI. 2H 

9. 15, 17, 19. 22, 27, V) 

4, 6, 7, 9, 10, 12, 10 

-1. 1. 3, 6. 1 

_96, -48, -32. -24, -16, -12, -8, -6. -4, -3. -2, -1. 1 . 2. 3. S 

-891,-45,-17, 1. 3, 21.49.895. -17 

This gives the complete column set out at the right. 
In it, r = — 8, and the common difference is - 9 ; 
hence, we have 2a;* — 9a: + 8 as a trial divisor. On 
actual trial it will be found to be a factor of the given 
polynome, the co-factor being 3 x* — 13 a:' + 19 a; — 12. 



Ex. 41. 

Factor : 

1. a:*-12ar» + 47a;*-66x + 27. 

2. a;*-6ar» — 2a;' + 36a;~24. 

3. a;*-2ar»-25a;'+18ar + 24. 

4. ar^-31ar» + 186 a; -180. 

6. l-45a;' + 32ar' + 281a;*-518a;* + 252a:*. 

6. o« - 38aV + 28aV + 345 a^y* - 564 a/ + ISO^/*. 

7. 2a;*-5ar»-17a;» + 53ar-28. 

8. 6a;»-53a;* + 83a;* + 45a;*-257a;» + 32a;4-15. 

9. 6-47y + 108y'-74/ + 12/. 
10. 6ar'-17a;* + 5ar' + 13ar'-2a;-2. 



CHAPTER IV. 

Measures and Multiples. 

§ 31. When one quantity is to be divided by another, the 
quotient can often be readily obtained by resolving the 
divisor or dividend, or both, into factors. 

Examples. 

1 . Divide a? — 2ab + b'' -c" + 2cd— d^hj a—b + c-d. 
Here we see at once that the dividend 

= (a-br-(c-dy, 

and hence quotient ^=a—b — {c~d) = a — b~ e-j-d, 

2. Divide the product of a' + aa; + a:* and a' + a:* 

by a*+a*a;* + a;*. 

Here a^ -\- a^ = (a-\-x)(a* — ax-{- a:*), and the divisor 

= (a^ + ax -{- x^)(a^ — ax -}- x^). 
Hence, the quotient is a + ^• 

3. Divide a' + a* J + a*c — abc — b^c~ bc^ by a' — be. 

The dividend is a(a^ — be) + J(a* — be) + e(a^~ be). 
Hence the quotient = a + J + c. 

4. (a» + Z^' — c' + 3a5c)H-(a + 6-.c). 

Dividend =:a^+5'+3a5(a+J)-c»-3a5(a+5)+3aic 
= (a + by - (^ -Sab(a + b - e), 
which is exactly divisible hy a-\-b — e. 

Quotient = a^ + J' + (^ — ab-}-be-{- ca. 
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5. Divide :^ — x^y + ar'y' — 3^y^ + x\/ - - y* by jr* y*. 

The dividend is (§ 24) evidently {oi^ - ff) < (r -}- y), 
and this divided hj a^ — t^ 

= (^ + y*)-^(^ + y)-a:*~.ry i y». 

6. Divide b(a^+c^)+ax{x'-a')+a\x~{a) by (ri f A)(> }<r). 

Striking the factor x-^a out of dividend and divisor, 
we have b(p^ — ax-\-a*) + ax{x ~ a) •\- a* 
= h{pi? — ax -{- a*) -\- a(jx^ ~ ax + d^) 
= {a-\-b){2^ — ax + a^y 

Hence, quotient = a;* — cu: + a*. 

7. Divide apx^ + ^ («!7 + ^p) + ^ C^'^" + ^7 f ■ /?^) 

+ X (j^c + ^) + ^ by aa^ + ^-^^ + ^*- 

Factoring the dividend (§ 22), we have 
{aa^ + 6a; + c) {pj^ + qx + r). 

Hence the quotient equals the latter factor. 

8. DivideGa:* — ISoa^^+lSa'a;* — 13a'a;-5a* 

by 23^-Zax — a^. 

This can be done by § 15. The divisor is 2x^-ci^-Zax, 
and we see at once that Za^ -^ba} must be two terms 
of the quotient. 

Multiplying diagonally into the first two terms of the 
divisor, and adding the products, we get -f-Ta'a:'; 
but + 13 a* 2:* is rejjuired. Hence, + Ba'a:* is still re- 
quired, and as this must come from the third term 
multiplied into ^3 oar, that third term must be —2ax, 
Therefore, the quotient ib ^x^ + ba^ — 2ax, 

Note. By multiplying the terms —2 ox, — 3aa', diagonally into 
the x^'s and a^'s, respectively, we get the remaining terms of the divi- 
dend. It is, of course, necessary to test whether the division is exact. 
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Divide 2«'-<i'«-12(ri'-5ai'-4i' by a'-o'—2aA. 

Here, ae before, one factor is a* ~ i* — 2ab ; hence (too 
terms of the o:lier factor are 2a' — 46". Maltiply- 
ng. as in the last example, we get ^60^6*; but 
- 12a'A' is reqnired. Hence, — Sn'i' is etill needed, 
ind -^Sai is the third term of the required quotient, 
rhith is therefore So* — 44' -j- 3aA. 

jve that 

^■f + -r' + ^2'-'}il-x + x'- + a^') 

= l-^a:' + ^'-^ + «"-'. 

)duct 

_ l-a:- 1 + J^ 
_ l-2i^ _ 



- = l+^ + ^J-. 



fide (a" — Sc)" + Si^c* by a' + ic. 

= («•- 8c)' + (2ftc)' -^ («' - ic) + 2Sc 
= (a' - 6c)' - (u' - 6e) X 2 fe + (2 5c)' 
-«'-4o'6c + 76'c*. 

'ide 1 + 2,357,947.691 a;" by 1 - llx + 121a:'. 
'idend =l + (llar)' 

dBor = [1 + (11 xf] -i- (1 + 111). 
uotient = [l-(lla;)' + (lla:)'j(l + lla:). 

Ex. 42. 

the quotients in the following cases : 

1. l-x + x'-a^-i-l—x. 

2. l~2x' + 3^-^x' + 2x'+l. 
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3. a;^* + al'a^ + a"-^- x^ - a^a^ + a*. 

4. a:* + 4a:'y' — 32y*-i-a;-2y. 

5. l_4a:» + 12a:'-9a:*-^l + 2ar — 3a:». 

6. {a^-2ax + a^){d' + Za^x-\-^a^ + 3^)-: a*-a:*. 

7. a;* — y' + z^ + Ba^yz-^ar — y + z. 

8. 6a*-a'6 + 2a'6« + 13aJ» + 4Z»*-4-2a' 3f*/> }-4i'. 

10. a*+5*-c*-2a'i'-^a'-i'-c». 

11. 21a*-16a»5 + 16a'5*-5aJM 2i*-f- 3a»--ai + i'. 

12. 2a'-7a»-46a-21^2a' + 7a4-3. 

13. [a'(6-c) + J'(c — a) + c»(a--6)]H-a-|-6 + c. 

14. :^ ~Zax^ + Za^x - a* + V -^ x-~ a + h. 

15. a:*-y* + z* + 2ar^z«-2y»-l-:-a:»- -// \ z^ -\, 

16. a:* — (a + (?) a:* + (J + ac) a:* — Jca; -:- a; — c, 

17. a;* + a;'y + ary' + 3/'-^a: + y. 

18. x' — a;*y + a;*y' — a;*y' + ar*y* — a:*y*+a-/ -?/-:-a:* |-y*. 

19. a* + 5*-c*-2a*^>'-2c'-l-^a'-^>»-r;*-l. 

20. a* - aV" - ac" - 2a' Z> + 2Z>* + 25c»+3a'c- Si'^c- 3c^ 

-4-a + 3c — 2J. 

21. Q^h — h3[^-\-a?x — x'^-^{x + h){a — x). 

22. a(6 — c)'4- J((? — a)' + c(a — &)*-^a' — aJ — ac + 5c. 

23. a'6' + 2a6c' — a'c' — Z>'' c' -?- a J + ac — 6c. 

24. a;^+y'+3a,'y— l-5-a: + y — 1. 
26. a;*-a:'-~2-^a;» — a:+l. 
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26. a'-29a' — 50a — 21-i-a'-5a— 7. 

27. (2x — yf a*—(x-\-yyd?x' + 2{x-\-y)a3^ — 3? 

■^{2x-y)d?^ix-\-y)ax-^. 

^(x~\)a'-{x-l)a + Z. 

. The Highest Oommon Pactor of two algebraic quan- 
may, in general, be readily found by factoring. The 
. is often discovered by tailing the sum or the differ- 
jr sum and difference) of the given expressions, or of 
Quitiples of them. 

Examples. 

idtheH.O.F.of(i-c)a^+(2aA-2ac)flr+o'&-o'<; 
ind (ofi — ao + 6'-— 5c)a: + a'c + a5' — a'J — afic. 
king out the common factor J — c, we get 
'b~c)i3?^2ax+ab) and (h~c)[{a~b)x-a^-\-ah\ 
erefore, 6 — c is the H.C.F. of the given expressions. 

id the H.C.F. of \ — x-\'y-\-z — xy-\-yz — xx~xyz 

md \~x — y~i-\-xy-{-yz-\-tx~ xyz. 

eir difference is 

iy+22-2ay-2zx = 2{\~x)(jf + z). 

l-2x-\-2yz~2xyx^2(l-x){\-\-yz). 
erefore, the H.C.F. is (1 - x). 

id the H.C.F. of a:' + 3 a^ - Sa:* - 9« - 3 

va.iif' — 2x^-^3? + ix' + lZx + &. 

annexed method of finding the H.C.F. depends on 
inciple that, if a quantity measures two other quanti- 
will measure any multiple of their sum or difference. 
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1+3 0-8 -9 -3 (a) 
1 _2 -6 +4 +13 +0 (h) 

9 (r) [. 0,)~(f')] 



5 


+ 6 


12 22 


- 9 


2 +6 
1 -2 



6 


-16 -18 
+ 4 +13 


-6 

+ 6 


3 +4 


-6 


-12 -5 




15 
15 


+ 18 
+ 20 


-36 -66 
-30 -60 


-27 
-25 




2 


-6 --6 


2 



(a)x2 



(d) 



(d) X 5 



1 +3 +3 +1 (/) 



25 +30 -60 -110 45 (r) x 5 
27 +36 -54 ->108 - 45 ((/) X 9 

-2 -6 -6 -2 



1 +3 +3 +1 (g) 
H.C.F. = (x + 1)». 

The coefficients are written in two lines, (a) and (b). 
They are then subtracted so as to cancel the first 
terms, (a) is next multiplied by 2, and added to 
cancel the last terms. If (c) and (c?) had been the 
same, their terms would have been the coefficients 
of the H.C.F. Since they are not, we proceed with 
them as with (a) and (b) till they become the same. 
When (a) and (b) do not contain the same number 
of terms, it is more convenient to find only (c), and 
then use this with the quantity containing the same 
number of terms. The general rule is to operate on 
lines containing the same, or nearly the same, num- 
ber of terms. 
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+ 8 and 6a:'- 


-nx-+isx-n. 


+ 8 (a) 
H6 


(a)x2 


f28 W 


(»)-(») 



-4) 

m 

I a common factor, its first term must 
, and Its last term must measure S 
not, therefore, the H.C.F. Resolve 
5a; — 7 is not a factor of (a) and (b). 
and (i) have a common factor, it is 
il, 3« — 4 is found to be a factor of 
re, it is the H.C.F. of (a) and (b). 

a^-\-rx + s have a common factor, 
actor is 



imon factor, then the remaindere, on 
in expressions by a: — a, must be zero; 

p-r ^p-r 

will make a^x'-\-{a-\-2)x-{-l, and 

/e a common measure. 

monomial factor. Neither can they 

dimensions unless (a + 2) vanishes ; 

~ — 2, in which case the expressions 

ind ^x' — 1, which have no common 
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factor. Hence, if the given quantities have a com- 
mon factor, it must be of the form x-\-m; dividing 
a^a^-^-a^ — bhyx + Tn, we have for remainder 

a*m'+a'— 5 = or ?n'= — = — ; .'. m - --^(b ■ a^), 

or a ^ 

in which -^(5 — a*) must be possible and integral ; 

hence, a' = 4 (a' = 1 gives values to vi which on 

trial fail) and a = db 2, of which the iM)8itive value 

must be taken; and, therefore, 2j: + 1 is the common 

factor. 

7. If the H.C.F. of a and b be r, the L.C.M. of 

(a + b) (a» - b^) and (a - b) (a' + P) is ^' ^-*-*. 

Let a = m<?, b = nc, and .'. «' — m'c*, J' — n^c^. 

Thus (a -{-b)^= c(m-\-n)', (a — b)- c{yn v), 

and (a» + i») = c' (m' + w») ; (a' - P) (^ (///=» - 7^=*). 

Hence, (a + i) (a* - J') -- c*(w + ri) (;//' - n'), 
and (a - b) (a' + Z^*) - c\m - n) (m» I- ri'). 

The H.C.F. of the last expressions is c^{m^ — n^) ; hence, 
the L.C.M. ^ c*(7nr — 7r) =— ^— , ^^ ^-= — , — 

8. If (x — a)' measures a:* + ja: -f- r, find tlio relation be- 

tween q and r. 
Let ar + ?/i be the other factor ; then 
x^-\-qx + r=(x — a)\x + 7n) 
= re* + (m — 2 a) a:* + (a^ — 2 a77?) .r + ???a^ 

Equating coefficients, m—2a=0,a^'-2 am — q, via* = r. 

Hence, m = 2a, and .*. a* — 4:a*=^q, 2a^ = r. 



3 ^ /».« 



and d 



« -= - 1, or a* = - -^^- ; and a» = - or a« = -• 
Therefore, 4 = " 27' ""^ 4 + 27 ^ ^' 



MEASUBES AND MfLTlPLE3. 



Or thus : Dividing 1^ + gx + rhy (x — af we find the 
remainder (q + Sa') x + r — 2c^, and aa this will be 
the same for all values of x, we have, by equating 



a'-O, andr 


-2<,'_( 


27a'andr' = 


4o"; 


>^^-o, 


n. before. 



Ex. 43. 

.C.F. of the following: 

.y-(l,'c)x-c ; !W+(<,+2S)»'+(S+2.)i+«. 

+ ((i + J)c^'; a'<^+<iV + c-i' + 6V. 
~ 2 ai;(^ + iV + a't' - 2 a'6 
V-5oV + Sa'-26V+5a'fiV-3a*i'. 
'-(o-*)(» + z)(ax+Sj,) + (a-J)'« 
!-iy)-~Co + S)(j:+z)(oi-Sy) + (o + S)'i!. 

S--<?) + J(,;'-o') + o(o'-J'). 
+ <.- + lando"-o'- + o-.-l. 
^ + fij: + c and i?-\-a'x-^b' have a common 
)f one dimension in a:, it must be one of the 
of(o-a')«' + (i-5')a; + c. 
» the E.O.r. of (o - b)' + (i - cf + (o - o)' 
-S')' + (5- -«■)' + («■-«•)'. 
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13. Find the H.C. F. of 

and 3(3^ - 4y* + 6y — 2)a:» 
+ 7(y'-2y + l)a:-(33^-5y« + y + l). 

14. lia^ -\-px+ q and a^ + mx + n have a common linear 

factor, show that 

(n — g)* + w (m —pf = m{m — p){n — q), 

15. FindtheL.C.M. ofa:*-3a:«+3:r-l, si*-p^-x+l, 

ar*-2a:» + 2a:— 1, and a:* ~ 22:* + 2a:*- 2a: + 1. 

16. Find the L.C.M. of 

a:» + 6.T»+lla: + 6, a:* + Ta;* + 14a: + 8, 

a;* + 8rr^ + 19a: + 12, and a:* + 9a:* + 26x + 24. 

17. Find the value of y which will make 

2(5^ + y)a:* + (ll.V - 2)a: + 4 and 

2(y*+y')^ + (ll*y*-2y)a;' + (y' + 5y)a: + 5y--l 

have a common measure. 

18. The product of the H.C.F. and L.C.M of two quanti- 

ties is equal to half the sum of their squares ; one of 
them is 2a:' — 11 a:* + 17a? — 6 ; find the other. 

19. If x-\-a and x — a are both measures of 

a^+px^ + qx + r/ show that pq — r. 

20. li 3^+qx + r and a? + mx + n have a common meas- 

ure (x — a)', show that ^n^ — m^r^. 

21. If the H.C.F. oi 3i?+px + q and a:* + ma: + n be ar + a, 

their L.C.M. is 
a^+(m--a)3^+ps^+(a^+rnp)x+a(7n — a)(a*+p). 

22. Ifa:" + ^a:+l and 3^+px^ + qx+l have a common 

factor of the form x+a^ show that 

(p-iy-q{p-^) + ^ = o. 



FRACTIONS. 

and ar* + mar + n have x + a for their 
I that their L.O.M. is 
i-p):^+p(m-a}:^ + a'(a-p)x 
o)(m-a). 

3.ndx^-i-p3^ + qx+l have x — a for a 

or, show that a = 

1-q 

l.F. of («'-S'}' + (i'-(^)' + (c'-a')' 

d.F. of b and c, P the H.C.F. of c and a. 
'. of a and fi, and 8 the H.O.F. of a, b. 
ihe L.C.M. of a, b, and c is — -— 

I.C.F. of the x'+ax+b and x'+a'x-\-V, 
will be 
-c)»' + («o'-t-)i + (a-<r)(»'-c)c. 

! L.C.M. of the quantities in Exam. 2 
e) will be a complete square if 

;.F. of a^ + 2a:* + 3a:* - 2a^ + 1 and 
73:= -Tar" -2. 



Feactiohs. 

lired to reduce a fraction to its lowest 
n ^pply some of the preceding methods 
lOver the H.C.F. of the numerator and 



h. - f:{a+b)+n(a+b-) _ c+y 
hbf /{a+*)+2a:(a+6) f+2x 
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2. 



3. 



4. 



5. 



6. 



a^ _ ba* - ah" + i* ai^a'^ ~ h') - b{a' - b') 
_ a(a + b)(a — hy _ a 
~{a-b)(a*-b*) a* + b' 

Here the numerator is evidently {3^ - if) * {x - y), and 
the denominator is 

--. The result is therefore - ^• 

x-\-y x — y 

(x+yf-a?-^lf ^ ba^y+l03^y'+ lOx'f + bxi/ 
{x + yy + x' + if'~{x + yy-:i^y' + {x^ + ify -a^if 
^ bxy[2? + if + 2xy (x + y)] 

(u^ + y' + xy)[{x + yy + xy + x' + y'~xy] 

bxy(x + y)(a^ + xy+y^ _ bxy(x + y) 
2{x' + xy + y'y 2{x' + j:y + /) 

a;' -12a: + 35 

r»- 10a;* + 31 a: -30' 

Here we see at once that the numerator — (x— b)(x — 7) ; 
and it is plain that a: — 7 is not a factor of the denomi- 
nator ; we therefore try x—b (Horner's division), and 
find the quotient to be a:* — 5 a: + 6. 

Hence, the result = -r — - — — -♦ 

or — bx + o 

x* + 2x' + 9 



a:* — 4ar'+8a:-21 

The factors of the numerator are at once seen to be 
a;* + 2a: + 3 and a:* — 2 a: + 3, of which the latter is 
one factor of the denominator, the other being (Hor- 
ner's division) a:* — 2a:— 7. 

a:» + 2a: + 3 



Hence, the result is 



ar^-2a:-7 



CHAPTEK IV. 

L8UBE3 AND MULTIPLES. ■ 

quantity is to be divided by anotber, the 
be readily obtained by resolving the 
, or hoth, into factors. 

EXAUFLES. 

. + 6' - c' + 2 c<f - t^' by a — 6 + c - rf. 
once that the dividend 

otient ^=^a—b — {c—d)^a—h—c-\-d. 

luct of o* + o^ + a^ and (^-{-3? 

(a-\-x){a?~ax-\-3?), and the divisor 

dent is a + a;. 

+ d?c — ahc ~ b'c — Sc" by a* — be. 
.a(a.'-lc) + b{a'-bc) + c(a'~bc). 
lent -= a + 6 + c. 

iabc)-i-(a + b~c). 

■b'+Zab(a+b)~(T' ~&ab(a + b)-\-3aio 

^•-Bab(a + b~c), 

tly divisible by a + S — c. 

- 6* + c* - ai6 + 5c + m. 
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5. Divide a^ — z^y + ^y* — 3^]^ + xy* — y* by or* - - y*. 

The dividend is (§ 24) evidently (a:* — y*)-^(.r + y), 
and this divided by a:* — y* 

= (^ + y^) -^ (« + y) = ^ — .ry 4 Y- 

6. Divide b(x'+aJ')+ax(x'-a')+a\x+a) by (a-f A)(.r-fa). 

Striking the factor x-\-a out of dividend and divisor, 
we have b (x* — ax -{- a*) -{- ax (x ~ a) \- c^ 
= b(x^ — ax -\- a^) + a(a^ — ax -{- a^) 
= (a + b)(x' — ax + a^). 

Hence, quotient = ar* — oar + «*• 

7. Divide apx* + ^ {p,^ + bp) + a;* {ar + ^7 +2?^) 

+ X {qc + br) + cr by ax^ -{-bx-}- c. 

Factoring the dividend (§ 22), we have 
(oa:* -{'bx-\-c) (^pa^ + g'a; + r). 

Hence the quotient equals the latter factor. 

8. Divide6ar*— 13ar^ + 13a'a;» — ISa'x— 5a* 

by 2a;' — Soar — a'. 

This can be done by § 15. The divisor is 2x^—a^—Sax^ 
and we see at once that Sa;* + 5 a' must be two terms 
of the quotient. 

Multiplying diagonally into the first two terms of the 
divisor, and adding the products, we get -{-Ta^x^; 
but + ISa'ar* is reijuired. Hence, + 6 a' ar* is still re- 
quired, and as this must come from the third term 
multiplied into — Soar, that third term must be — 2 oar. 
Therefore, the quotient is Sa;* + 5 a' — 2aa;. 

Note. By multiplying the terms —2 ax, —3 ax, diagonally into 
the a^'s and a^'s, respectively, we get the remaining terms of the divi- 
dend. It is, of course, necessary to test whether the division is exact. 



MEASURES AND MULTIPLES. 

e2a*-a*h-12a'b'-5ai'+ib'hja'-o'-2ab. 
as before, one factor is a' — 6' — 2a6; hence Iwo 
US of the other factor are 2a' — 4&', Multiply- 
, a& in the last example, we get — 6a'fi'; but 
.2a'i' is required. Hence, — 6(j'6' is still needed, 
I +Zab is the third term of the required quotient, 
ich is therefore 2a' — 4i' + 3a6. 

^+^ + +3r-')(l-x + x'- -i-x"-') 

- + ^ + x' + + u^-\ 

.-X l+cc 



- = l + a^ + a:'+ + r 



e («» - ic)" + 8 JV by o' + be. 
a' - 6c)' + (2 hcf -i- (a' -be) + 2 be 
a' — he)" - (a' -hc)x.2bc-\- (2ic)' 
s*-4a'6c+76V. 

e 1 + 2,357,947,691a;' by 1 - 113: + 121a;'. 
end -l + (lla:)» 

= [l-(llx)'+(ll:t:)'][l + (lU)']. 
.r ^[1 + {11.T)']^(1 + Ila:). 
tient = [1 - (llx)' + {11 a:)*] (1 + 11a;}. 

Bx. 42. 

i quotients in the following cases : 

1. \-x + x'-x^-^\-x. 

2. l-2i* + a;'-(-a:* + 2a^+l. 
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4. a;* + 4a;'3/' — 32y*-!-a:-2y. 

6. {a*-2ax + x')(a* + Sa*x + Sax' + x')'i a'-a:*. 

7. a^ — i/^-i-^^ + Sxyz-i-x — y + z. 

9. Ax^-a^y' + 6xi/' — di/-^2x' + Sy' - xj/, 

10. a* + 6*-c*-2a'&'-T.a'-5*-c». 

11. 21a*-16a»6 + 16a»i'-6aZ>M 2// : 3a»-aA + A'. 

12. 2a'-7a«-46a-21-^2a' + 7a-t-3. 

13. [a\b -c) + b\c — a) + <^(a--b)] -:- a ^- i + c. 

14. ar'-3aa:' + 3a'ar-a' + i'-^-a?— a + 5. 

15. a:*-y* + 2* + 2a;'z'~2y'-l-:-a;' -?/ f 2' - -1. 

16. X* — (a -{- c) a^ + (b ~\- ac) x;' — box -:- x — c. 

17. x" + x^y + xi/ + 1/ -^ X + y. 

18. x'^ ~s*y + x^y" — x^y^ + x'^y^—x^T^+Ti/ -7/-:-.r* |-y*. 

19. a* + 5* - c* - 2a'b^-2c^ - 1 :- a» - ^►'- r' - 1. 

20. a* - a^>» - ac* - 2a'6 + 2Z>* + 2b(r'+Sa^c-SPc-3c' 

-^a + Sc — 2b, 

21. a'5 — Aa^' + a'a; — ar*-f-(a: + &)(a — a:). 

22. a(b — c)' + i(ff — a)' + c(a — bf -:- a' - aft — ac + ftc. 

23. a^b'' + 2abc^ — a*c'—b^(^-^ab + ac — bc, 

24. ar'+y'+Sa^y — l-f-a; + y — 1. 



FEACTIONS. 



'i + oi' + i' o- 
■S + oS'-J" ■ 




h^H^ 


-4 o'-S^ 


P^^ 

+ 


"} 


^R^^^ 


. C-T^JHSJ- 


f-mj^^ 


■ (:^:i-^<m 


+1 '4 




f-feij-^ 


i^^-^ 



■i)-i^b)HBIJ-^ 

'a: + i'!/- + «'y" + »/ + ?• ' V + l/J' 
Vl+I + J:' 1+W 



i+T 



;he value of 

-^-ir~ + ^ 



- when a: 



2nb — 2m: 
e value of ^[1—^(1 — ^)] 



.H« + 5). 
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18. Find the value of 

^{a+bx)+^{a-bx) ^^^^ ^ ^ 2ac 
^(a+bx) - ^{a-bx) A(l + c*) 

§ 35. When the sum of several fractions is to be found, 
it is generally best, instead of reducing at once all the 
fractions to a common denominator, to take two (or more) 
of them together, and combine the results. 

Examples. 

1. Find the sum of 

x-\-y y — x _ 0^ — 1^ 

2ar~2y 2ar + 2y a;* + / 
Here, taking the first two together, we have 

(3^+y ) ' + (^-y)' _ t±f • 

now add this to — -, ^ - 4 

and we get ij^±ff^z(^J^ .. ^^V' 

ar* — y* x* — y* 

2. Find the sum of 

\ + x . 4:X . 8a: 1 — x 
1-ar 1 + ^ 1+ar* l + x 
Here, taking the first and the last together, we have 
(l + xy~(l-xy _ 4a: . 

taking this result with the second fraction, we have 

Vl + a:' 1-W 1-X* 
now take this result with the remaining fraction, and 
we get 



FRACTIONS. 



a paire those whose denominators are alike, 



t ia often made easier by completing the divir 
epreaented by the fractiona 





+ 5 
+ 2 




1, S „ 1 _ 
"2i-2 2^ + 2 


3 1 

2.r-2 2a; + 2 


-3-«+l 1+2 
2i'-2 i"-! 




;-9 j+1 1-8 




1-7 x-l 1-6 




by divlBioD, 




! 1 2 1 2 


1 1 2 


-2' ' x-7 ^ »- 


1 ^'»-6' 


,2 2 2 
2 »-6 »-7 1^1 





2a:-8) 2(2:^-8) 

2)(i:-6) (i-l){^-7) 

'Vi"-8i+12^i'-8i + 7j 
- 2O3;) -f- {:«' - 16a;' + 83^:' - 152a: + 8- 
tor = (a;'-83;)' + 19Ci"-8i) + 84.] 
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6. Find the value of ^±|^ + ?±2* when ar= ^*-. 

z — 2a x — 2o a + b 

Bj division, 

^x^2a^ ^x-2b ^ Vx- 2a^:t 2^* 
hnt the quantity in the brackets 

(a + b)x — 4:ab ^ . / , l\ a l 
(a:— 2a)(ar— 26) ^ 

Hence, the value of the given expression is 2, 



Bx. 46. 

Simplify the following : 

- x — a .a:*+6Mr + a* a^ — c^ 
5 x + a 2^ — a* 

* a='-a6+i»"^ a»-6« a^+ab\-b* 

3. M + J_ + _2^V--^^ L^^2. \ 

\a+x a—x a* + a^J\a + x a—x a* + a?/ 

M a . 6 a6 . aS 



a + b a — b ab — b* a* + ab 

5 S + 2x 2-Sx . 16a;-a;' 
2-a; 2 + x "^ a;»-.4 * 



6- . ,/. . + 7-7T^ c + 



4a»(a + ar) 4a»(a-a:) 2a'(a« + a;') 

7 l/ 3a; + 2y \ l fSx-2y \ 
' 2V3a;-2yy 2\,3ar + 2y;/ 

g x-\-l x—1 1— 3a; . a; . 1 

' ac-1 2a;+l ar(l-.2a:)"^a;(4a;*-l)'^a:(16a;*-l)" 

9. -i i-+ 9 ^-1 



2a; + 2 a; + 2 2(.r + 3) (a; + 2)(a; + 3) 



a: + J/ "? + ?■ ai'-y' 

-ar'^o' + a:' o* + W 
12a; + 2 10i+17 . 
II1-8 18 



,, 117. + 28a: _„ 



8a;-30 . lOj-3 5a 
2ar-7 2a;-5 x- 



a + i-2c a + 6-2(; 



»;• + >- af-j-"^ >;■+!/•■ 



(»-')" 



1 (o-i)-+l (a-i)--l («- 
1 1 



■+*■) (J'-o')(a*+«') (a'+o'Xa:'+i-) 



oi'+i" (a-6)"+3o* (a+Sj'-o'-S- 
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§ 36. The following are additional examples in which a 
knowledge of factoring and of the principle of symmetry is 

of advantage. 

Examples. 
Cancelling the common factor x — y + z in the two 

X I t/ ^"^ 2 

terms of the first fraction, there results - - - - ; 

x + y + z 

hence, by symmetry, the denominators of, the other 

two fractions will be x + y + z, and the numerators 

will be y + 2 — ar, 2 + ar — y. Hence, the sum of the 

three numerators = a? + y + 2, and the result = 1. 

2. Simplify ^r-j-, + 7 ^, -, + 



(c-a)(c-i) ' ia-b){a~c) {b-c){b-a) 

The L.C.M. of denominators is evidently 

(a — h)(h — c)(c — a). 

This gives for numerator of first fraction — ab(a — b) ; 
and, by symmetry, the other numerators are 
— Jc(i— c), —ca{c — a). 

Hence, we have _ ab^a-b) + bc(b-c) + ca{e-a) 

(a — 6)(6 — c)(c — a) 

_ (a — b)(b — c)Ca—c) _-^ 
(a — b)(b — c)(c — a) 

3. Reduce the following to a single fraction : 



{a—b){a — c)(x-'a) {b — a){b — c){x — b) 
c 



+ 



{c — a)(c — b) (x—c) 



B L.C.M. is(a-b)(f>-c){c-a)ix-aXx-b)ix-cy. 
imerator of the firet fraction is 

herefore, by symmetry, that of second is 

lat of third ia 

-»){«-«)(!-»); 

leir sum is 

6-.)(i-J)(:.-.) + J(«-«)(»'-")(»~«) 

-b)(x-a)(x-b}l 

nishes if a = 6 ; hence, a~b is a factor, and 

ore, by symmetry, b — e and c — a are also 

s. Now the product of these is of the third 

3, while the whole expression rises only to the 

I ; hence, e* cannoi be involved. The other fac- 

iist therefore be of the form mx-\-n, in which 

I number. 

■mine n, put x^O, and the expression becomes 

— b-\-b~c-\-c — a) = 0; hence, n = 0, or the 

factor is mx. 

■mine m, put a = 0, i = 1, c = — 1, and m will 

nd to be I. The numerator is, therefore, 

.6)(4^.)(.-«), 

le result is 



+ 6 


-b)(,~c 


) 

b + e 




e + a 
■a-b)ib- 
-c){o-a) 




>f denominators 


; hence. 



umerator is o' — i', and, by symmetry, second 
:ator is b^ — <?, and third numerator is <^ — a'; 
m of these = 0, which is the required result. 
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4. Reduce 

_2_ ^ _2_ {x-yf + iy -zf^ {z-t)\ 
X~y y-z z-x^ {x - y)(y - z)(z - x) 

Here the numerator becomes 
2(y-2)(z-x) + 2{x-y){2-x) 
+ 2(x-y)(2/-z) + {x-yy+(y-zy+{z-xy. 
which is evidently 

[(«-y) + Cv-2) + (*-^)]'-o. 

Observe that the denominators become the same by 
changing the sign between the fractions, and that 
the expression is symmetrical with respect to a and i. 
The numerator of the first fraction is 

a" + 6aW + 12 aW + 8a'i*. 

and, by symmetry, that of the other is 

- b'' - 65V - 12iV - 8iV. 

Their sum is, therefore, 

a" - i» + 6a«i»(a« - i*) - 8aW(a« - J«) 

= (a«-6*)(a«+i« + 6a»&»-8aW) 

= («• - *•) (a* - *')' = («• + i') (a' - *')•» 

and since the deTiomincUor of the given expression is 

(a* — i')', therefore the result is a' + 5*. 

Ex. 47. 

Simplify the following : 

\x+yj \x+y) 

3. .« + ^ + 6 + c J c + g 

(fi — e)(e— a) (c — a)(a — h) (a — b)(b — c) 



PRACTIOSS. 



1 + 



+ 7 



1 



>-c) Ci-a)(S~c)' («-o)(o-6) 
b-c . c-a . (a-b)(b-e)(o-a) 



;o + c)(i + o)^(»+i)C6-.)(i + i) 






(i-2)^(,-*)(,-»)^(^-:.)(j-S,) 



+ ?; 






-2a)(c + <.-2i) (. + a-24)(<. + J-2t) 

1 

f J_2^)(J + c_2o)' 



(—»){;—») (b-a)(b~c)(„ 



«)(o-6)(i-c) 



'(■'+y) 



I'-'Y 's-')i'-yy i'-')i:9-') 
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jj. (a+by+(b-cy+(a+ey 2 2 , 2 

(a -\- b){b — c) (a + c) a+c b —c a-\-b 

1 1 '' 

16. i- rx + -7i T7 h 



x(x — a){x — b) a(b^a){x — a) b(b — a){x -b) 

Ratios. 

§ 37. If 7 = 3, therefore, arf = be. 
b a 

h d 

Now, dividing ad = be by ca, we have - = - (1) 

a c 

ad = be hy cd, we have - --. - (2) 

<? CI 

ad = be hy ab^ we have = - (3) 

b a 

Also, ^^"T^ — each of the given fractions. (4) 

mb-\'nd 

mbf^) + nd(^^ (mb + W)^ 
For ^^ + ^g_ W \«/ ^ 2 



a c 



b d 
A very important case of this i8m = l,« = zfcl; hence, 

a_c a-j- c a — c /c^ 

~d~b+d 

Al8o^=^ (6) 



J — J. — — — — — — f - — — ( — - - » 

a c a-{- c a — c ^c \ 

b^d~b + d'~b-d ^ ^ 



a+b c + d 

For, by (2) and (5), 

a_b a — b _ a-f-& . a — b e^d 

c d e — d e-}-<{ a-\-b e-\-d 

Or thus : 

? -_ 1' £. — 1 

a — b __b d c — d 

b d 
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If an upper sigii be taken in a numerator, the corre- 
sponding upper sign must be taken in the denominator ; if 
a lower sign, the corresponding lower nign ; otherwise, all 
the signs are independent of each other. 

Examples. 

1. Iff = £, show that 1^=41 = 1^4 
b d la + bb Ic + bd 

5|-4 5|-4 
The eiven firaction = ^— ^— = — — = r ■ - ■ • 

a 

c, ltd c X. xvx2a' + 3a*J 2<* + Z(^d 



Dividing the given fraction by i', we have 
b'^ &» 



e|-. 



and this becomes, on substituting for - its equal - , 



b ^ d 
2— 4- 3 -— 

3. If 3a = 25, find the value of ^' + ^' » 

* a^b — ab^ 

Thia=f^ + l\-^f^- f\ [by dividing both numera- 
tor and denominator by i"]. But, from the given 
relation 

^ = -, we have, by substituting for -, 
(^ + l)-^(t-i) = 35^(-6) = -5|. 



e that ■ . ' ^ X -;= ( — r-; ) ■ 



d c+d 

P <P\J>'^ ) \d^^ J d' 
multiphed by - gives - = ( ^^ 1 • 

-b^ + c ^ ^ + ax-b ^^^^ ^^^^ ^^b 

+ bx + c a^ — ax+b ■ a 

g both terms of second fraction by x, it be- 

' + 03^- &a: . 

' — aj^ + fix 

fi of the given fractions 

■ence of numeratora _c_, 

mce of denominators c 

^-ax-b = x'-ax + boT 2ax = 26. 



. ac + ce + ea _ d' + <f + ^ 



if fb bd+d/+/b 



7(.V- 



^, hence the required equality, 

nn is a particular case of (9), with all the 
and a for m, b for n, c for j?, etc. 
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If the fractions given equal to one another have not monomial 
terms, instead of seeking to express the proposed quantity in ternu 
of one fraction, and then substituting an equivalent fraction, it ia 
often better to assume a single letter to represent the common value 
of the fractions given equal, and to work in terms of this assumed 
letter. 



7. If 



a + 6 _ 6 + c __ c + a 



3(a-6) 4(6 -c) 5((?~a) 
prove that 32 a + 35 6 + 27 c = 0. 
Assume each of the given fractions = 2r, so that 
a+b=3(a—b)x, 6 + c=4(6— (?)ar, (?+a=5((;— a)ar, 

or ^ -\ — 2 — I — ^=ar(a— 6+6— e+c— a)~0. 
o ^ o 

Hence, adding these fractions, we have 
32a + 356 + 27(? = 0. 

This example might also be worked as a particular case 
of (7); thus, 

a + b _ b + c __ g + g 
3(a-6)~4(6-c)^5(g-a) 

_ 20(a+6)+15(6+g)+12(g+a) _ 32a + 356+27g 
60(a-6)+60(6-c)+60(c-a) 

Hence, 32a + 356 + 27c=:0x ^? + ^, = 0. 

3 (a — 6) 



8. if£'+-=— r---+-\ 

prove that [ , ' ' ) = ^ ' , ' -- 
^ \b + d+fj h' + d'+f 

Transposing terms, etc., we have 



2ac , c* , c* 2ce 



h' bd '^ d^'^f df'^ d^" ' 



or 



(f-|)'+(5-l)'=«- 



easentially positive quantities 
I of them must = 0. Hence, 



•h' \b + d+/j' 
_ a' + c' + e* 



ab + h*_c'-cd+d^ 



d' \b-dj \b^-d)' 
it each of these fractions 



;he value of 



b mb — nd—pf 
prove that 



n3» = (b-a)-i^(h+a). 
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jf V(a + X) + V(a - z) ^ ji^j _2a^, 

V(o + a;)-V(<»-a;) ^ l + a» 

ft jfi mx + a + 6 two: — c — d xi-j. f> — c 
9. If s J^ — = . prove that x — 

nx + a-^-c nx — b — d n — m 

10 Tf ^~ ^ &--g c — o _ g + 6 + (? 

ay + 5a: fo + ca? cy + az ax-\-by -\-c2 

then each of these fractions = , 

x-{-y-^z 

a-\-h + c not being zero. 

n. K«±|= *±£-=^±«_ then8a+9*+5o^0. 
a—b 2(6 — c) 3((? — a) 

12. If V«+V(«-^) _ 1, show that i^ . - f J-^Y- 

V« ~" V(^ — X) a a \l + aj 

13. K /■.~^^x = v^~^^^x » *>^^ ^1 yi ^ ^® unequal, show 

a:(l— yz) y(l — xz) 

that each of these fractions is equal to a; -f y + 2* 

j4 If ^ + ^^+^ = J^±|£±_l show that each of these 
a:*-2a: + 3 y»~2y + 3 

fractions = (ary — 1) -^ (xt/ — 3). 

16. If 25^Zll6 = 3i^zJ), show that ^±1=?. 
lOar + 8 2x-4 ' x + 5 5 

16. If y =-!*£., show that J^±^ + 2±^= 2. 

^ 5 + c' y-26^y-2c 

17. If If^+iVV^^^W^^^ prove that 

25a' + 27i' + 22c' = 0. 

18. Tf «• ^ y _ c* , 

d^ — yz ^ — zx ^ — xy 

show that a'a: + 6'y + c*2 = (a* + *' + c*) (a; + y + z). 



-c b + e — a c-f-tt — i 

-1 (km /' °' + '' + «'Y - »' + '' + «' 

>_ cy + &z _ az-|-c3; 

lafc (a + A + c) (a; + y + 2) = oa; + % + cz. 



-~g'-f-5jTO' _ j: — < 



', show that each of 



^a + xa' + a^ 
[preseions = 1. 

b) b\b + c) lOV^ + a/ 

1, show that I60 + 11 i + 15 c = 0. 



prove that ~^= ^,) i - ^},iA 

= ■-, then each is equivalent to 7;-^^^ -^— -,- 

show that 



c-y 2;c+2y-z gy + Sa-ar 

o + 26-c~2J+2c-a~2e + 2a-i" 
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29. If_^:=_J^_=_^_, 

prove that- (v— z) + f (2--a;) + -(^ — v) = 0. 
a c 

30. n— -^ — -= * = ^— , 

lx(ny — mz) my ( & — war) nz («tx — ly) 
then will f (i-a:) + A(TO-y)+-£. (n-z) = 0. 

show that a? = ^^ ^• 

32. if ^-y^ ^y*-^^^ ^-^ -!^ 

show that 3: + y + z= a'+^' + c* ' 

33. If^=!^ = !:,and^, = g = 5=l, 
X y 2 a^ b^ <r 

prove that -+-,+ ^-3^^^^^. 
34 ica_c_e then a'"-c^ - Q^"g"^-(«"-^+^)' . 



35. If^ = ?« = ??=r =?5?, 

^i ij is in 
iiV6A + i,VZA+ 



+ 1 + L 

t-. ,-„ (a-b)(b~c)(c-a) 






5^(y-"')(y)'^ (»-»)(«-!')" 



1 + n; — Ui — ; + /- 



— c) (4-.)(S-.) (<.-a)(.-S) 



-2a)(o + o-2i) (c + <.-2J)(<. + S-2c) 



f5-2<:)(6 + »-2o) 
-6' 



.)"'"(J-o)(J-.)(>:-4) 



-o)(»-6)(i-c) 



+ !- 



x)^(j,-!)(i-y) ' (j-:.)(,-z) 
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15. 



16. 



(a+by+(b-cy+(a+cy 2_ 

{a + b)(b-c)(a + c) a + c 

1 1 



2_+ 2 



+ 



+ 



b — c ' a + 6 
1 



x(x — a)(x—b) a(b — a)(x — a) b(Jb — a){x — b) 



Ratios. 

§ 37. If ? = ^ therefore, arf= be. 
b a 

b d 

Now, dividing ad = be by ca, we have - = - 

a e 
have - = - 



oc? = 6c by cd, we — _ 

e d 



ctd= be hy db, we have r = - 

b a 

Also, ^ ' ^ = each of the given fractions. 
7nb-^nd 

'^(l) + '^{$\ {rnb + nd)^ 
mb + nd mb -\- nd 



For ??5HlZ?£ = , 
w6 + ^^ 



a e 
= rOT-. 



(1) 
(2) 

(3) 
(4) 



a 
A very important case of this i8m=l,w = ifcl; hence, 



a_c _ a + c a — c 

~ ~b + d~~b-d 



Also 



b d 

a—b c—d 



+ d 



a+b - . _ 
For, by (2) and (5) 

a b a — b _ a-{-b 

c d e 
Or thus : 



(5) 
(6) 



a 



— b e~d 



— d c + cf a + b e-\-d 



a — b 



? _ 1 i — 1 
b d 



a + * 24.1 £4.1 
b^ d^ 



-d 

+ d 



COKFLETE SQTIABES. 



Jt may also be obtained by extracting the 
and equating the remainder to zero. 

3^-\-aJ^-\-ba^-i-cx + d be a complete 

coefficients aatiefy the equation 

3. 

y that the coefficienta eatifify any other 



i square root of x' + a^ -{• ba? -i- ex -\- d in 
anner, we have for the final remainder 



f)]--lM)' 



xpreseion be a complete square, thia re- 
lat vanish ; and, that it may vanish for 
ues of X, we must have 



0- 
0- 



(1) 

(2) 

— ^ , we have c* — a'lf = (3) 

ts must satisfy the equations (1) and (2), 
re either of these equations, together with 
1 (3), which results from them. 

It may be obtained by aeauming 
x'^cx+d=ix' + \ax+y/dy 
- 2^^d+ iaV + ax^/d + d. 
icienta, we have 2-\/d + ^a^ = h . (1) 
a^d=c (2) 

lave c" — <^d = 0, as before. 
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5. What must be the value of m and of n 

ii^x^—12a^ + 26a^—Amx+Sn is a perfect square? 

Assume the expression = [(2 a:* — 3 a: +^(8n)]* 

Equating coefficients, we have 6y/(Sn) = 4m (1) 

and 4 V(8n) + 9 = 25 (2) 

Therefore, w = 2, m = 6. 

Or thus : Extracting the square root in the ordinary 
way, the remainder is found to be 
(— 4 w + 24) a; + 8w — 16 ; hence, we must have 
4w + 24-=0, orm = 6; and8n~16 = 0, orn- 2. 

6. If oa:* + ia:* + car + c? be a complete cube, show that 

ac^ = db^ and i' = 3ac. 

Assume aa^ + ba^ + cz + d = (a^x + d^y 

= 03^ + 3 aid^a^ + 3 aW»a; + d. 
Equating coefficients, b = 3aWi (1) 

c = 3aWI (2) 

Dividing (1) by (2), - = 37 ; hence, ac* = db^, 

c a* 

Also, i' = 9aWI (3) 

b^ 
Dividing (3) by (2), — = 3a ; hence, b* = Sac. 

c 

7. Find the relations subsisting between a, b, <?, rf, e, when 

ax* + ba^ -}- cai^ -}- dx -\- e IB a, complete fourth power. 

Assume ax* + ba^-{-cxi* + dx-^e= (a^x + ei)* 

= oar* + 4ateia;' + Qa^eh^ + 4aMa: + e. 
Equating coefficients, we have 

6 = 4a*e*, 
c = 6 aM, 
d^=4:a^e^ ; 
whence, bd=16a£ (1) 

6(? = 24aM = 6a X 4aM = 6ac? (2) 
cd = 24:aid = 6eX 4aM == 6^e (3) 



COMPLETE SaUARES. 



■h&t X* +px' -{-qa^ + rx + s can be resolved into 
ratioQal quadratic factors if 8 be a perfect square, 
tive, and equal to 



-s is a perfect square, let it be n*. 

ix*+p:^ + qx'-i-rx-n' 

' + mx + n)i^ + m'x-n) 

+ (mt + m') 3^ + mm'af — n (to — m') x — n?. 

Dg coefficients, we have 

m + m'=p, 



TO*+ Sotto' + Wl" =J3', 
4mm' = 4 J. 
(to — W)' —p' — 4 y = -J- 

p' — 4^' 

Ex. 49. 

s the condition that (a — x)(b — x) ~ t^ may b 

irfeet square ? 

le value of n which will make 2x* + 8x-\-n 

eot square. 

value of X which will make 

■6:^+llx'-\-3x-\-Sl a perfect square. 

. the square root of 

-hy~2(a' + b'Xa~by+2ia* + b<). 

e values of m and n which will make 

— i 3^ -\- 5x^ — 7110! -i-n A perfect square. 



COMPLETE SQUABES. 169 

6. What must be added to a^— y/{^x*— 1^x^+16) -^x^ 

in order to make it a complete square ? 

7. The expression a^ + af—lQa^ — ix + AS is resolvable 

into two factors of the form a^ + mx -\- 6 and 
oc^-{-7ix-{-8. Determine the factors. 

8. Find the value of c which will make 

4af*— ca:'+5a:' + -— + 1 a complete square. 

9. Obtain the square root of 

4 [(a'-6>c^f-ai(c»-rf«)]«+[(a'-i*)(c»- rf')-4 abcdy. 

10. li(a-b)a^ + (a + hfx + (a' - V) (a + 6) be a com- 

plete square, then a = 36, or 6 = 3a. 

11. Find the simplest quantity which, subtracted from 

aV +4 a6a?+ 4 acx + 6 ic + iV, will give for remain- 
der an exact square. 

12. a:* — 4a;'— •a:' + 16 ar— 12 is resolvable into quadratic 

factors of the form «* + rnx +p and a^ -{-nx-}- q\ 
find them. 

13. Find the values of m which will make ar' + mcLX + a* 

a factor of a?* — aa? + a^a^ — c^x + a*. 

14. Show that if a;*-f aa?+h3^-\-cx+d be a perfect square, 

the coefficients satisfy the relations 8 c = a (4 i - a*) 
and64rf=(46-a«)'. 

15. Investigate the relations between the coefficients in 

order that aa^ + iy* + cz* + dxy + eyz +fxz may be 
a complete square. 

16. If a:*-}- aa:' + ia?+ c be exactly divisible by {x-\-dy, 

show that }(*'-^') = ^=^(«-2^. 

a 

17. Determine the relations among a, i, c, d, when 

aa^ — bx^ -{-ex— dia B. complete cube. 



CHAPTER V. 

LiNEAB Equations of One Unknown Quantity. 

§ 38. Pbeliminabt Equations. Although the follow- 
ing exercise belongs in theory to this chapter, in practice 
the numerical examples should immediately follow Exer- 
cise I., and the literal examples Exercise III. Like those 
exercises, this one is merely a specimen of what the teacher 
should give till his pupils have thoroughly mastered this 
preliminary work. But few numerical examples are given, 
it being left to the teacher to supply these. 

Bx. 60. 

What values must x have that the following equations 
may be true ? 

1. a:-5 = 0; a:-3t = 0; ar — a = 0; ar -f 3 = 0. 

2. a: + 4i = 0; a: + a = 0; a:-f 3 = 5; ar-4 = 6. 

3. x — a = b; x-^a==c; x — b=i — c; 6 — a; = 8. 

4. 8-a:=10; 5 + a: = ll; 9-fx = 4; 7-ar = -5. 

5. 8 + a: = — 6; a-x^Sb; 2a = ar + 36; 3a = 56-a:. 

6. 2ar — 6 = 8; 3a: + 8 = 20; ax = a*\ 7nx = bm. 

7. 3x = c] ax = 5; ax = 0] (a -\- b) x = b -}- a. 

8. (a—b)x=b-a; (a+b)x=(a+by] {a — b)x=a^ — V. 

9. (a + i)a: = 6*-a'; (a*- a5 + &> = a» + 5». 

10. (a'-5«)a?=a-5; (a' - 6*)ar = a + i ; (a* + i»)a; = l. 
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Q 



30. (a?— 4)-(ar+5) + a: = 3; 2a:-(a:-5)-(4- 3ar) = 5. 

31. 2(3-a:)+3(a:-3)=0 ; 2(3a:-4)~3(3~4ar)+9(2~ar)=ia 

32. a(l — 2ar)— (2a: — a) = l; a: — 5(a — ar) = Ax — 6a. 

33. ma:(3a — 4) + 3?na:-3a+l=0. 

34. a(Aar — c)4-A(^^ — «) + ^(aa? — &) = 0. 
36. a(a:r — i) + &(ca: — c) + <? (ca? — a) = 0. 

36. a(iar — a) + i(car — i) + c(aar — {?) = 0. 

37. a(a:— 2i) + i(ar — 2c) + c(ar-2a) = a* + i' + c». 

38. 3{3[3(3ar-2)-2]-2}-2 = l. 

39. 9{7[5(3ar-2)-4]-6}-8 = l. 
^- i{i[Ki[^ + 2] + 2) + 2] + 21 = l. 
41. i{+[*(i[^ + 2] + 4) + 6] + 8{ = l. 

44. WA[*(i[i^ + 4] + 8) + 12] + 20{ + 32-68. 
46. i{f[K*[^+7]-3) + 6]-ll = 4. 

46. r}g'[p(n[??ia? — a] — i) — c] — rfj — c = 0. 

47. (l + 6ar)» + (2 + 8ar)« = (l + 10ar)». 

48. 9(2a:-7)* + (4a:-27)*=13(4a: + 15)(a:+6). 

49. (3-4a:)» + (4-4ar)' = 2(5 + 4a:)*. 

60. (9-4ar)(9-5a:) + 4(5-ar)(5-4a:) = 36(2-ar)». 

§ 39. In solving fractional equations, the principles illus- 
trated in the sections on fractions may frequently be applied 
with advantage, as in the following cases. 

When an equation involves several fractions, we may 
take two or more of them together. 



Examples. 

5 7:i:-3 _ 4a:+6 
6x + 2 7 

ad of multiplying througli by the L.C.M. of 
niiiatorB, we combine the firat fraction with 
getting at once 

■.1 = ^. .\'Ix-S = Sx+l. and x = l. 
14 2 

-8^ 13a:-2 x_^7x x+l 6 

17a:-32 3 12 36 " 

le, taking together all the fractions having 

lerical denominators, we get 

f 123^ — 21 j: + j;+ 16 _ 13a: -2 . 
36 173r-32' 

^^- .■.425a:-800 = 234ar-36; 



Ivantageous to complete the diviakms repre- 
ractions. 



i'_8t 



^-!C-0 



leting the divisions, we have 
__1 . 2^^ _6, ^ 
■ 9''" 3 '^ a: 9' 
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. ax-\-b . cx4-d ,^ 

X — ftl X — ?l 

.*. a H ■ \-c-] ' — — a + r. 

X— 7n x—n 

.'. (am + b)(x — n) + {en + c?)(a: — m) =- 0. 

.'. (am -}- b -\- en -{- d) X ^= {a -\- c)mn + hn + dm, 

6. Similarly may be solved 

ax+b ^ cx + d ^ ex^+fx — g _^ , ^ , ^ 
x — m x — n (a: — wi) (x — w) 

. am + b cn-\-d \e{m-\-n)'\-f^x~ ^*^^ — 9__(\ 

• • 1 -p . -p -^^ - U. 

x-^m x — n {x — fn)(x — n) 

.'. (am + b)(x — n)'\- (en +d)(x — ???) 
+ [e(m + n) +f]x — cmn — ^ — 0. 

..[(a + e)m + b + (^c + €)n + d+f]x 
= (a + i + e)m7i + in + dm + g. 

g mx+1 Sx+5^^^ 
Sx+1 "*" ar-1 

AA 43 , Q , 13 p.o 13 43 

.-. 44 — + 8 H = 52, or 



3a: + l a:— 1 ' x-l Sx+l 

. 39a: + 13 = 43ar - 43, and x = 14. 



7. 25^d£ + 16£+4i_5^ 



23 



ar+1 3a: + 2 a:+l 

Taking the last fraction with the first, and multiplying 
the resulting equation by 15, we have 

240a? + 63 __y^ . 5a?-30 
3a; + 2 a;+l 

.•.80--i^ = 75 + 5-. ^^ 



3ar + 2 ar+1 

01-^1— = -^. .-. 8ar = 27, anda; = 3i 
3a?+2 a: + l 



EQUATIOHS. 



X~C _ 

c) . a;-(a+&+c) ■ x~{a+h+e) __ 
4 + « 
lbyi-(<. + S + c)=0; 



= 3. 



wt + n 



x-l 



0. (See Exam. 4.) 

I,-?; 'A}i-vij 18 

I _1 2 2 _5 

j y-T § y-10 18 

10_„_„ 



0. .■.y-6l. 

Bl. 61. 

» + 2 51-4 
r-16 9 ' 

-16, „ 2i + 15 
^26 + ^ 6~' 
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4 4ar-7 . 2-Ux . 3t + a? _ 10-8»a ? 19 
* 2a:-9"*" 7 "^ 14 2 21* 

- 2x-\-a . Sx — a pi 

3(a;-a) 2(a; + a)~^' 

^ ar-4 , 3a:- 13 1 

D* — 3 -J- 



7. 



6x + 5 18a:-6 3 

8a;+l a;-ll _^ 
2a:- 16 2a: -10 



Q X " I X O p 

a:— 5 a: — 8 

9. ^.^:^+£j=4,= 2+ 7 



a:— 7 a:— 12 a: — 7 

-^ 8a:- 19 , 3a:— 11 n 

10. — — -^ — - = D. 

a:-13 a: + 7 
11. ^-2 J a:-l 5 



2a:+l ' 3(a:-3) 6 

12 ^+1 t ^ + 4 _ 9 
' 4(a:+2)'^5a: + 13 20 

,3^ 5{2^+3}^5,zl? = 5a:-6. 
2a: + l 2a:-5 

14. -§-,+ 1 ^ 



a: — 7 a: — 9 a: — 8 

,. 7a: + 65 3a: q 3^+8 
2a; + 6 2 2a:-4 

16. _1I_+ 15 32 



a:- 16 a:- 18 a:- 17 



LISEAE EftUATIONS. 



3-241 28-51 
U(x-1) 3 


10»- 
30 


^ + 1 




2 
-6 




60 + 8^ 48 y 
1+3 »+l+ 






J 7i*-3t-9 






71-10 







-17_ 2fj'-6i-15) 



4a: + 4 4a:+8 
_2i-7 2i-8 



t-7 



+ - 



-10 



13 



rT^ + 



5^-K10-3i) 
39 

1 + a; 



^ + » 



LI) ' 2(»' + l) ' 54(» + l) gCi'+l) 
' + "» 



2i-3 



(i-a)(i-S) 



a + i 



LINEAR EQUATIONS. 179 



3j 12ar+10a 28j: + 117a _ -^q 
Sx + a 2x + 9a 

l^x-6~^l^x-l2 l^x-'S'^~l^x'-'io 

33 1 I 1 X 16:c 

2{x-iy^2(x-l) 2(x»+l) (a:^l)(a;»+iy 

36 3a: Slar'-O ^g^ 3 /2a;'-l \ 57 - 8 j . 

2 (Sx-l){x + S) 2Va: + 3y" 2 

36 1 + 2g+l _ 4a; + 5 ^ x'-x + 2 _ , 
' "^2(a;-l) 2(a:+l) a;'-2x+l ' 

g_ 7j;-30 5a;-7 2-21a; 
■ lOJ ia;-3 21 

38. 18^z:22 g^ l+6£_j3^^101--Mx. 
13 — 2a: 8 ^ 8 

39 4 — 9a: 5-12a: ^o 24a:'-5 



l-3a: 7-4a: 7-26x + l2a^ 

^Q 8ar + 25 . 16a: + 93 ^ 18a: + 86 6a: + 26 
2a: + 5 2a:+ll 2a: + 9 2a: + 7* 

41. _1— L_ L_+_i ^0. 

x-i-a + o x — a + b x + a—b x — a — b 

§ 40. The results dedaced in the sections on ratios may 
often be applied with advantage. 
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Transposing, — h 



ar— -6a ar + 3a a? — a a? — 2a 

. 3 J? — 9a __ 3ar~9a _ ky/s^fCQiy 
'V-3ar-18a« a;*-3aa;+2a' 20a* ^^ ^^ 

/. 3a;-9a = 0. 

.*. a?=3a. 

Bx. 52. 

1. 5. -. 

i—x a X — m a — o 

9 x + a ^ a + b a — b 

4. = m, w. - — ' — -- • 

x — a^ l+orl — ca? 

o qar + ^ __^ iq a + bx ^ c-^-dx 

ax — b n a + b c + d 

- g-f a: __ , -- a + bx __ c + dx 

i + 2ar ' a — b c — d 

6. ^(^ + ^) -6, 12. «^l£=:«±^. 

a — a: ' i — a: i + ^ 

g g __ & j3 2a:'-5ar+9 ^ a:* - 7a:+5 

' g-ar i — ar' ' 2a:»-7ar+3 ar'-8a:+2 

^ a + x__a-\'b -^ ax + b~c __ (b — cf 

a — x^ a — b ' ax — b + c {b + cy 

-- g* a*a; 2c o 

16. — ; 7-. ; 7; = ; — ^CX, 

a* + ab + b* cf-V a — b 

16 2a:-7 _ ar + 7 ^^ 23a: + 54 ^ 86a: -7 

' 2:r-3 a:+ll' * 115ar-29 180a:+23* 

4a?-5 _ 10a?-32 ^^ 210 a:- 73 _ 21a; + 7.3 
' 2a:+10 5a:-8j' * 310a:-66 31a: + 8 ' 

-o 57a; — 43 39a;— 7 01 mx—a—b 7nx—a—c 



19a; +13 13 a; +25 mx—c—d nx—b—d 



ECJUATIONS. 








'OX — b 








fflV + ahx--c 








a'x'-abx + c 








ix' + Gx-i 








43:' -63; + 4 








•-)'4fe+ 


±_ 


+ 


£)■ 


Ml^hf 


'■ 







^^i)' 



-}■)(« + *) ia-by 



T + 



i)(4-»)^(*-o)Ct-o) 



iCi' + oV + o') 



\_ x+)i x+6 J 
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§ 41. Sometimes a factor independent of x can be dis- 
covered and rejected. 



Examples. 

1. =^6cx 1 ■ — v 

a-\-h a {a + by a \{a+by) 

Transpose — and factor ; then, 
a 






= x\^c + 

. ah 
a + b 



x. 



2. 



x-\-a x—b x—c 



(a-b){c-a) (a-b)(b-c) (b-c){c-a) 
b + c 

■ ■ ■ — 

{a — b)ib — c){c — a) 

Add, term by term, the identity (Th. III., page 67), 
X — a , X — b , X — c 



H T^^TT 1 ^^ = ^- 



(a-b){c-a) (a'-b)(b-€) (b-c)(c-a) 

. 2x ._ b-\-c 

"(a-b}(c-a) ia-b)(b--c){c-a) 

2\b-cJ 



+ 4)' + (o+4)'-(» + J)'-(i + o)' 

-j- a' + i' = abc. 

ft-hand member vaniBheB for a; = 0, and hence, 

jrmmetry, for a = aad b = 0; therefore, it ia of 

form mabx, in which m is nwmerical. 

= a^ b, and m is found to be 6. 

, the equation reduces to 

v-^^ahc, and .'. a; = ^c. 

) x-2b+a 

-J— m, 37 — a = n, and hence, m—n = a — h; 
we have 

„_(,„„) _ 2„-„ 
-m + (m-») 2«.~« 

•-»'-2m»(m'-rf) = 0. 

. + «)(m^»)' = 0. 

I — n = a — i, and rejecting this factor, which 

not contain x, 

» = 0. 

+ n = 2j:-o-ft. 

,-a-b-O. 

-i(a+i). 

Ex. 53. 

t) (o - i) - (o» - S) = dJ (« + 1), 
1(1-0) + ((. + i)(» + c) = 2(fe+oii). 
i(«-c)-(<. + S)(» + c) + 2<.(J + c) = 0. 
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6. {a-h){a-c){a + x)-\-[a + b){a + c){a-x) - 0. 

6. (a-i)(a — c + ar) + (a + &)(a+c — a:) = 2a*. 

Solve in (x — c). 

7. {m + a) (a + b -- x) -}- (a — m)(b -- x) == a(m + h). 

8. m(a + 6 —-a?) = 71 (a:— a — i). 

9. {m-\'n)(m — n — a:)+m(a:— n)— n(x— ?n) = 7n'—n*. 



10. 



m 



m 



i+rLUi+Pni^s. 



n 



P 



11. «'i-x I b'e-x ^ ^°-^ -0. 



a 



12. ?;i5 + *zi£+£i;^=a 



5c 



ea 



a6 



13. ^-ax ^ l-bx ^l 



ex 



= 0. 



5c ' ca ' oi 

Deduce the solution from that of No. 12. 



Ua — bx , b 



bc 



ca 



ex , c — ax /^ 



ab 



IK / I 1 I \ a' + i* 2aia: , /a + i\^ 

a — 6 a + 6 \a — oJ 

3aic a»y . (2a + S)ya: ^ (5 + 3ac)ar ; 
a+5'^(a + 6)» a(a + 6)' a 



16. 



17. 10 + 4 = 5 + 2. 
a; 9 ar 3 



Solve in 



18. 1 + 1=23-^. 1_JL. 
a;^3 3a; 12 4ar 

19 7 13^ 2(5a?-^12) 17 . 10 
' 3"^ 5a? 3a; 20 a;' 

20 10-^ . a3 + a; ^ 7a; + 266 4a; + 17 



a; + 21 



21 



LIKEAE 


EQUATIONS. 


3 1 


7 


t + 3) 2 


2(« + 3) 


l + 8i 1 
15 
1 
" a 1 


-I 1-3 
3 5 


1 + 1 ° 
-2)-(i- 


3)(»-4)-3. 


-4)_(«- 


2)(x-6). 


i + 4) + (2 
2)(2i-8) 


;t-3)(3. + 2) 
= 0. 


-i)-!-. 


30. (a-i)(4 + j;) = S'-i'. 


6) = »'-<» 


31. (i:-o)(i-i) = i--a'. 


-«)-(a- 


x){b-^y 


: + ») = (S 


~a.)(a-hz). 


-:«) + (<.- 


c-»)(i-i + c) = 0. 


-!)-(.- 


r)((f-j;) = (<, + d)i-rf. 


-S)-{»- 


.)(»-i)_(i-»)(i-6). 


-aS][a-(<. + J)a:] + 2oS'i 
S)':t + oS][S-(a-i)4 


-2)(^ + 3) 


= (i-3)(i + 4)(. + 5). 


-2)(i + 3) 


-3)+S(i+1){4j + I). 


-4)(«+7) 


.(1 + 2) (I + 6)'. 


■5)- = (» + 3)'(i + 6). 


-4)(i-6) 


-iCit-2)(»-9) = 136. 
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43. (a + x){b+x)(c+x)-(a-x)(b-x)(r x) 
= 2{3? + abc). 

x-'d ('-«')• 

45. x(x - ay-(x — a + b)(x-a + c)(x-b-c) 

= {a} + be)(b + c). 

46. {x~a-{-b){x-b-{-c){x-cJrd)-3*{x- a + d) 

= bc(d—a). 

47. (x~a+b)(x-b + cXx — c+d) 

— x(z — a + c)(x — c + d)^ br(d-a). 

48. (a;-2a) (a:-2A) (a;-2c) - (x-a-b) (x - b- c) (x-c -a) 

= (a+b+c) (a'+ft'+c»)-9ai<?. 

49. a* — {x-a + b)(x-b-{-c)ix-c+a) 

= (a+i+c)(a'+i'+c')-2(a'*+*V+c'a)- Zabc. 

61. (ar + a)(ar+ 6) + (x + e){z + a) = {x + b){x + d) 
+ {x + d){x + c). 

52. {ax-\-b){ax^c)--a(b'-x){ax + b) 

= a*(x — c) (a; — J) — a(ax — c)(c — x). 

63 2£— 3 , 3a:-2 5a:»-29a: — 4 



54. 



55. 



56. 



ar-4 rc-S a:*— 12a:+32 
5a:-l 3a; + 2 _a;' — 30a: + 2 



3(ar+l) 2(a;-l) 6a:»-6 

3a:-7 3(a; + l) ^ lla: + 3 
2a:-9 2(a: + 3) 2ic» — 3a:-27* 

7ar— 5 . 8a: — 7 . lOar+7 ^5 
3a:-2 3a;-l 9a:'-9a; + 2 



57 2a:+7 . 33r-6 . 5(a:-l) _ 3a:-2 . 5a:-8 . 2a:+2 
3ar-7 2a:-5 9rr-25 2a:-5 9a:-25"^3a:-7* 
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3 __ ix' + 2 
"l-ar x'-l' 



x-b 



2 
3 


1 3 

"i 2 


2 
3 


3 




+ 1 


f + 


»-4 


3(5i+16) 
6»-28 


~P^ 


rM-j 


2 + °-- 


\- 


3: + (f_ 


i+i- 


+ ^ 


-a: a 


^- 



, b + c a + c + 25 



5a: _ aa; ((m:'-25)& 

oa; + i ax~b a V — 6" 



i cx — d (bn-\-<ini)x—{bq-\-dp) _ a c 
p-^nx-q^ {mx~-p){nx-q) 'm'^n 
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70. J!?- +_!L,+ ^P_ = _!?!_ +_!!_ + _£_. 

x — a X — x — c x — c x — a ar — 6 

„, ax-2a ax — 2b -^ 2a^ — Zx + b 2 
oa;— 26 ax + 2a l3^-^x + 2 7 

1_1 _1 
72 1_£_!L£ 74. ^~^^ + ^ -^ 



76. 



oaf — bs^ -\-ax — d ax — b 
ma? — Tu^ -{• mx — q mx — n 



1 1 2 • , 2 

— a: la: ^x-\ — 

76. ^+l=-^-l. 77._^-2-^2 ! 3 

I + /4 1 + , 4 2 3 3+,^| 

4 4 3 3 

^g _21 71 21 71 



— 98 ar— 94 a: + 44 a:— 62 
79. -JL_ + _L_ = -A^+ 1 



80. 



a:-6 a; — 11 ar— 7 ar~12 
9 9 2 2 



a:-51 a:— 15 a;-81 a: + 81 



81.-^+-^ = -^+ ' 



x — 6 x-9 x-7 a;— 10 
82. -i^ + -A;=-^+ * 



83. 



ar — 6 ar— 3 ar— 2 ar — 5 
m — n a — J m — n a — b 



— a X — 7n x — b x — n 



x — a 



84 0^+^ ^4^ &+<^ g+<^ 

ar— ^> ar-c^ar— (a+i+2c+r/) x-{a-i-2b+c+d) 
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H(a+i)']. 

-X Zx 



e+a • a+b 

2x + a + b){x + a + b). 
hx-1 , cx-l Zx 



b-(c + a)^c'ia + b} ab + bc + c 
x-2b . x~2c _o 
e+a-b'^a + b-e ' 



a+b-c a+b+c 



-be (f-ab a + bi 



a—b-j-c a-i-b — c 



b _ a— c . p— c 
x-\-a — o x-{-b x-\-a 
«'(i-c) p\c-d ) 

x — n x—p 

Kn-p)c + ^,n-n)b-, 



^]_ 



K»:-6)(»-9)+(»+2)(»-4)(»-5)(a-ll) 

X 

;„.-8)(a-10)-|-(}+2)(i+3)(H10)(i+U) 



LINEAR EQUATIONS. 191 



Equations Resolvable into Linear Equations. 

§ 42. In order that the product of two or more factors 
may vanish, it is necessary, and it is sufficient, that one of 
the factors should vanish. Thus, in order that {x- a)(x—b) 
may vanish, either x—a must vanish, or x^b must vanish, 
and it is sufficient that one of them should do so. 

Hence, the single equation (x — a)(x — b) =0 is really 
equivalent to the two disjunctive equations, 

X — a = or ar — & = 0, 

for either of these will fulfil the conditions of the given 
equation, and that is all that is required. 

Similarly, were it required to find what values of x would 
make the product (x^a) (x— b) (x — c) vanish, they would 
be given by 

ar — a = 0, or a? — 5 = 0, or a: — c = 0. 

.*. ar = a or i or c. 

Hence, the single equation (a:— a)(a:— J)(a:— c) = is 
equivalent to the three disjunctive equations 

X — a = 0, or a: — 5 = 0, or a; — c = 0. 

Examples. 

1. Solve a:* - a: - 20 = 0. 

The expression = (ar — 5) (a: + 4), which will vanish if 
either of its factors does ; that is, if a:— 5=0, or a: + 4=0. 

.'.a: = 5, or a; = —4. 

2. Solve a:* — a^ — a:' + a: = 0. 

This gives ar^(a; — 1) — a:(a: — 1) = x(x —l)(x^ — 1) 
= a:(a:— l)(a: + l)(a:— 1), 
which vanishes for a: = 0, a: = 1, a: = — 1. 



\-ab{a-b) = 0. 

= 0. 

{nation will hold irrespective 

nd x—b, and therefore of the 

i be not zero, then must either 



). 

17ar-3andl3a; + 2; 

atisfiedby 

O.orx^-A- 

>3(^x~a)(a-b)(i-x),B.nd 
ic — a = 0, oriC = a; and for 



the factors 2x-4 and 2r^6, 
ralues of x. 
faotoFB 23r— 1 and 3a; — 1, 
ling values of a;? 
factors Ba? ~ 12 and 4x — 5, 
values of X. 

dch the following expressions 
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6. x' — 9x + 20; 4a:'-18a: + 20. 

7. x' + x-Q; a:* — a?-12; Oa:" — 9a: — 28. 

8. 6a:»— 12a?+6; Gar* — 13a;+6; 6a:»~20a: + 6. 

9. 6a;* — 5a:-6; 6a:»— 37a? + 6; 6a:* + a: — 12. 

10. A certain equation of the fourth degree gives the fac- 

tors a:*— a?— 2 and 4a:*— 2ar— 2. Find all the values 
of ar. 

Find the values of x in the following cases : 

11. ar' — 2bx' — Sb*x=0. 

12. a;*— oa:* — a'a: + a* = 0. 

13. a;» — 3ar+2 = 0. 

14. a:* — 2aa:» + 2a»a: — a* = 0. 

15. a^+(b + c)a^-bcx — b*c—b<^ = 0. 
x — a I x—'b {a — by __ a:* — a* 



16. - — r + 
x — b x — a (x — a)(x — b) (x— a){x — b) 

17. a^ — bx' — a^x + a^b^O. 

18. 3a;* + 5aia:» — 4aWa? — 4a»5» = 0. 

19. a^(a-b) + c^(b-x) + b\x — a) = 0. 

20 (ar-ft)(a:-c) . (a:-c)(ar-a) ^ ^ 

• (a-b)(a-cy(b-c)(b-d) ' 



21. ar 



\x+aj \x+aj 



22. (x + a + b)*-x'-(^-b' = (x + a)(a*-b'). 

23. ^^-^ , + , ^r-Tr+ "^ 



(b—a)(x—a) (x—a)(a—b) (a—b)(b—x) a—b 

24. Form the polynome which will vanish for a; = 5 or — 6 
or 7. 
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25. Form the polynome which will vanish for a: = a or 4 a 

or 3a or —4a. 

26. Form the equation whose roots are 0, 1, —2, and 4. 

§ 43. Employing the language of Algebra, the principle 
illustrated in the preceding section may be stated as fol- 
lows : 

Definition. Any quantity which substituted for x makes 
the expression f{x) vanish, is said to be a root of the equa- 
tion f{x) = 0. Thus, if a be a root of the equation /(a:) = 0, 
then /(a) = 0. 

By Th. I., if a; — a is a factor of the polynome f(xy, then 
/(a)" = 0, and a must be a root of the eqvMion f{xY= ; 
hence, in solving the equation, we are merely finding a 
value, or values, of x, which will make the corresponding 
polynome vanish. Suppose fixY = (x — a)<l> (xy~^ = 0, we 
are required to find a value, or values, of x which will make 
(a; — a) ^ (^)*~^ vanish. The polynome will certainly vanish 
if one of its factors vanishes, whether the "other does or not, 
and will not vanish unless at least one of its factors vanishes. 
Hence, (x — a)<l> (xY~^ will vanish if a; — a = 0, quite irre- 
spective of the value of <^(a;)**~\ Also, if <^(a:)*~^ = 0, the 
polynome will vanish, irrespective of the value of x — a. 
It follows, therefore, that if /(a;)" can be resolved into two 
or more factors, each of these factors equated to zero will 
give one or more roots of the equation/(a;)* = 0. 

When there can be found two or more values of x which 
satisfy the conditions of given equations, they are some- 
times distinguished thus : a^i, a:,, a:,, etc., to read "one value 
of a;," "a second value of a:," "a third value of a;," etc. 
Thus, if ^^ ^a)(x~ b){x - c) = 0, 

.'. Xi = a, a;2 = h, x^ = c. 
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E;CAMPLES. 

1. Solve 2a:»- 13a:* + 27 a:- 18 =-0. 
Factoring, (x ~2)(x — 3)(2x-S) = 0. 
.'. Xi = 2, a:, = 3, ar, = 1^. 

2. 3^ — (a+b)x + (a + €)b = (a+c)c. 
,'.a^-(a + b)x + (a + c)(b- c) ^^ 0. 

/. x" -^[(a + c)+ (b -c)]x+ (a + c){b - c) = 0. 
...[^_(a + c)][a:-(J-(?)] = 0. 
.'. a:i = a + e, a:, = J — c. 

(a'-i')x-(a' + 6») 

"x-1 i'(a:+l)" A^-V 6* 
■ 3^1+ 1 a_-n • ^ — E+A 

• • 7 — 7 — v. . .Xi -■ 

Zi — lb a — 

• • r T T — V- . . Xi— — T« 

Xt—lo a-j-0 

(a-xy + (b-xy _34 

{a-xy + (a-x)(b-x) + (b-xy 49 

. (a-a;)'+2(a-aO(^-g)+(^-a^)' _ 2(49) - 34 _. ,g 
• • ^a-xy-2(a^xXb-x)+{b-xy 3(34)-2(49) " 

■■l(a-x)-(b-x)i 

. (a-a;.) + (S-:r.) _4^Q .-. x.= }(5*-3a). 
a — 6 

a — b 

6. (a:-a)(a?-6) ^ (a? - &) (a; - c) _ -^ 
{c — a)(c — b) (a — b){a~~c) 



4. 



LINEAR EQUATIONS. 

erm by te'rm jrom the identity (Bee page 67} 
-b) (x-h)(x~c) . i3!-c)(a:-a) _, 

-a) = 0. .-.flTi^c, Xt = a. 
liKwioi roots of a^ - 123^ + Six" - 9(k + 56 = 0. 
the left-hand member by the method of § 27, 

a;, = 4, ora:' — 6a: + 7 = 0. 

6ar+ 7 cannot be resolved into rational fac- 
i know that it will not give rational roots ; 
e, X| = 2, a:, = 4 are the only values that 
B condition of the problem. 

at two eipresaions having a common factor 
, it is necessary either that the common factor 
I, or else that the product of the remaining 
) of the expressions should be equal to the 
e remaining factors of the other expression, 
lent if one of these conditions be fulfilled. In 

(ar) = (a; - a)<l>(x), .: a;, = a or /(a:) = ^(a;). 

+j 

1 1 .a;-o fn-a 



(i+i+c)=(i-3<.+SX2i-3o + 2J-c). 
-b _ 2x-3<» + 2t-e _ j:-4a+t-c 
i-h « + 6 + c 3o + c 

Page 155, (5). 
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. 2(ar — a + b) _ x — a-j-b 

x—Sa-{-b 3a + (j 
.'.Xi = a — b, 
i(XiSa+b) = Sa + c, /. a:, = 9a — i + 2e. 

9. (^,-2) (x-6) (a:-6) (x-9) + (y+2) (y-4) (y-6) (y- 1 1) 

= x(x-4:) (x^7) (^-11)+ (y+1) (y-1) (y-8) (y-10) 
+ (z+2)(2+3)(2+10)(«+ll). 

Letx'=a^—llx, y=y' — 9y, and 2'=«* + 13z. 

.•.(:p'+18)(:r'+30)+(y'-22)(y'+20)+(2'+12)(2'+40) 
= :r'(a:'+28) + (y'-10)(y'+8) + (2'+22)(z'+30). 

.•.a:'»+48a:'+540+y»-2y'-440+z'*+52/+480 
= a:"+28a;'+y''-2y'-80+z'»+52z'+660. 

.•.20a;'=0. a:* — lla: = 0, Xi = 0, ar, = ll. 

Bx. 66. 

What can you deduce from the following statements ? 

1. A'B = 0. 3. (a-b)x = 0. 

2. ^-^.(7=0. 4. l2xi/ = 0, 

6. What is the difference between the equation 

(x-5i/)(x-iy+S) = 
and the simultaneous equations 

a; _ 5y = and a: — 4y + 3 = ? 

What values of x will satisfy the following equations ? 

6. x{x—a) = 0. 11. x(x' — a*) = 0. 

7. ax(x + b) = 0. 12. aV = 5'a:. 

8. (a: — a)(5a;— c) = 0. 13. a:* + (a — a;)' = a'. 

9. aa;' = 3aa:. 14. x" + (a — xy = (a-2x)\ 

10. a;» = (a + i)a?. 16. (a-a:)'+(a;-5)'=a»+6«. 



:mbar equations. 

-ab = 0. 

:)(x-b) + (x-b)' = a' + ab + b\ 

iA = 0. 

^ -i- (ab -{- be + ca)x — ai>c = 0. 

ive, wliat value, or values, of a: will 
jquationB : 

.0. 23. 3a^-10a:+3 = 0. 
0. 24. 3^-13a;' + 36 = 0. 

0. 26. x'-2x'-53:+e = 0. 

; equations ; 

)■=(«-»)■. 

:)(i-i)+(x-i)'-(.-J)-. 

-xy. 29. a^(h-xf = b'(a—x)\ 

■y + (b -:,)' = (>. 

-1)- 

33. <■ + >-» , <»-<' + » 
«-<,-i a + c-i 

a + c) = (a-6)'-a;'. 

.+ 6-i)(S + <.-i!)-0. 

)■_(,. + 6-2^)'. 

-».)» + «-» = 0. 

e ^2. tta;*— ^J' + c _ a—b + c 
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UK) 



43. 
44. 

45. 
46. 
47. 
48. 
49. 

50. 

51. 



(2a-b-xy+9{a-by = (a + b'--2x)\ 

(2a + 2c- xy = (2b + x)(Sa-b + Sc-2xy 

(Sa-6b + x)(ba-Sb-x) = (7a-b-Sxy. 

(Sa — b + x)(Sa + b-x) = (ba + Sb'-Sxy. 

a(a — b)—b (a — c) X -\- c(b — e) 2^ — 0. 

(ab + bc+ca)(x' + x+ 1) + (a- by 
= (2ac + b^)(x' + x+l) + (a-cyx. 

{x + l)(x+3)(x^i)(x-1) 
+ (x-l)(x-3)(x + 4:)(x + 7) = 96. 

(x-l){x + SXx-b)(x + 9) 
+ (x+l')(x-S)(x + b)(x-9) + lS^0, 



52. 



53. 



54. 



55. 



60. 



61. 



62. 



63. 



56. 



a~ X , X -- b _ 13 
x — b a — X C 

a—x b-\-x 



57. :-__r-iJr = _- 



b-^x a—x 



58. 



ax m n 

- + - = — 

X a n 7n 



59 (a-»:)'+(^-^)' _5 
{a-x)(x-b) 2 



X a — b a + b 

X b a 

a + x . b + x _cy^ 

b + X a-\-x 

(^x + ay + jx-by ^ a^ + b'' 
{x + ay-{x-by 2ab * 

(a^xy-{x-by _ ^ah 
(a-x)(x-b) a'-b'' 

(a- xy + (a- x)(x-b) + (x - by __^9 
(a - xy -{a'-x){x-b) + {x- by 19* 

2a^ + a{a- x) + {a + xy _^ 
2a* + a(a + x) + {a- xy 2 



n 



n 

— •• 

7/1 
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82. ^^ + -5 i^ = -^+ ^ 



a; + 20 ar+5 a?-4 a?-65 a?~40 ar-25 

83 2a;4-5a x+8a . a? __ a?— a x+5a . 2a?~5a 

a: ar—a a?— 2a x—3a ar— 4a a?~5a 

84 ^ + ^ I g + 2 . ar + 4 ^ ar + 3 . x-l . a: — 8 
ar + 2 X x-l ar-2 a;-3 ar — S' 

85. 7^-3L. + _^ + .8__ _^_ JL + ^_=0 
X x~l^x-2^x-S^x-4: ar~5^a:-6 * 

\a+bj l + cx \a+bj\l + cxj 

g^^ i£l±4a^Il33^ = j(4a:»_8a:»a + 9a:a*~2a»). 
2a: + a ^ ^ 

88. 1 + 1 == ^i^ 

a:* - 11 a: + 28 a:* - 17a: + 70 a:* - 14a: + 40 

89 8 ■ 8 x^ 

a:» — 6a: + 5 a:'-14a; + 45 a:*-10a: + 9 

90. 6(a~a:)*-25(a-a:)'(a:-5) + 38(a-a:)'(a:-5)' 
- 25(a -x)lx- by + 6(a: - b)* = 0. 



CHAPTER VI. 

kHEOUS LiNEAB EQUATIONS. 

three general methods of resolving 
r equations : first, by sobstitution ; 
ison ; third, by elimination. The last 

into the method by cross- multipliers, 
J arbitrary multipliers, 
ilimination method, the work should be 
1 coefficients, each equation shoald be 
pater of the operations performed should 



+ y+ 2-15, 
t 8y+ 16s- 57, 
f 27y+ Si! -179, 
f 64« + 2562 -453. 
(-125y + 6252 = 975, 



\ 



1- 15 (1) 

I ^ € a 16- 67 (2) 

1 3 9 27 81-179 (3) 

1 4 16 64 256 = 453 (4) 

1 5 25 125 625 = 975 (5) 

13 7 15= 42 (6) 

1 5 19 65-122 (7) 

1 7 37 175 = 274 (8) 

1 9 61 369 = 522 (9) 

, 2 12 50= 80 (10) 

2 18 110-152 (11) 

2 24 194=248 (12) 

6 60= 72 (13) 

G 84= 96 (14) 

24=24 (15) 

1= 1 (16) 

1 =2 (17) 

16)1) 1 =3 (18) 

15(16)1 ... 1 - 4 (19) 

) + (16)] .1 - 5 (20) 
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An examination of the Register will show how easy it 
would have been to shorten the process; thus, (10) is 
(')-(6), which is (3) + (l)-2(2): similarly. (11) is 
(4) + (2)-2(3); therefore, (13) is (4) + 3 (2)- 3(3) -(1), 

etc. 

Ex. 56. 

Solve the following systems of equations : 

1. 2a: + 3y = 41, 4. ^ar^iy-l, 

3a: + 2y = 39. i^r-fy+S^O. 

2. 5ar+7y=17, 6. iy-^ar-l, 
7a:-5y= 9. iy-fa: -1. 

3. iar+Jy = 6, 6. 1.5a: — 2y = l, 
3.r - 4y = 4. 2.5a: — 3y = 6. 

7. 3.5a: + 2iy=13 + 4|a:-3.5y, 
2|a: + 0.8y = 22J + 0.7a: - 3^y. 



8. 


11 5 
a: y 6 

1 1 1 
a: y 6 




11. 


17. -O-^-S. 
16. ^-^-2. 

y 


9. 


? + ? 3. 
X y 

15 4 , 
— 4. 

X y 




12. 




10. 


1.6 2.7 
X y 


1, 


13. 


5x , 0.3 g 

0.7"^ y 




0.8 3.6 
X y 


5. 




10- + ?= 31. 

7 ^y 
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i(y-i)= 




'-±^1+1 = 2 > 
2x~yJrl I 

x-y + Z 

i + 3y+13 _ ,n 
0.4i + 0.6y-2.6 
0.8j + 0.1y + 0-6 _ 1 
5a:+3y-23 2' 

x+l y+2„ 2(3;— y) 
3 4 5 ' 



«Y 3 4 



;+l) = 15(y+l) = 12(«+j,). 

2);(y+l):(=: + y-3)::3i4:5. 

6):(> + 9):(i + y + 4)::l:2:3. 
3-V + 8 
1 Ji + S' 
-3 _ 5a:-6 
■H) 5y + 7' 

4)(!'+7) = («-3)(!, + 4), 

6)(y-2) = (;. + 2)(,-l). 

l)(6y-3)-3(3»+l), 
l)(4y + 3) = S(7:.^l). 

l)(2j,+ l) = 5iH- 9y + l, 
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28. (3ar-2)(5y + l) = (5a;-l)(y + 2), 
(3ar-l)(y + 5) = (a; + 5)(7y-l). 

29. ar + y = 37, 87. ar + y + z = 8, 

y + z = 25, 2ar + 4y + 8z = 13, 

2 + ar = 22. 82r + 9y + 272 = 34. 

30. 2a; + 2y=7, 38. a: + 2y + 82==32, 
7a;+9z = 29, 2ar + 3y + z = 42, 
y + 8z=17. 8ar + y + 2z = 40. 

31. 1.3a:-1.9y=l, 89. ar + y+2z = 84, 
1.7y - 1.1 25 = 2, a: + 2y + 2 = 33, 
2.9z — 2.1a: = 8. 2a: + y + z = 82. 

32. 5ar + 3y + 2z = 217, 40. 8a: + 8y + 2 = 17, 
5ar — 3y==39, 3a: + y + 32 = 15, 
3y-2z = 20. a; + 8y + 3z=13. 

33. ^a: — ^y = 0, 41. a: + 2y — 2 = 4.6, 
lx-iz = l, y + 2z-ar=10.1, 
^z_jy = 2. z + 2ar — y = 5.7. 

34. l|a: + l|y=10, 42. a: + 2y-0.72 = 21, 
2fa; + 2|z=20, 3a: + 0.2y-2 = 24, 
sly + 3fz = 30. 0.9ar + 7y- 22 = 27. 

36. rc + y — 2 = 17, 43. a: + y --: l^z + 8, 
y + 2-a;=13, y + z=2|y-14, 

2 + a; — y = 7. z + a; = 3far-32. 

36. a: + y + z = 9, 44. lx + y + \z = S6^, 
a: + 2y + 4z = 15, i^ + iy + i2; = 27, 

ar+3y + 9z = 23. ^x + iy + \z=lS. 
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49. *_2.I 



» y z 



ay _1 

i + y 6' 






+ 2)(2y-H)-(2a:+7)y, 
-2)(32 + l) = (i+3)(3!-l), 
+ l)(i + 2)_(y + 3)(!+l). 

:i-l)(y + l) = 2(« + l)(y-l), 
■ + 4)(. + l) = (. + 2)(z + 2), 
'-2)(« + 3)=(y-l)(j+l). 
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55. (x + l)(5y-3) = (7a;+l)(2y--3). 
(4a:-l)(z+l) = (x+l)(2^-.l), 
(y + 3)(z + 2) = (3y-6)(32-l). 

66. 21a: + 31y + 4225 =115. 

6(2ar+y) = 3(3a? + 2) = 2(y + 2). 

67. 15(.T— 2y) = 5(2ar-32) = 3(y + 2), 
21ar+31y+4l2 = 135. 

58. 6a:(y + z) = 4y(2+ar) = 3z(a:4-y), 

X y z 

69. 3a; + y + z = 20, 60. a: + 2 + 8y-=30, 

3 w + a: + 4 y = 30, 6 u 4- y + 2 = 10, 

3w + 6a: + 2 =40, 4w + a: + 2-=10, 

5w + 8y + 3z = 50. 3M + a: + y- 10. 

§ 45i The principle of symmetry is often of use in the 
solution of symmetrical equations. For, from one relation 
which may be found to exist between two or more of the 
letters involved, other relations may be derived by symme-, 
try ; also, when the value of one of the unknown quantities 
has been determined, the values of the others can be at 
once written down, etc. 

Examples. 
1. {x + y){x + z) = a, 

(^ + y)(y + 2:) = *, 

{x-\- z)(y + 2) = c. 

Multiply the equations together and extract the square 
root. 

•'• (^ + y){y + 2) (« + ^) = -y/iahc). 
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n by the tliird. 

; and, therefore, by symiQetry, 



lay be derived by symmetry, 

(1) 

(2) 
>-{)(S-o)(»-o) = 0. (3) 

'-, and similarly. 



»e values of y and z, and reduce ; 
-«)_(—S)(J-.)(.-«), 

= a — h. 

last equationa by asyz ; then, 
1 hence, by aynmietiy, 
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11 2 

Therefore, - -f - = — , and, by sjmmetry, 

v C X 

c a y 

1,1 2 

_-]-_ = 

a b z 

4. ax-{-hy + cz = \, (1) 

a*a; + iV + ^2=l, (-) 

a'a: + iV + c»z = l. (3) 

cx(l)-(2)give8a(c-a)a: + i((?- -&)y=3C -1. (4) 
cx(2)-(3) gives a»(c-a)a; + J«((?-&)y = (?-l. (5) 
Z> X (4) — (5) gives ab{(>-a)x—a\c—a)x~b{c—\)—{c—\), 
or a(a — i) (a — <?)ar = (c — 1) (i — 1). 

Iherefore, x = C^ - ^){) " ^) ; 

o(a — o)(a — c) 

whence y and 2 may be derived by symmetry. 

6. Eliminate x, y, z, m (which are supposed all different) 
from the following equations : 

x = by -\- cz + du, 
y=z cz + da-\-ax, 
z = du -{- ax -{- by, 
u=. ax-\'by -\- cz. 

Subtracting the second equation from the first, 

x~y^by — ax, or (1 +a)a; = (1 + &)y, 

which, by symmetry, 

= (l + c)z = (l + rf)t*. 

These relations may also be obtained by adding cux to 
both members of the first equation by, to both mem- 
bers of the second equation, etc. 
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3 the first 


equation by these 


equals 














rf.- 


-IT-.--'- 








.-if. 


Ex. 57. 








-b^J=c, 


and that x 


_b'o- 


ha'' 




\-b'y^c 


derive the value o 


y- 




--ay. 


and that x 


_a{dm 


— (■ 


i>. 



-md= cjj-^-nd, derive the value of y. 

'by + cz = d, and that 3; ^ '^('^-^X'^-^) , 
a{a-b)(a-c) 
-b'y+ifz = d', write down the values of 
-b'y-j-c'z = d', y and %. 

iet of equatioDs in x, y, i. u, and w, with cor- 
ig coeiEcienta (a to x, etc.), a, b, c, d, and e ; 
le equations is :t; = Sy+ m 4- i^m + ew, writ« 
i others. 

lowing equations : 

U + t=b, £. + £^.. 

■- = m, y + az + bx = n, z + ax + by^p. 
y-\-f)z = m, z + cu~n, u + dw=p. 
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8. Eliminate x, y, z (supposed to be all different), from 

the following equations : x = by-\-cz, y -^cz-}- ax, 
z = ax-\-by, 

9. EHminate x, y, z from 



y + z z + x x+y 

10. Having given 

X =^ by -\-cz + (f 1^ + ciOy 
y -— cz •]-du-^€xo+ ax, 
z = du -{- ew -{- ax -{- hy, 
u=€W'\'ax + by-\-cz, 
w= ax + by -^-cz + du, 

8howthat-^+-A-+^+ J^ f /- -1. 
1+a l+b l+c l+d l+e 



§46. Resolution of Particular Systems of Linear 

Equations. 

Examples. 

1. x + y + z = a, (1) 

y + z+u=--b, (2) 

z + u+ x = c, (3) 

u+x + y = d. (4) 

(l)+(2)+(3)+(4) S(u+x+y-^-z)=a + b + c+d, (5') 
3(1) S(x+y + z) = Sa, (6') 

^[(5')_(6')] u = -J(-2a + * + ^+c;). 

The values of x, y, and z may now be written down by 

symmetry. 
The following is a variation of the above method, appli- 
cable to a much more general system. 
Assume the auxiliary equation 

w + ^ + y + 2? = 5. (5) 



,TANE0U8 LINEAR EQUATIONS. 

(1) becomes s~u — a, (6) 

(2) becomes 8-x^b, (7) 

(3) becomeB s — y = c, (8) 

(4) becomes s— z = d. (9) 
0-f(8) + {9),48 = s + a + 4 + c+i 

8 = i(a + b + c + d). 
own quantity, and may be treated as sucb, 
ig u = 3~a, 

Ig 3T=S-i, 



(1) 
(2) 
(3) 



V be solved like Exam. 1, using the recip- 

h, c,x,y, and z, instead of tliese quantities 

aoi + i[(i+y + t)~c„ (1) 

<W + S.(s' + z+«) = o., (2) 

aig + h,(! + u + x) = c, (3) 

(.,z + i.(» + » + y)-c,. (4) 
tuxiliary equation, 

» + » + ;/ + . = .. (5) 
5,8 — (Ji — a,)tt=:c,. 

r^«-» = r^- (6) 

Oi — Oi Oi — Oi 



'8 


?-»-». 


"g 


z-«-i 




y» = o(y + 2), 




« = 4(8 + 1), 




»y=«(^ + y). 




1 1 1 




- + - = -. 




J^2 1 




1,1 1 




-z + « = S' 




1 1 1 








i y~c 



SlMULTANEOUii LINEAR E(il'ATI0N8. 213 



Similarly, from (2), - — - — s — x — -— ^ — ( 7) 

0^ — (1% ^2 ■ «1 

Simnarly, from (3), -A- 5 - y - — ^^ • (8) 

^S — «8 '^8 - «» 

Similarly, from (4), -A_ s-z- -^i— • (9) 

O4 — a^ 64 — a^ 

(5) + (6) + (7) + (8) + (9). 

- ^1 +_^_+^i_ +_£*_. (10) 



From (10) we can at once get the value of 5, which may 
therefore be treated as a known quantity in (6), giving 

h^s — <?! 
u=- , 

bi — Oy 

and the values of x, y, and z may be obtained from 
(7), (8), and (9), or they may be written down by 
symmetry. 

4. ax -{- h (y -\- z) -- c, (1 j 

ay + biz + u)=d, (2) 

oz + S (w+ a;) — e, (3) 

au+h{x + y)==f. ^ (4) 

Assume u + x + y + z — s, ' (5) 

(l)+(2)+(3)+(4), (a + 2b)s=c + d+c+f. (6) 

Hence, s is a known quantity, and may be treated as 

such. 
From (1) and (5), bs ~ hu + (a — h)x = c. 
Therefore, bu — (a— b)x = bs — c. * (7) 

Similarly, from (2) and (5), 

bx — {a—b)y — bs — d. (8) 
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(3) and (5), 4y~(o-6)2-6«-«. 

(4) and (6), i«-(<.^J>=S»-/ 


(9) 
(10) 


-(a-S)(8), 
b'u-ia^b)'</-aht-lc-(fi-b)d. 


(") 


■(<.-S)(10), 
i-y - (o - i)V = oS. - Se - (o - *)/ 


(12) 


, + («-4)'(12), 
[4'-(o-i)>=.aS.[i'+(a-J)']-4S'<i+(<i 
-J[J'(c-<')+(«-S)'(«-/)]- 


(13) 



alues of a;, y, and a may now be written down by 
imetry. 

a' + cs'a; + ay + a = 0, 

c' + c';r+cy + z = 0. 
olynome?+a:C + y( + z vaniahes for i = a, i = 6, 

ifore, by Th. II., page 58, for aU values of t, 

-xe + yi + z = (t-a)(t-b)(i~c) 

= f — (a + i + c)f + iab + bc-\-ca)t-abc. 

ifore, by Th. III., page 67, 
y = dJ + 6c + CO, 

2 = — ^c. 

. a: + y + 2 + « = l. (1) 

ax + hy + cz + du = 0, (2) 

a'a: + ftV + ^^^ + <^" = 0, (3) 

(^x + h^ + (?z + d'u = 0. (4) 

loying the method of arbitrary multipliers, 

■l(3) + m{2) + n{l), 



a' 


x+f 


v+<f 


z + d' 


+ la- 


+ »• 


+ fc" 


+ ld' 


+ ™. 


+ «^ 


+ «1C 


+ md 


+ » 


+ n 


+ » 


+ n 
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To determine x^ assume 

5* + »» + mi + n = 0, (6) 

(f + U? +mc +71^0, (7) 

rf*+ W+ md+ n = 0. (8 ) 

Therefore, a:= - — • (9) 

a'+to' + wia + n 

But the system (6), (7), (8) has been solved in Exam, f), 
from which it is seen that 

? = — (i + c + rf), m = hc + cd'\-dh, n = ^hcd, 

and a' + aV + onn + n = (a — ft)(a — c)(a — rf). 

Hence, using these values in (9), 

— bed 

ip= ■ ■ ■■■ 

{a—h){a—c){a—d) 

The values of y, z, and u may now be written down by 
symmetry. 

7. .^_+y +_?_=!, (1) 

nfi — a w — m — c 

+ r^ + .-r^ = l. (2) 



n — a n — b n — c 
X y z 



p — a p — b p — c 

Assume 1 ^ 

t—a t—b t— 

_ f+Bf + a+D 

(t — a)(t-b){t-'c) 



+ :H^ + r^=l. (3) 



(4) 



But in virtue of equations (1), (2), and (3), the first 
member of (4) vanishes for ^=m, < = ??, and t=p; 
and hence, f + B^ + Ct+ D vanishes for the same 
values of t ; and therefore, by Th. II., page 58, 



iMrLTAiTEora linear equatioss. 

re, (4) becomes 

X 2 z _ (t—m)(t-n)(t-p) 

-a t-b i-c (t^a){l~b)(J.~c) 

in the value of x, maltiply both sides of tiiis 
ion by (t — a). 

tr-b t-C (t-b)(i-c) 

nay have any value in this equation ; 

^„ (a-m)(»-„)(a-yX 
(o-{)(a-c) 

ues of y and s may now be written down by 
.etry. 

q r 

my + Mz = «*. (2) 

q r lp-\- mq + nr 

a'-i- la-i- mb + nc „ 

— — ' . — ' ■■ -' = R, say ; 

tp + mq + nr 

fore, x=pM — a, y — qM — b, z=rS—c. 

+ xi/=^(a + b + c)xyz. (1) 

_ zx + xy _ xy + yz ^ 

^' 1 + 1+1= '' + '' + ''■ <^) 

1+1 i+i 1+1 
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10. 



2 + 2^2 

§37and(3), =^^^^ = 2. (5) 

(4) and (5), 

.•.l + l = 2a, i + - = 26, - + - = 2c. (C) 

X y y z t X 

(3) -(6), ^ = a-b + c, -=o+A-c, -=-o+A+c. 

^+^ = 2. (1) 

£:i*+yiif = 2. (2) 

a — c a — 

(i),.-.£±£_i=i_y±*. 

. x — a — h-\-c_ a-\-c — h—y 
a-\-h a + c 

Similarly, from (2), 

x — a — h'\'C__ a—h-\'C—y 
a — c a — b 

(3) and (4), 

a + c 

a — b 

■D X 1 a + 5 a — c 
But, unless — ■ — = ri 

a+c a—b 

this cannot be the case except for 

a — b-\-c — y^O, 
in which case ar — a — J + c = also, 
giving x = a-]-b — c and y — a — b -{- c. (5) 

If?dti = «Zl?, ,.. a«-5' = a«-c». (6) 

a-\-c a — b 

b^-c' = 0,or(b + c){b-c)=^0. 

Therefore, b = c or b = — c. 



(3) 



(4) 
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J = -|-cor — c, (1) and (2) are one and the 
equation ; hence, if (1) and (2) are indepen- 

, (6) cannot be true, thus leaving only the 

native (5). 

:6+c-a)(y + .), (1) 

(c + o-S)(z + i), (2) 

■|-z)' + i' + y" + «" = 4(o' + J- + o-). (3) 
page 155, (5), 

I _ .v + g _ x + y + a ^4^ 

:-a 2a t + c + a ^' 

. page 155, (5), 

'. „£±^ = £±jdl?. (-5) 

'.-i 24 c+a + b "■ ' 

, and page 155, (5), 

'+1^ X _ y _ z 

^ 

(i + ff + ^y + i' + »' + ^ 

+J+c)-+(4+c-a)'+(c+<.-i)'+(o+4-c)'' 

i„„a„d(3) „ (- + y+f+''+/ + '-„i. 
.re,»? = (4 + <,-o)'. 

Bz. 58. 

' = <;, 3. (u; + 4y = c, 

y = (i. Twa; + ny = c, 

■i. | + » = 1, 
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5. --f|=l, 11. - = r;. 

ah y o 

X . y 1 x-\-7n c 

a y+« a 

6. ^ + 1 = 1, 12. £+^ = «±|±f. 
a y+ 1 a— 6+c 

?— y y ~ J- — ^"~ ^ ~^ 

^ a x+1 a+i— c 

7. aar + ic = 4yH-ac, -^ a? — a + c _.& 
a: + y = c. * y~a + i c 

y + h _ c + a 

a: y 

^ . a^^_ 14. ^ + 2^ = 2, 



- + - = 71. 

a: y 



a+i a+c 



9. (a+c)a:— (a— c)y=2ao, a — c a — i 

(a+4)y — (a — i)ar = 2ac. 

15. -^- + -24 = 1, 

,« a? — c a 7?i — a wi — 

10. - — - = Y» 

y~^ * ^ I y — 1. 

a: — y=^a — &. w — a w — b 

16. a: + y + « = 0, 

(4 + c)a: + (a + c)y + (a + J)2; = 0, 

hex + ocy + oiz = 1, 

17. x + y + z=^ly 
ax-\-hy + cz = m, 

_^ + _X_+-^ = l. 
l-a^l-h^l-c 
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i(i-o) + -(S,-i)+-.(j-o) = l. 

x—a y—h^z—c 
Ix + my + "2 = 1- 

a(x-a) = b(jf-b)=c{z-c). 
ax + by + cz = m'. 

x + y-\-z = a-\-h-\-c, 

hx -\- cy -^ az = a^ -\- b' -{• (?, 

ex •\- ay + bx = a' ■\- b* -{- <?. 

«3; + Jy + C2 = o* + 6c + ca, 

z = m, 24. aa; + 5y + ci = r, 

= a:h:e. inx = ny, qy=pz. 

•\~zx — G, ayz-\-bzx-i-cxy^^O, 

tcxz + aiay + (a — 5) (S — c) (c — a) xyz = I 

'^+(* + e)y + {c + a)B = a6 + ie + ca, 
f + (o + S)y + {6+c)s = a6 + (w; + 6c, 
- + (a + c)y + (a+A)? = a» + A' + c». 



J^ + ny+pz + S'M^r, 
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28. 



a:(y + g) ^ y(^+2) ^ ^(^_+ y), 

a b c 

X y z 
29. (a — 5)(a: + c)— ay+Jz = (c— a)(y+6)— cz+aa: = 0, 

36. l + i-^ = ?. 

y z X a 

1,112 
z X y h 

1 1_1_2 



36. {a+b)x+(a-h)z=2hc, 
(b+c) y+(b—c)x=2ac, 
(c+a) z +(c- a)y -— 2ab, 



37. x + \ — - = a, 
o c 

c a 

a o 



30. 


ax + by — \. 




hy + cz —1, 




cz +aa: — 1. 


31. 


ly +mx — n, 




nx + lz —nty 




mz-\- ny = L 


32. 


x + y — a, 




y + z —b, 




x + z —c. 


33. 


mn 

y+z X- I 




In 

z + x — y — —y 




x+y—z— — 


34. 


-H 2a, 

y z 




W- 25, 

Z X 




1 + 1-2.. 
X y 



38. — ^ [--i^ = J-a, 

6 + (? c + a 

X , z 



J+c a+6 

c ■\- a a\b 
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a, 


40. « + »-»=«, 


h. 


v-\-x-y = h. 


c, 


x+y-,=t. 


d. 


y + x-u = d. 




»+«-»=«. 



-b)x + (a 


-6)y-2(o' + 5'). 
+ 6)y = 2(a'-J-). 




4. (a-J)»-Hn+6)y-i^fS 


^ 


^ L = J_. 

o+J a-S a+b 


»' + ay. 




-4)^ + ,- 




+ (a+6)y 


^^^^ 


-H>-c)x~ 


(fl-b+c)y = ia(b-c). 


a-h + c 




-• 




I 




h 
h' 


10. »+y+i «+i. 




i-j,-! 1-4 
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jj x-y+l __^^ 18. {a-b)(x+cyay\b2-~-0, 

'Lt!L±l = b, x + y + z^2(a+b+c). 
x-y—l 

io ^ \ y lA b-\-c c-a 

13. (a-H?)a:+(a— c)y=2aA, 

(a+ft)y-(a-fc)ar=2atf. 20. -^+-2 ?-- = 0, 

ft+(? c-~a a— ft 

14. a' + aa: + y = 0, ^ y_+-A« = 0, 

16. y + 2 — a: = o, 6+c c— o 0+6 

z+a; — y = i, 

a: + v-2=c "• - + -^-,- + ^-5 = 1. 

i-ryzc. aa — la — 2 

16. 7a;+lly+z = o, f + A + i^""^' 
7y+llz+ar = i, 

7z + ll* + y = c. f + A + A"^- 

17. « + *_f = 2aJ. 22. ^ = a 

a; y z ic + y * 

^ + £_? = 2ft^, -^ = 6 

y 2 ar y + 2 

c . a ft rt zar 

_j = 2ca. = c. 

2 a: y 2 + rr 



^.TANBODS LINEAB EQUATIONS. 



o, 


40. « + e-i = a. 


i, 


» + i-j-i, 


c. 


x-\-y-z^e. 


d. 


y + .— ,_i 




2 +M— V =e. 



, + J> + (a-6)y = 2(a' + J'), 
.-S)i + (a + 6)y-2(o'-S'). 



4. (o-J)a^K<H-S)y=a+ft. 

_i! !^_J_. 

a+4 o-J a+J 



n' + a:y. 






+ («+6)j, = i=A±i 



,+ J_„)i_(„_ J+c)y _ 4a(J-„), 
a-J + c 

9. »-y+i =». 



a; — y— 1 

» + y-l 

«-y+l o-l' 

»+V+l _l+t 
i-y-l l-i 
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jj x-y+l _^^ 18. {a-b){x+c)-ay+hz=0, 

' x + y-l ' {c-a){y+b)-cz+ax=0, 

^!L±JL+l = b. x + y + z=2{a+b+c), 

x-y—1 

19. J^_ + ^J^ = a + A, 

12. — _ + -^=a + ^ 

-f— H 7 = b + c, 

X , y o ^ + ^ ^"~^ 

- + ^ = 2a. 

— n+i — = ^+o. 

13. (a-|-<?)iP+(a— ^)y=2ai, 

la+b)y~la-b)x=2ac. 20. -£-+-2 ^=0. 

b+c c — a a—b 

14. a* + aa: + y = 0, -/ IL^+^ = o, 

b^ + bx + y = 0, ^-^ ^-« «+* 

15. y + z — a; = a, o-[-c c—a a+o 

z4-x — v = b, 

, 21 ? + _y_ + _L_ = i 



16. 7x + ny+z = a, l + T^+T^^^' 

7y+llz i-x = b. 



b b-l ' 6-2 
5 + ^2^.+_J_=l. 



72 + ll« + y=c. c"^c-l"*"c-2 

17. « + ^_£ = 2ai. 22. ^ = a, 

^ . ^ ^ OIL' y2 

y z X y+z 

c , a b c% 2^ 

z X y z + rr 

23. £+| + !=f+2^ + f=£+2 + |=l + -; + l 

a o c c a c a o a o c 



4EOn3 LINEAK EQUATIONS. 



1 




81 












du. 






fl + y3r=c. 






S2 


y + z+u-i, 






33 


a; — y + a = a, 


u = 


6, 




"-" + « = ■;, 


■y = 


<l. 


34 


x + y-i-z-u = a, 
y + z + u-v = i. 


-J'. 


-0, 
-0, 
■0, 
= 0. 


36 


Z + U + il-I = C, 

« + » + «-y = <i, 
x + y + s-u — v = a, 

, + Z + U-^-I = b. 

t+u + n^x-y-c, 
u + v + x-y-z = d, 
v + i + y-z-,. = .. 
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36. 2x — y--'Z + 2u — v = 3a, 
2y — z —u + ^v — X = 3i, 
2z ■— w — v + 2ar — y = 3c, 
2u — V — x+2y — z = 3rf, 
2v — X — y + 2z — u ~ Se. 

37- V — 2a; + 3w — 2y + 2 = a, 
x-2y + Sv-~2z + u = b, 
y — 2z + Sx -- 2u + V = c, 
z — 2u + Sy — 2v + X = dj 
tt — 2t; + 3z — 2ar + y = c. 



CHAPTER VII. 

PUEE QuADRiTICS. 

f an equation reduces to tlie form 

+ m)' - c* = 0. 
+ n) — c = 0, and therefore 11=— 

, + n) + c = 0, and therefore x, = - 

quation reduces to the form 

+1) i' 

-1"- 



mb—pa mb-\-pa 

(See Ezams. 4 and 5 below.) 

Examples. 

{)_ it(3i + 9»-Ti) 
S) i(3i-7o + 9i)' 

2=£, Iherefor. !H:i„£±i. 

a; _ 33;fa + 6) + 9a'-14CT6 + 95' 
l(o-6) 3»(a-S) + 9(o'-J') 

IB denominators by 3 {a — 6), 
> + i)] = 3»(o + i) + 9o' - 14oi + 94". 
a:' = 9a'— 14ai + 96'. 
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x-2a + 4:by_bX'-da + Sb 



2. 






+ 4a — 2V bx + Sa-9b 

Apply, if !5=£, therefore rLzJUl = i^lP, 
n q n p 

and factor the numerator 

(a;4.4a-2i)»-(x-2a + 4i)'; 

. \2{x+a + b)(a-b) _ \2{a-b) 
(a; + 4a — 26)* 5ar + 3a-9i' 

. x + a + b _ a: + 4a — 2& ^ 3(a-6) 
':r + 4a — 26 5ar + 3a-96 4a;-a--76* 

by taking difference of numerators and difference of 
denominators. 

To the first and third of these fractions apply, if 

!?^=£, therefore J'Ul^^JP—. 
n q n-^m q—p 

. x + a + b _ 3(o-6) 
" 3(a — 6) 4a; — 4a — 46* 

:A[7^-{a + hy] = 9 (a - 6)*. 

.•.a;« = J[4(a + 6)* + 9(a-6)»]. 



3. (£+2)!_a 
3i^ — 2x b 

... (^ + 2)' ^ a 

' 'm(a;+2)* + w(^"-2a:) ma-\-nb 



(1) 



But {B) can be applied if m and n are so determined 
that ?n (a: + 2)' + w (a:* — 2 a:) is a square. 

This requires that 4 w (w + n) = (2 w — n)'. 

.'. 4m' -\-A:mn = 4:m' — 4mn + w*. 

.*. Sl7l = 71. 



^r*, say. 
2(--l) 



-2i + l j-2 
rm solved in (5). 

X. eo. 

i)(o-6»)+(e+o»)(a-e«)-0. 
hra)Cfe-«) + (» + <ii)(CT-o) 

B)(l-6i) = (o + i)(l + i'). 
-(« + 1) (J -.)(« + ,>) 
+ ») + (o-a;)(J-;i-)(« + *) 
-«) + Co + =:)(6-i)Co-i) 
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6. (a + x)(b + x)(c + x) + (a + x){b + x)(c-x) 

+ (a + x)(b--x)(c + x) + (a — x){b + x)(c + x) 
+ la + xXb — x)lc-x) + la-x)lb + x)(c'x) 
+ (a — x)(b — x)(o + x) + (a~ x)(b — x)(c — x) 

7. ia + bb + x){ba + b + x)=-Z(a + b+x)\ 

8. {a + VIb + x)(VJa + b + x):=^{a + b + x)\ 

9. (9a - 76 + 3a;) (96 - 7a + 3a:) = (3a + 3/> + x)\ 

10. ^ + ^^ =0. 16. g-^ ==^~^. 

,, a: — a , x + a o^ i/» a;+a+26 i--2a+2r 

11. -j — ZiC, lO. 'tt'-^z • 

a;+l a;-l a;+a-26 b + 2a -2x 

12 5Lil?=5-i_^. 17 ci+4:b+x _ _Sb -a+x 
a — x x — b a—46H-a; 36+a— a; 

13 ^^ + 6 cx-\-d -g x+6a+b _ x—a+b 



a-\-bx c-\-dx x—%a-{b a— a: f-3/> 

^. a — x \ — bx -^ a -76-f-a: a+564-a: 

14. = 19, := ! 

1 — oa; b—x ' la — b—x 5a+6 + a; 



20. 



21. 



22. 



23. 



24. 



3a— 6"-a; _ 56 — 3a + ^ 
a — 36 + a; 5a — 36 + ^ 

3a — 26 + 3a7_ x — a + 2b 



a — 2b + x 3a?-3a + 26 

3a — 26 + 3:g._ a;— 7a + 86 
a — 26 + a; 3a; — 5a + 46 

5a — 66 + >r 3a — 56 + 3a; 

a-\- X a + 6 + a; 

a + 6 — a; _ 3(a — 6 + a;) 
3a — 6 — 3a; a — 56 + a; 
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33. 



36. 



25. 



26. 



7a + b — x _ S(a — b + x) 
ba + 3b-^x a — llb + x' 

5a-b + x _ 2(2a-b + x) 
2(a + 2b — x) a+llb-x.' 



27 7a — & + ^ _. aja + ^b + x) 
7b — a + x~'b(ba + b + x) 



28. 



29. 



»r -f- g — 6 _ a(x + a + 5b) 
x — a + b b{x-\-ba-\-b) 

5a - 3i + a:V_ 7a — 9& + 3a? 

7^-9a + 3a;* 



/ 5a-3& + a:\ 
\bb~Za + x) 



'a+bb + x\_a- \-Vlb + x 

+ h + x 



3^ /a+55+^Y=« + 
\ba + b + x) 17a 

V7^-a + a:y 



32. 



b + a;\»_ 17a + &-a; 
17i + a — a; 

17a + ^-a; ^ a'(a+n& + ^) 
a+17^-a; b^{Vla + b + x) 



{x + la + b){x — a + b) _ x — ba + b 
(5a; + 3a-lli)(ar-a+176) 5a;+7a — 696* 



34 (l + 3a: + 5a:^)(a:' + 3ar + 5) _9 

35. 1 + ^ -_^i^ 



a;''-lla; + 28 ar'-17a;+70 a;*-14a; + 40 

8 . 8 _ a:* 

ar* - 6 a; + 5 a;' - 14 a: + 45 or' - 1 1 a; + lO" 



37. a?{b — a*) + a\x —J') + J»(a — a?) + ahx(abx - 1) 
= (a-rr»)(6'-a*). 
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Quadratic Equations and Equations that can be 

resolved as quadratics. 

§ 48. (C) If an equation appears under the form 

(a — x)(x — b) = c, (1) 

then 3Ci = \{a + b + r), a:, = |(a + i — r), 
in which r* = (a — i)* — 4c. 
From the identity 

(a — x)-{-(x — b) = a — b 
we get la-xy+2(a-x)(x-b) + (x-by--=^(a~b)\ (2) 
(2)-4(l) {a-xy - 2(a-x)(x-b) + (x-by 
= (a — by — ^c = 7*, eay. 
Then, [(a - a:) - (a; - 6)]' - r» = ; 
hence, [(a—Xi)—(xi—b)]+r = 0, and .*. Xi -- \(a+b+r) ; 
or, [(a—Xj)—(xt—by]—r = 0, and .*. a:, - ■ ^(a-f 6— r). 

Examples. 

1 . x* + (ai+iy = (a* + b')(x' + l) + 2(a'-b')x+h 
... x' + aW = (a* + b')x' + 2(a» - y)a; + (a - by. 
.\x'+2abx'+aV = (a+byx' + 2(a'-b')x+(a'-by. 
.\x' + ab = ±:[(a + b)x + {a—b)l 

or x^=F(a-\'b)x + ab = d!z (a— b). 
..x'^(a + b)x + ^(a + by = \(a-by±(a-b). 
... x^i(a + b) = i V[(« - *)' ± 4(a - ^>)]. 

2 oo; + J war — n 

bx-\-a nx — m 

Add and subtract numerators and denominators, 
(a + b)(x + l) _ (m + n)(x^l) 
(a-b)(x-l) (m-n){x+l) 



QUADEATICS. 

_iY^(,-t)(-+„)_ . 

l) (a + J)Cm-n) ' 

.-1' . + 1 

-Ki-i)' = «. 

denfcity 

.)' = «' + .'+4(« + «)'«.-2«V 
= a — X, v = 3:— 5. 
I ^= o — b and m' + u* ^ c. 
*)'=«+'l(«-S)'(»-«)(»-»)-2(«-»)'(»-i)'- 
for (o -«)(»-*), 

!(a-i)-. + (a-i)' = i[» + (o-i)'] = C,»;. 
(a-4)']' = !'. 
8), «, = (o-i)'-l;2, = (o-S)' + i. 



3), a:,-i(<. + S + r);i, = i(a+J-r), (1) 
iichr"-(a-6)'-42 

(„_i).-4[(a-S)'-<] = 4I-3(<.-i)M , 
-8)'-4[(a-S)'+l] = -4<-3(<.-S)M ■■ ' 
'=J[= + («-*)•]. (3) 

a: is expressed in terms of a, b, and r ; 
r is expreased in terms of a, b, and ( ; 
t is expressed in terms of a, h, and c ; 
,he expressions for r and ( are cases of (^4). 

{b-\-xr + ia-x)\b + x) = ab{a'' + b'). 
-x = 7i — z and 6 + a; = K + z. 

K«+*). (1) 
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The equation reduces to 

(n»-2»)[(n+z)» + (w-2)»] = aA(a» + i*). 
/. (n» - ^) (2n» + 6n2») = a& (a* + 6«). 
.-. (n» - 2») (w* + 32') = ai(a' - oi + 6'). 
2* may now be found by (C), and from (1) 

ar = ^(a— 6) + 2, 

32» = J(a-J)' or l(10a&-a«-6*). 
.-. a; = 0, or a - J, or i(a-6)+|V(30ai-3a*-3i'). 

5. a:*-4 = ^V^; .*.a:*-2a:*-5ar«-12-a 
ar — 2 

-Find the rational linear factors of the left-hand member 

by the method of § 27, page 116. 
/.(a:-2)(a: + 2)(a:*+2ar* + 3)=0. 
/.ar-2 = 0, ora: + 2 = 0, or a;* -f 2a:» + 3 -- 0. 

The last of these equations may be solved as a quad- 
ratic, giving 

a;» = -ldr2V-2. 
:.x =±ldtV-2. 
.•.a:i = 2; a;,=-2; ar,= l + V-2; ar4 = l-V-2; 

a:5 = -l+V~2; are = -l-V - 

Note. In solving numerical equations of the higher orders, iht 
rational linear factors shotUd always he found and separated, as dis- 
junctive eqiLotumSf before other methods of redaction are applied. 
Such separation may always be eflfected by the methods of §§ 26-29, 
and, unless it is done, the application of the higher methods may 
actually fail. Thus, if it be attempted to solve as a cubic the equa- 
tion »»-9a;-10 = 0, 
the result is a: = (5 + V- 2)4 + (5 - y/- 2)1, 

which can be reduced only by trial. The left-hand member can, 
however, be easily factored by the method of J 27, and the equation 
reduces to (a: + 2) (a:« - 2 a; - 5) = 0, 

which gives a; = 2 or 1 ± ^^6. 



234 QUADRATICS. 



6. (x-2y-x' + 2'' = 0. 

Factor (see Exam. 20, page 113), rejecting constant fac- 
tors, 

.\x(x~2)(x'-2x + 4:y = 0, 

.-. a; = 0, or a; — 2 = 0, or a;^ - 2a; + 4 = 0. 

The last equation gives a: = 1 dt -y/— 3. 

Ex. 61. 

Solve the following equations : 

1. (x + a + by = x' + a^ + bK 

2. (x + a + by = a^ + a^ + b\ 

3. (a-S)ar' + (J-ar)a« + (a;-a)S» = 0. 

4. (a-b)x' + (x-b)a' + (x + a)b^ = 2abx, 
6. (x-ay + (a-by + (b-xy=-0. 

6. (x-ay + (a-by + (b-xy = 0. 

7. (a'-b)x* + (x'-a)b* + (b'^x)a' = abx(a'bV-l). 

8. (x-a)(x - b)(a — b) + {x- b)(x-c)(b - c) 

-\-(x — c)(x — a) (e — a) = 0. 

9. 5--±==0. 11. i = 0. 

a:-l a:*-l 

10. ^^ = 0. 12. ^^^ = 0. 

x*—l x* — l 

13. a;* + Sar' - 16a;' + 20a; -16 = 0. (See § 21.) 

14. a;*-3ar^ + 5a;'+6a;+4 = 0. 

15. (a;--a)* + a;* + a* = 0. 17. a; (a;- 2)' (a; +2) = 2. 

16. 2ar» = (a;-6)^ 18. (4a;*- 17) a; + 12 = 0. 
19. x'+(ab + iy = (a' + b')(^x' + l) + 2(a'-b')xi-h 
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20. x'{x-169y + 17x = z'-Sb40. 

21. 6x{ic'+iy + (2x'+by=^lbOx+L 

122. 2x(x-iy+2=(x+iy, 24. 5a:*=12a;» + l. 

23. ar*=12ar + 5. 26. (a: + 4)» = 3 (2a: - 1)«. 

26. ? + _^+_5_ + -^ + ^^ + _2_ = 0. 
a: ar— 1 ar — 2 a: — 3 a: — 4 a: — 5 

27 (ar+iy _w (a:'+l)(a;'+l) _w 

(a;' + l)(a;-l)' n' ' (a:'-l)(a:»-l) n' 

28. i^±iZ.=:^. 81. (^+l)(a^+l) _w 

x(a^-\-l) n ' 3^{x+l) n 

29 {x'+lXa»+l) _m 3^ (a!»-l)' _m 

■ (a;+l)(a;*+l) n * a:(3;»+l)(a;-l)' n 

-- x(x+iy n(w — wi) 

■ (a:' + l)(a:-l)' 2m(2m-n)' 

35 (x-l)(a;'+l)' _^ 2(m-n)' 
(a:* — l)(a;+l)* wn 

36. ^-1 2m 



(a;+l)(a;»— 1) 2TO-n 

3^ (3^-l)(x + iy _ m + n 
(x* + 1) (a: - 1/ w-n 

38. (a'+l)(a^ + l) ^ m + n 
(x — 1) (x* — 1) m — n 

39. :c» = f^^. 41. ;r» = ?£ll^. 

oa: — a ox — a 

40. x^ = ?^ZI*. 42. :r* = «^±*£+^. 

hx — a a + oX'\'Coi^ 



QUADRATICS. 

z' + 2' = 0. 

e Exam. 20, page 113), rejecting coQstaat fac- 

l)(i"-2» + 4)' = 0. 

ira7-2 = 0. or^-2a: + 4 = 0. 

dilation gives ar = 1 ± -^Z— 3. 

Ex. 61. 
illowing equations : 
S)" = a? + !.■ + *•. 
by = if + a' + V. 
' + (*-a:)(.' + (i-a){'-0. 
'-^(x-b)a' + {x-\-a)b' = 2abx. 
K<,-J)' + (J-:t)' = 0. 
K«-Jy + (i-i)' = 0. 
' + (ai"-a)S' + (6'-i)(j' = oS»(<j'JW-l). 
;-i)(o-S) + (;.-i)(j;-<,)(S-„) 
c)(i-o)(<,-«) = 0. 

I. 11. ±_— J:==0. 

0. 12. i^^ = 0. 

a; —1 

-163» + 20«-16 = 0. (See 5 21.) 

t-53^ + 63r+4 = 0. 

hi' + o'-O. 17. a;(a;-2)"(i+2) = 2. 

~6)'. IS. (4i'-17)» + 12 = 0. 

H)' = (»' + S")C"' + l) + 2(<>'-S')i + l. 
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20. x'^x- 169)» + 17x = z'- 3540. 

21. 6x(x' + iy + (2x'+6y==lbOx+L 

^2. 2x(x--iy+2=(x+l)\ 24. bx'=12a* + l. 

23. ar*=12ar + 5. 26. (a; + 4)» = 3 (2a: - 1)«. 

26. « + -A_+_5_ + _^ + ^^+_«_ = 0. 
a: x~l x — 2 x — o x—i x — b 

„_ (x+\y _m (!,»+l)(!,»+\) _m 

' {a? + \)(x — Vf n ' (x'-lXa^-l) n' 

28. (^+1)* _m 3j (a:'+l)(a:'+l) _OT 

x(3^-\-l) n ' a^{x+l) n 

vV + l)(a;' + l) _m (a*-!)' _ffl 

(a; + l)(a^+l) «' ' x{3? + \)(x-\y n 

33 Jr(a;+1)' _ n(« — w) 

* (a:»+l) («-!)' 2OT(2m-n)' 

34. (^+1)' - 4m' 
a:(a:»-l)' m'-n* 

36 (^-l)(a:' + l)' _ 2(^-«)' 
(a:* — l)(a;+l)» wn 

36 g*-l _ 277t 

(a;+l)(a:»-l) 27»-n 

3 (a^-l)(a;+l)» _ «i + n 
(a;* + 1) (x - 1)' m-n 

38. (^+l)(a^' + l) _ wi + n 

(X — 1) (x* — 1) TO — W 

39. :c' = f^:^. 41. ^==^^. 

OX — a ox — a 

40. :c* = ?^Il^. 42. ^*^2^±i^±£. 

5ar — a a + ox-\'Ca^ 



QUADRATICS, 

t(a: + »« — m)(3: — m+Tn)' 
= n(x-m + 7i)(x + '7m~ny. 
.■(i + >»+17»)(i-m-6n)' 

i'(i + ~+ni.)(i-TO + 7»)" 
= rf(« + 17m+»)(,. + 7m-«)'. 

«, »" + '^ _. 







a^ — (W + o' 


* 


Ii="- 


52. 


I' + a' 






_m 






«■ + «(«-:« 


) + (» 


+ !)■ 0+1 




o' + a((. + » 


) + (« 


-»)■ 0-1- 




' + («-»)• = 


= «. 






' + (»-4)' = 


= 82. 






— 1)'+(»- 


-S)' = 


0. 




)• = <,'; ^ + (6- 


xf=i(m. 




-»)■ + («- 


.)■(. 


-~hr-a'V(,a 


-»)- 


-(:--<.)•+ 
!«•. 


i-i 


■-i=+o'-(i- 


-6)"_J" 






o' + S- 




.-!)• + (:> 


-^. 


_a' + 6' 
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63. 



(a-xy + (x-bf _ a^-lfi 
(a-zy+(x-by c^-l/ 

h — x a — x b a 

(a: - A)» ''" (o - x)' ~ A' a*' 

^ (a-xY + (x-by _ a* + b* 
(a + b- 2xy (a + by 

^ (a-xy+(x-by _ cf-b' 

(a + b- 2xy (a + b/ 

(a-xy+(x-by ^ ' 

69. ia-xy-{x-by _ {a-b-)c 
(a — x) — (x — b) (a — x)(x— b) 

(a-a:)' + (a:-i)' '^ '^'' '' 

(a-a;)* + (a;-a)' _ c 

(a-xy + (x-by (a-x)(x-b) 

72. (l+a:')» = (a!'-3)». 

73. _£-+l_ = « 78. (^+1)' -« 

2x(3^+l) b xix' + l) b 

(x-l)»(a'-a;+l) * (z-1)* i 

(x'-x+iy b {.{x+iy L{x~\y \ i 

■ (a;+l)'(a^+l) * " (a^-1)' A 

77. I^+1)L = « 82. ^(£l+l}==« 
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(i+l)'. 
»'+l 


h 








a 
b 




^Tic Equations Iwtolvinq Two 


OB 


MOEI 


Variables. 








(«: + S.)(«" + y') = o, 






(I) 


^ + x/ = i:. 






(2) 


.(» + J,)' = o + 2.. 








■ i+y = </(<.+ 2«). 






(3) 


ifthe three cube roote.) 








«■ + *■ !;,.|"-»Y 


a-2c 
o + 2o 






, ,. V(.-2») 
















V(« + 2») + V(«- 


M. 






24/(0 + 20) 






., v(« + 2«)-V('>- 


M. 







2</(<.+ 2<:) 
of tte Bis aixth-rootB of a+2c may be used 
y in the deOominator, but only any cube-root 
Br square root of a-f2c is used in the numer- 
B, if the radical sign be restricted to denote 
aritbinetical root, if h be defined by the equa- 
+ 1 = 0, and if m. and n indicate any integers 
equal or unequal, the value of x may be 
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[^^(a +2c) + *»•— V(a - 2 c)] 
-5-2^(a + 2c). 

2. 8rp«-5a:y + 3^ = 9(a7 + y), (1) 

Ux'-San/ + bj/'=lHx + y), (2) 

Mrst Method. Eliminate (x + y). 

.-. 104a;* - 65a:y + 39y* = 99 a:* - 72a:y + 45y». 
.-. 5ar*+7a;y — 6^ = 0. 
.•.(5a:-3y)(a: + 2y) = 0. 
.-. ar = |y or — 2y. 

Substitute these values for x in (1), 

/. 723^ = 360y, or 45y* = - 9y. 

.•.y = 0, or5, or~i, 

and a: = 0, or 3, or f. 

Second Method. Take the sum of the products of (1) and 
(2) by arbitrary multipliers k and I. 

= (9i+130(^ + y). (3) 

Determine i and I so that the left-hand member of (3) may, 
like the right-hand member, be a multiple of a: + y. This 
may be done by putting a: = — y in (3), from which 

16*4-24^ = 0. 

.•.if* = 3, Z = -2. 

Substituting these values in (3), it becomes 

2a^ + xi/-'y' = x + y. 
.-. (a; + y)(2a:-y) = ar + y, 
or (x + y) (2a: — y — 1) = 0. 

/. either a; -f y = 0, or 2a: — y — 1 = 0. 
.'. y = — a:, or 2a: — 1. 
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hese values for x in (1), it becomes 




16i'-0, orl0a!"-7»+S = 27»-9. 




» = 0, or 3, or J, 




y = 0, orS, or-1. 




«■ + !/- rf + f 


(1) 


j? + »y+/ = <.' + oJ + J'. 


(2) 



(a' + Sy-oW 

-a- ,„a J for -^. 
*■ + / o' + S' 

_£_ = _*_ 



= ior 



ay - "i or ''' + ^ 
3:' + y' a" + 6' — oi 



(4) 



a — oo -f " 



V{2<.'-oS + 2S')J?! 
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V[(2)-3(4)], 
and ar — y = db(a — i), 

ah + h" 



or 



iV(2a' + a6 + 25*)J^ 



oi + i' 
/. a; = dr a, d= i, 
or J[V(2a'-aA + J*) 

y = ±b,±a, 
or i[V(2o'-ai + A*) 

tVr2o' + ai + 2im . K + ^ + ^l 



iV(2a'+ai+2i')]J^ 



4. (a:* + 2^) (3^ + 3^) = a. (1) 

(a: + y)(a?* + /) = &. (2) 

Put ' = -^.- 

3? + f 

. \ — z a 



l-2z' & 
.-. 2 az* — iz - (a — i) = 0. 
.-. 4az = i ± V(8a* - 8ai + i') = * + r, eay. 

.-.-^=^-±1. (3) 

ar' + y* 4o "^ 

. a^ + y __|_ l2a_+M-r 
" x — y \2a — 6 — r 

. a; _ V(2a + & + r) + V(2a - 6 -r) 
"y V(2a+* + '')— V(2a-i-r) 

rV(2a + & + r) + V(2a-&-r)1' ,.. 

2(J + r) ^ ^ 

(1)', (a:'+y'+2ay)(a;'+y*)'[(a;'+y')-a;yP = a\ 
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,,^4a+25+2»-\/ iaWia-b-rV , 

'^)t-iT7-XFp)(-rH^)-"' 

„ M' r32»-(2»+t+rX4»-i-r)n _ . 

WL (»+••)' J 

WL32(2a + J + r)(4»-i-r)'J 

_ f V(2.. + i + rK V(2» - t " ■■)1" 
1024(2o + J + rX4» - * - r)' 
_ V(2<. + i + r) + V(2<.-i-r) 

nnay be derived from ttat of x by tbe first 



■-m-Sj,, 


(1) 


' = ay — Ja:. 


(2) 


9. 




K;,;'-y-)-JC»'-y")- 




ither:c-3/ = 0, 




= S, = 0,or</(a-S), 


(3) 


•-A+«'y'+'^+y'=«('+y). 


(4) 


i,(»"+a3, + j')-i(>; + y). 


(6) 


r+y)V+sO -(«+») (>:+»). 


(«) 


' + !')'-C«'+s^' = 4»(»+y). 


P) 


! + y)' + (ji' + J,')' = 2((ji + y), 


(S) 


= vR' +!>)•+ m- 


(9) 
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i[(7) + (8)], 

••• (*+y)*= (2* +<)(«+ y)- 

.■.(x-\-y)* = 2b + t. 

:.(x + y) = -^{2b + t). (10) 

(6)^(10) ...^ + y=^^^. (11) 

2(11) - (10)', 

•••(^-^)'=||fF})-<^<26+0« 

V(2a-0 

in which < = V(a' + 2ai + 5 i'). 

6. a:* — <?* = m(a;+3/)*, (1) 

y* + c* = w(^-yy. (2) 



Let 






ar — y 

.-.2+1=-?^ and 2-1=-^. (3) 

x—y x—y 

(l) + (2), a* + y = m(x + yy + n{x-y)\ 
/. (z + 1)* + (z - 1)* = 16 (mz* + n). 
.-. (8m - 1)2* - 6s? + (8n - 1) = 0. 



SIMDLTABEOUS QUADKATIC8. 

_ l 3 + vr9-(8m-lK8»-l)1 „, 
\ 8«.-l . '■ ' 

!-l)'(i-y)' + 16e' = 16»(.-!/)'. 

, _ 2cz 

• + »' -M16„-(«-l)']' 

.= "('+') "(' + !) 

^[16»-(>-l)'] ^[(2+l)'-16W]- 

^16»-(z-l)'] 
B of z is given by (4). 

' + ^• = ^,1. 

r + y)'-2:c3/ = J(2«i + M'), 

^ + y)' - 3 a:i/ (« + y) = mn. 

iind v = xy, and the equationB become 

;' - (2wj + n')M + 2mn = 0. 

;' - (2to + n") w' + 2nwiM = 0. 

,* — 2mu' + wi' ^ mV — 2mnu + m'. 

* — m = ± (?iM — m). 

) was introduced by the multiplication by m) , 
*-\-mi~ 2m = 0, 

'=i[-»±V(»" + 8»0]- 
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,',v =^(n' — w), 
or i[w' + 8m qp Sn^(n* + 8m)]. 

.'.u and V are completely determined. 
Also, x + j/ = u, 3r — y = V(u' — 4t;). 

If m = 7 and w = 5, the above equations become 

a;« 4-y« = 13, and a:» + y» = 35. 
Solving, as above, gives 

w = 5, or 2, or — 7 ; 

2t; = 12, or — 9, or36. 
.*. a? + y = 5, or 2, or — 7 ; 

a: — y = ± 1, or ± V22, or d= i V^S. 
.-. a; = 3, 2, J (2 d= V22), or J (-7zt:i V23) ; 

y = 2, 3, J(2=fV22), or J(-7q=i V23). 

^ + y* == i- 
.•.«-y=(|-y')'. 

Testing this for rational linear factors, it is easily reduced to 

(y-l)'(y' + 2y + i) = 0. 

.•.y = l,ori(-2±V2); 
ar = i, ori(-l±4V2). 

9. (2a:-y + 2)(a: + y + z) = 9, (1) 

{x+2y-z)(x + y + z) = l, (2) 

(a; + y-2z)(ar + y + 2) = 4. (3) 

Let s = a; + y + 2, and the equations may be written 
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-i-2y)._9, 


(4) 


-S,--2.).= l, 


(6) 


-3»)< = 4. 


(6) 


+ . + ,-67).-12, 




-72)s = 12. 


m 


>»-21j)-(7s-21j)]«-8. 





). (2), and (3), they become 

~y + 2 = ±9, a: + 2y — z = ±l, 

-■dzi, y==F2, 1 = ^1. 

-»■=«, 
-•■-6, 
^- Mu = c, 
f yv = & 

hy)'-<. + o + <, 
-y)' = a-«-t 

.J[V(<> + e + 0-V(<>- = -')]- 
Hti)' = i + (.-<, 
-v)' = 5 — fl + i. 

■ KV(* + « - + V(J - «+ <)]. 

:![V(* + <'-')-V{'-'+')l- 

■u+yv) = (a>fy)(w+i;) + (a:— y )("—") =2e. 
(a + o + OCS + o-l)] 

^V[C"-«-0(»-''+')] = 2<^ 
'+(»-»-()(S-<!+0-(«+«+') (*+«-')]' 
.16^(o-o-f|(S-c + (). 
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.-. [(a - A)» + 4c»] ^ - 2 (a» - 6') c< 

+ (a + ft)V-4e»(ai + c») + 46* = 0. 

. . (a'-y)g±2cVKfl&-g')r(a-ft)'-4(c>~e»)1{ 

(a-J)'+4e* 

11. xy=^uv^ (1) 

a? + y + w + v = a, (2) 

aj" + y' + w' + t^ = i', (3) 

aJ* + / + w* + t^ = A (4) 

Let a? + y = } (a + 2). 

/. 'w + t;=}(a — z). (5) 

Also, let r = a?y = wv. (6) 

{x + yf^3i^ + ^ + Zxy{x + y\ 
(w+ v)' = w' + 1;* + 3t^v(tt + v). 
/.a(3z» + a») = 4(6» + 8a.r). (7) 

Also, (a?+y)*=a;*+y*+5a;y(a:»+y»)+10a:*y»(a;+y), 

(w+v)»=t^»+v*+5ttt;(M»+t;')+10wV(w+i;). 
.•.a(52*+10aV+aO = 16(c»+5AV+10ar»). (8) 

Eliminating r between (7) and (8), 

45aV- 30a(a» + 2b^)^ + a« - 20a»ft» 
-80&«+144a(?* = 0. 

.•.15a2;»-5(a» + 26») 

= ± 2V[5 (a' + 5&7 - 180ac»]. (9) 

.^_ /a'+2yd=2V{trfa'+55^)'-36a^1{ ^^^^ 
\ 3a 

(7) and (9), 12ar = o'-46' + 3oz' 

= 2a'-26'±2V[i[(a*+5 J7-36ac«]|. 

_ 5 (g' - 5») ± vrS (g' + 5 5»)* - 180 ac»1 . .,,x 

•■'' 30o ^ -^ 
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give tlie values of z and r, which may now be 

:nowa in (5) and (6). 

* + y = i C« + 2). and a^ = r. 

u and V may be obtained from those of :c and 
ely, by changing z into —z. 



1 , 



yz zx xy 



xy + yz + z^ 



y'f a?y'e 



a + h b-\-o c-\-a r' " 

E2? _ = ™'. 

(a + b){h + c){c + a) r» 
**=(a + S)(J + c)(c + <x). 
He of r is known, and from (3) 
rx = m{b-^ c). 



(1) 



(2) 



yz xyz\x y zj af/a* 

»■ _ a + l + c 



(1) 
(2) 
(3) 
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14. y + z=2aa:yz, (1) 

z+x = 2bx7/Zt (2) 

x-i-7/=2cx7/z. (3) 

^ 2a 2b 2c a + h + c 

X y z 

4+c— a c+a+i a+b—c ^ ^ 

^ (6 + c-a)(c+a-i)(a + i-c) 



ib + C'-d){c+a-b){a+b-c) 



Hence the value of a^i^:? is known, call it - , and substitute 
in (4) ^ ^ 



T h'\-c — a 
,\rx=^b + c — a, 
in which r' = (6 + <?--a)(<7 + a — ft)(a + 5 — c). 

15. y" + 2i»-a:(y + z)=a, (1) 

t^+x'-y{z+x) = b, (2) 

^+y"-2(^+y) = c. (3) 

(1) + (2) + (3), 

2(a^+y' + 7? — xy—i/z — zx) = a+b+c, (4) 

(1) may be written 

x^ +y^ + z' — x(x + y + z) = a. (5) 

(2) may be written 

^+y'+z'-y(x+y + z) = b. (6) 

(3) may be written 

i^ + y' + 2'-z(x + y + z) = c. (7) 
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_a-b_i-c_o-a 


")• 


<i' + S" + (i'-oS-S»- 


■»)■ 






(8) 
(9) 




o + i + o 
2(o" + S" + <!'-3oi<;) 



(o + S + t)' 

«+j= — ; — (10) 



■+y-+J-r^-yz-^) - <°+'+'>' - (U) 



a+6 + c 

= o' + 5' + c'-a(o + i + c) 

je symmetrical with respect to {xyz\ahc) ; 
substitution does not affect r, and cause- 
neB of y and z may be written down at 
of a;. 
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Bx. 62. 

1. 6[(7-rp)' + y»] = 13(7-x)y; ^+4y = y^ + i. 

2. 10x'-9y' = 2a^; 80^-63^ = 13a:. 

3. x7/ = (S-xy^(2-yy. 

4. a:» + y' = 8a: + 9y = 144. 

6. x' + y' = x + y + 12\ xy + 8 = 2(x + y). 

6. ar + a:y + y = 5; a^ + a?y + y' = 7. 

7. a:» + y»=7a:y = 28(a: + y). 

9. a:* + a;»y» + /=133; a^y + xy + xi/" = lU, 

10. (a; + y)(a;»+y') = 17a:y; (a;-y)(a:'-y») = 9ay. 

11. 25(:c* + y») = 7(a: + y)»=175a:y. 

12. 2a;*-y' = 14(a:*-2y») = 14(a;-y). 

13. 2a;*-3a:y = 9(a;-3y); 3(a:*-3y») = 2(2a:*-3a:y). 

14. 2x'-xy+5y'=10(x+y); x'+4xy+3y' = li(x+y). 

16. (2a;-3y)(3a; + 4y) = 39(a;-2y); 
(3a: + 2y)(4a:-3y) = 99(a;-2y). 

16. (x+2y)(x+Sy) = ^x-{^); {2x+i/)(Sx+y) = 2S{x+y), 

17. a; + y = 8; a;* + y* = 706. 

18. x + y = b] a:* + y* = 275. 

19. a: + y = 2; 13 (a;» + y*) -= 121 (a;» + y»). 

20. a: + y = 4; 41(a;* + y*) = 122(a:* + y*). 

21. a^ — bxy + y^ -\-b = 0\ xy = x + y—l. 

22. a::' + y = 5(2r — y); :r + y* = 2(x — y). 
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V: »+»■-¥• 

2; (» + l)'+(j,-2)' = 211. 

— ; x-y = xy. 

1=0; a^ + y"+2 = 0. 

1; 3(a? + y) = 7. 

^6-.r); 2(«' + y-) = 6. 

17; 9(i" + j/') = -8. 

■ + 4sy = 5-12s(; »(i' + ;/") + 3 = 0. 

^; iE'.+y' = a;*+y'. 

-1) = 2y'+2j/+3 ; y(i'-f3»-l) = 2^+2i+3. 
'^-■^ 1 + 1-0-1} 

.; ^+^=i'-c. 

oa; ; 3^ -[- y=^ by, 
(o^; 3^ + y — bx^. 
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^b: (x + y)(x' + St/') = m; (a; - y) (a:» + 3y») = n. 

46. a^i^ = y{a — xf=^x{b — yf, 

47. a^(b — i/)=y^(a — x) = (a — x)\b'-i/y. 

48. a\x' + ^)^b'(x + yy; a»(y* + 6») = (^(a: + y)'. 

49. x'-y' = a(x'-f); x' + y' = b(x + yy 
60. ar + y = a; a^-i-j^^bxy, 

51. a: + y = a?y = a:' + y'- 

X 

^ y ^ 

63. a;'(l+y')(l+/) = a; a:«(l-y»)(l-y*) = i. 

a^ — xy + ^ a b 

66. a;'y + gy' = ^ ; a^ + x^ = b. 

66. a:'y+ay = a(a:* + y*); s^y-xy'=--b{a?'-f). 

68. a^-\-'i^ = aoi?'i^ = xy{x'\'y), 

69 . a&a:y = a (ar^ + y*) = ^ (^ + y)'- 
60. a;y(a: + y) = a; ar»y(a:' + y') = *• 

62. a:* + y* = m(^ + y*); a;* + a:y + y» = w. 

63. ab{x + y) = xy{a + b)) a? + y' = a^ + b\ 

64. a;* + y' = a(a: + y); a;* + y* = ft (a; + y)». 

65. a;« + y» = a; a;* + y* = ^ (ar^ + y*). 

66. xy^a\ oi? + 't^ = b{ci? + i/). 
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!■+!/■) = («-»)(«' + *'); =?-!/^ = <^-V 

a: :^ + j^ = J(l-!,). 

i; i' + y' = S. 

i; j?+y' = h':^j^. 

. + 6; (fl-in^ + f) = {x^y)'(af + b-). 

■; <:(!,f + f)=xs(,^ + f). 

= «•; <:'(i' + >-)_i-y'. 
o'ly; (i" + y')'=S'(i'-y'). 

»(»+»)'; if + V = t{' + y): 

s'Cl + ay)- sLl-'J'J 
o(. + y); i' + y' = J(i' + >'). 

?-sO(i'-y')-4oi,; 
-oCi'jr + jy) = }(!' + /). 
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90. a(3? + i/^) = ab(x + y) = bxy(a* + y'). 

92 ^+y_fl^+i^. a;* + y' _ a* + y 

• a*-^-(^-.i>' a* - r/'~ cf - b*' 

93. a:' = 2<M; — iy; y*=2ay — Jar. 

94. (ar + y)(a:' + y') = a; (z-y)(3:'-yO = i. 

96. (^+yy(^+^+y') ^3^,. 

(a:«+y')(:r»-:ry+y') ^"* ' 

(a;-y)*(a:'- ay+y*) _ g. 
(x«+y')(x«+ay+y')- ' 

96. (a; + y)(a:» + y') = oa:y; (x - y) (a:» — y*) = 6ay . 

97. (a;-|-y)(a:«-fy) = o(a:*+y') ; (a;-y)(a:'-y') = i(*'+y')- 

98 (a:-h^)'(a:'+y') _ .. (a:-y)'(a;'-y') _.. 

• (a;»+a;y|y)(a;'4y) " ' (x'-ay+y')(a;'+y») ' 

99 (a:' + y')(a;+y)' _g .. (ar* - y^(x - y)' _ 

101. ay(a; + y)(a^+y') = a; xy(x-y)(a?-'^) = b. 

102. a;(a;+y)(ar+2y)(x+3y)=a'; (a:+y)'+(a;+2y)'= J. 

103. (a: + l)(y-l) = o(a;-l)(y + l); 
(:c» + l)(y - !)• = i'(a; - 1)^ + 1). 

104. a: + y = a(l+ay); (a: + y/ = y(l+a^y*). 
106. a: + y = a(l + «y); ar' + y* = i'(l+a:'y»). 

106. (a: + y)(y-l) = a(a:-l)(y + l); 
(^-l)(y-l) = 6'(y»-l)(x-l). 
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(l-^'Xl-y') 


l(«-y) 




m 


) "■ (i-».)'(s.-.)' "■ 


)(y + l) 
)&-i) 






-■(1 + y') 


-4' 














.v-d + ^^n^j 


)(^+l) «•+{•. «(j-+l)„<.-f 



ia+q) _,. (:^ + .V')(l + lV) ^. 

1(1-:^) ' (:t--y>)(l-iy) ' 

lil+a)... feM:jQil±i«_s 

1(1-:^) ' (I'-J")(l-I'^) ■ 

')(!-»'?') ■ («-y)(l-»3/) ■ 
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121 (^+.v)a+^) -a- (^+-v')a+^y') -i 

122. (^ + ^ + .v')a + ay + aV) _ 

(ar + y)'(l+ay)» 

(a;'-ay + y')(l — ay + a;'y') _, 

123. 3i* — 3x'y + bcfx + i/' = 0; j^ — xy—2cfx = 0. 

124. 2x(y^-2xy = a; y{f -2xyy/{y' - ^x) = h. 

Hence, deduce the solution ofa:* — 5a:' + 2 = 0. 

126. 2rcy(a:» + y»)'=a; (a;» - y*) (^ + y»)' = ft. 

Ex. 63. 

1. (2a; + y-4z)(ar + y + z) = 24, 2. x'-yz = \, 

ix + 2y-'2z){x+y+z) = ^, y»~a:2; = 2, 

(—2a; + ^y+bz){x + y + z) = 30. 2* - ay = 3. 

3. (a: + 2y~3z)(a; + y+2)-2(a:y + yz + 2a:) = ^12, 
(2x '-^y. + z){x + y + z)+ {xy + yz + zx) = %\, 
{^X''y + 2z){x + y + z)'-b{xy + yz + zx)^b, 

4. :c«-yz = 0, 6. (a;» + 3^+z»)» + (:c+y)» = 31, 

^ + y'+2' = 21. (a: + y)* + (a: + y + 2)»=31. 

6. a; + yz = 14, 8. a; +y =5z, 
y + za;=ll, a;» + y» = 392, 

z + xy=-10, a;« + y»=1052;'. 

7. ar + y = 82;, 9. a;+y=72:, 
ar» + y» = a342», a;» + y»=-25z*, 
a:' + y" + 2* = 134. a;* + y* = 6742». 
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■.■.zi-x::a:b:e, ^^ ^' 

IJ»=2. «g + l) = „. 

:z-Hc;;«:J:c, 

.)»-o, 16. (j(+!)(2i+y+«) = o, 

!)y=4, (» + i)(i+2ji+«) = S, 

+ z)z-<!. (i+y)(i+y+2z)=c. 

■» = {o + * + c)(i + y + z). 

KS+»)y+Cc+«)i = (o+S+c)(i+y+z), 

= »& + «), 

-(!' + z)' + (z + i)* = 4(o' + 6' + «'). 

fS(i-z)-(i(j/ + z) = 0, 

= (a — c)^. 

z-^a' + S'-l-c?. 

a — a: — 6y + 3 = — c^ + y + z = ayz. 

0(^-y)+a(2^+z)-5Cy + ^) = o, 

0(a=-z) + a(:c+2/)-c(y + z} = 0. , 

■a::a! + y::ft + c:c + a:o + 5, 
(^2) = (a + 6 + c) (ay + yz + aa:). 
a, y* — K! = J, ^ — xy — c. 
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26. 3^+xy + y':=a\ y' + yz + z^^V, 2* + za? + a:» = c». 

26. X +^-^ + Zxyz=:^a{x + y---z\ 
a?-f + 7f + Zxyz = b{x--y + z\ 
-^ + ^ + ^ + ^xyz = c{-x + y + zy 



27. x + y + 2az = 0, 
x' + y'-2bV = 0, 

a;* + y* + 2f = c*. 

28. ar + y — a2 = 0, 
y(x' + y') = b\ 
aJ» + y» = c». 

29. ar(y~l)(z-l) = 2a, 

30. a; (y— l) = a(2; — l), 
a;»(y»-l) = y(z«-l), 
a:»(y»-l) = c'(z»-.l). 



31. a;(y — 1) 

32. ar(y — l) 



a(2~l). 

C*(ig*-1). 

y(^-l). 
c\z'+iy 



33. a; (y — l) = a(z— 1), 



34. (z -yy^azix + y), 
^ - y' = bz{x + y)\ 
{x -y)* = C2(a:" + y'). 

36. x^y=^a^ 
u — v = b, 
xy = uVf 
^-y+M*-u* = c(a+b), 

36. ar + y = a, 

w +i; =6, 
a;» + w» = c», 
y' + i;'=6». 

37. xy = uv = a*f 

x + y + u + x = b, 
x'+y^+u*+v^=^(f. 

38. xy = uv = a*, 

^ + y + u+v = b, 

39. xy^=uv = «', 

^* + y + w + v = ^, 

ar' + / + w* + v* = c*. 
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="', 


47. 


:^ + »■ = »■, 


+ & + •)' = «■• 






= «', 




TO + uy = n'. 


« + . = S, 






+ (? + •)' = «'• 


48 




-«+« =o, 




«- + ?• = '»■, 


-n' + ^ = b'. 




„' + ^ = »'. 


-»■ + •' = «'■ 


49 


y(I + :^) = 2:., 


-«' + t^ = S-, 

-»• + »' = ='. 




«(l+y") = 2j,, 
.(l+«') = 2«, 
1(1 + ^) =2,. 



„'+^=<?. 



50. x-^y-^u-\~v = a, 

{« + «)■ + &+•)' = «■. 
(»+.)• + & + »)■ = «■. 





61. ' ^"-"i 
, + 2 a-2M 


-«•+.'=«'. 


y 2»-« 


= 0, 


2 + 1 6-2« 


= o', 


z 20-ij 

»+y <i-2« 


-»"+;^-<?. 


i' + y" + .' = <?. 
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i + y + y* 1+^ ^ + c 

l + ar + y" * 1 — A-y a 

2aa 



a* — o' 



53. ^=a(^\ 67. f±i^ 

y + 1 Vy-iy l-ay 

54. (l + a:)a + y) _l + a gg^ 1 + ay a; + .v _2a 
(l-x)(l-y) l-a x + y l + xy m 

a + x)(l-y) _l + b \-xy J x-y _2b 

(1— a:)(l + y) 1 — 6 x — y \—xy n' 

55. ^ + y=^^, 69. 2^(1+^)- = o, 
,1 + a^ o' + a« arCl+y") 

60. 2aa; = (6 + c — a)(y + z), 
2Jy = (c + a-6)(a; + 2). 

(a:+y+2)'+a;'+y»+2' = 4(a'+6'+c'). 
61. - = - -, 64. a? + y' = 



y — \ h — 1 x — y 

a^ — 1 a' — 1 a^y _ xy^ = 



y»_l J»_l' x + y 



X 



62. 



^j_ .^ ^.2 65. ^ + - = a(^-y«), 

^+^+y _ ^+y _ xy y 



63. ^* + a;'y' + y* = a, 66. ot? = a{a^+y^) — bxy, 

3i^+xy + y^ = b. y^ = h{3^ + 'f) — axy. 
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67. 4o(«' + l)-(<. + 4)(i-y)', 
ic(!/--l) = (a-l)(x-!,-): 



74. 


.'-{x-yy- 


75. 


x' + f-az. 
X +y =»!, 


76. 


1,1 2a 
1 1 2S 



z) = <,, 

I) = J, 



')(«; + i) = o, i^y c 

!,(3l+x)-h, 

)(z+y) = o. 

77. 25- = 5 \ 

y^i)~a-yz, '+1 

y + j) = J-2i, (i-y)(z+l)-2oi, 

j( + !) = <!-ay. (i'-j/')(i+l)' = 46j. 

lie rea^ roots of the system of equations, 

»* + «' = »', ow + w (y + a) = 6c, 

■+»' = 4', »»+.(. + :.) = «■, 

s' + z' = c", Ml) + ^{a;^^) = ah. 



CHAPTER VIIL 
Indices and Sukds. 

§ 50. The general Index-laws are : 

a*Xflw = a* i, (1) 

an-i-a^ = a* f , (2) 

(oi) * = a* X i», (3) 

M m m 

(a-r-J)»=a*-H J*, (4) 

(a»)f =aM. (o) 

The law connecting the Index and Surd symbols is 

al = V(a"). (6) 

The indices J, J, i, etc., are generally used to denote 
" either square-root," " any of the cube-roots," ** any one of 
the fourth-roots," etc. 

The surd symbols V» \^» \^» ®^^-» *^® ^^ ®^^® writers 
restricted to indicate the arithmetical or absolute roots, 
sometimes called the positive roots. Thus, 

V4 = 2, but 4i = dr 2. 

.•.4* = drV4- 
' Also, V[(- 2)'] = V4 -= 2. 

^27 = 3, but 27i = 3 or 3 ^ -l^W^ Y 

.•.8i = (li)^27. 

^16 = 2, but 16* = dr 2 or ± 2i. 

.•.16t = (li)</16. 



restriction, the general connecting formula 

<^=(l^V(a"). , 
Qwtng exercises this restriction need not be 



Bz. 64. 
le arithmetical value of each of the following: 
?*; 16*; 32*; 4^; 8*; 27*; 64*; 32*; 

L*; mf; (5tV)*; (i^)*; (0-25)*; 

^ 49"; 32"; SI"-"? 

a-';a';a-; (aT ; a^'' : a^ ; (a^T^ ; 



ireas tlieee theorems in words. 

I'xa*; c'xo»; m* X m"* ; »' X »"* ■ 
(2J)'x(8i)»; 

i ^' ^; 4}i (2|)'x(6j/ *(«-'*■ 

le brackets from 

;*)-». (.')-'; c*')'*. (»-¥; (/-»)-»; 
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7. Remove the brackets and simplify 

J.i+^)*J,i-^)*. ^(i+A)'*^(i-A)*. 

(a:'"*-*-a;-''*)(a^~"-^-0- 

8. Simplify -x[x~^(-z)-'f; a:[(-ar)"'(-ar)-']"'; 

(-a:)-'(a:-»ar"*)* 

9. Determine the commensurable and the surd factors of 

12^; 24*; 18"*; (-81)*; 12*; 64*; (^)* 

The surd factor must be the incommensurable root of 
an integer. 

10. Simplify 8* + 18* -50*; 72* + (^Vir)' - (ilr)"* ; 

[(6 + 2*) (6 - 2*)]* ; (2* + 8*)' + (2* - 3*)' ; 
(2* + 3*) (4* + 9* - 6*) ; (7* - 3*)*(7* + 3*)* ; 
\[(a + x){x + b)f - [(a -a:) (X - *)]* J' ; 
[a* + (o* - «•)*]* X [a* - (a» - ^t*)*]*. 

Express as surds : 

11. a ; x' ; p ^ ; c ; h . 

12. af+»; y-^+i; a»"; J"**^. 

m— 8 

13. (oar — 4)»; (a:* — 4a:+l)~*" ; (;? — ja:)*-|. 

Express with indices : 

14. ^a«; ^c»; V^ ; -^/y"- ; -^(00:); V«"'- 
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15. ^(a' + b^); ^(a' + bj; [^(a»+*»)]'; -^[(a-b)x]; 



16. (a^)*; (J-*)"*; (^"V*; (^V; («'^r*; 

Simplify the following, expressing the results by both 
notations : 

17. aX(f \ a® X a"* ; c? X cT v « X a~* ; a~* X V^ I 

a*5*c"* X aVMc? ; aW X a" W* 

18 -^. A.' </l' </^' 2/yl' il240. 
• V«' -v/^' -v/^' # ' f^ ' 2> ' 

g(a5) — ac 
bc-ciabf 

1 _!. i _a _8i» Sf» 

-g a +a , or — a ^ , a a— aa. a' + l + «~* 
a— a a —a ^ aa+a* ' * 

i 1 
20. Divide a: — y by a:» — yn ; " T -^ 



0? + a V + o? by a;^ + a V + a* ; 

2a^» + 2^c + 2ca - a* - 5*- c» by a* + i* + A 

Ex. 65. 

1 . Express the following quantities (i.) as quadratic surds ; 
(ii.) as cubic surds ; (iii.) as quartic surds : 

1. X _5 

a; 3a; 2a*; a'a;; af ; y* ; a""; -; mx 9\ 0.1; 
0X)1; 1.1a;*. 
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2. Eeduce to entire surds : 

x^x; a^a; 6«^i»; 3^3; 4</2; JV2; \^^\ *</»; 3</J; 

^NC-?')^ <'+W(^?)^ :-^t^e^*)'^ 

(a; - y)-' ^{^ + 2a;y + y>)-* ; (a: - a;-)^(^ + 1)'. 

3. Reduce to their simplest form : 

V12; V8; V50; \/i6; 4<^o.250; vi; <^i; VA-i 
5^(-320); </(i-TJS-); V«'; V(«'*'); >'; 

V(a6); -^a-^'; -i/*"^"; V"**^; V**"'*; VC^'^+o'); 

^(a» + 2a«ar + a»a;»); V[(af - 1) (^^ - 1)] ; 

<4(a' + 2 or + a;*) (a' + a:")] ; </[(^ - a')'(a: - «)] ; 
V(4a;' - 8a;» + 4a;) ; V(8a:'-16a:+ 8); 

^(a^ - 2 + ar-')(a^ - 2a^ + 1)] ; 

l/ 2a:-2+2a;-' \ . l /3a;'-6g'+3ar\ . l/ (a'-ai)'+4a'6 \ 
'V^ a;+2+a:-' / \l^27a;»+18a;+3y ' \l, a-h ) 

4. Compare the following quantities by reducing them 
to the same surd index : 

2: V3; 2:^9; V2:73; V10:\^30; 2 V2 : •</22 ; 
!^a : ^b : -{/c ; V«" = V*' • V«"- 
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5. Reduce to simple surds with lowest integral surd 
index : 

V(-y«);-!'(W; -f(V'); -i/i-V^: <f(.</^: ■{/(■5'«"); 
M-f"^); -{/(Va'); VC-fsi); -!'(-5'8i); VC-'V"); 
-{/(av«); V(^W; ■!'('■</«); -W^V^); VP-fS); 
-i/(3-!«)i ^/i'-V'): V[»V('-V=)]; »V(«-V»-')i ■ 
^■-fsr') ; •</(.'-•</'-) ; vi:» VCy V')] ; ar'</(j?v»^)- 

In the following quantities, combine the terms involv- 
le same radical : 

+ 6V2-7V21 V^-VS; ■v'16 + 3-Ji^; 
+-V2: o^x-^x; a^x-h^x; 
+ 6 Vx - 7 V« + VC*") - S V(4*) + 4 V(9't) ; 
- 3 V(2j;) - 2V(8":) + VCli") - V(8i) + V(12») ; 
SV^r + 5.^a; — 2^3;" + .J'a:' ; 

■«)+2v(*M-3V[("+»W; 
-»)'»]+V[(«+«M-V(«'«)+V[(l-»)'«]-V»; 
-J)+V06o-i6i)+V("*'-»^)-V[9(«-*)]; 
+ o'S)-V(i" + «*■); 

+ 2o'S + oS') - V(«' - 2o'S + oJ") - V(4<^"). 

In the following quantities, perform, as far as possible, 
idicated multiplications and divisions, expressing the 
a in their simplest forms : 

:V6: V3XV12; V^^xV^^xVlO; V'»xv'(3a): 

V(i2c); v(6«)xV(8»); V^xV!/"; WxWi 

</o-xvS; V»xJftV VxJW; 
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a-i-^a^^; o^-t-^a"""; (o'+a:)-*- V(« + ^); 

(3 V8 - 5 V2 + V18 + V32 + V72 - 2V50) x ^2 ; 
(7 V2 - 5V6 - 3 V8 + 4 V20) ( V18) ; 

(V5+V3)(V5-V8); (V2+1)(V6-V8); 

(3-V2)(2 + 3V2); (5 V3 + V6) (5 V2 - 2) ; 

( Va — V*) ( V" + V*) ; (« V* + * V") (* V« - aV*) ; 
[ V(^ + 1) +V(^ - 1)] [ V(^ + 1) - V(^ - 1)] : 

V(« + V*) X V(« - V*) ; V( V^ + Vy) x V( V« - Vy) ; 
V[a + V(«' - **)] X V[« - V(«* - ^)] ; 
^x - v(^- 1)] X <4^ + V(^ - 1)] ; 

V(8 + 3 V7) X V(8 - 3 V7) ; ( V« + V*)' ; ( V« + V*)' ; 
[o+V(i-o')r; [V(«+*-*)-V('*-5+a')r; 

{[ V(« + X) (a; - *)] + V[(« -=c)ix + 6)]}'; 

JV[(«+^)(^+*)] + V[(«-*)(^-i)]P; 

[>|(f5f)-A|(|5i)} v(.-i)V(i^). 

«/a+<^6)'; [V(V« + V*)+V(V«-VW; 
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[V(Vio+i)-V(Vio-i)?; 

I V[a + V(«' - ^)] + V[« - V(«' - ^W ; 

( V^+Vy)*+(V^ -Vy)* ; (a'+a5V2+i')(«'-«*V2+6') ; 

(Va+V*-Vc); 

- 2</(ca) - 2^(ai)]. 

8. Find rationalizing multipliers for the following expres- 
sions, and also the products of multiplication by these : 

a + -^b ; -y/a + b-^/e ; a-^b — b-^a ; a + -y/(a' — a:*) ; 

V(« -X)- V(a + a;) ; V(«* + V«) + V(«' " V") ; 

V[8+v(24+V5)]-V[8+V(24-V5)]; V«+V*+V<'; 
3+V2-I-V7; V6+V5-V3-V2; Va+VHVH-V*^; 
V(i+a)-v(i-a)+V(i+*)-V(i-<'); >+</c: 

^/a'-^/c"; ^a+</c; ^a—i/b; -i/a+y/a; Va^+\/y*; 
V^+l + V^"'; V(«*'')-V(«~'*); ■^2+^3-</5; 

9. Rationalize the divisors and the denominators in the 
following, and reduce the results to their simplest form : 

1h-(2-V3); 3h-(3 + V6); 5-h(V2 + V7); 

( V3 + V2) -^ ( V3 - V2) ; (7 V5 + 5 V7) - ( V^ + V7) ; 
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a-^(-y/a+a)\ (x — a) -i- (y/x -- ^a) ; 

(a»+a6+6')-^[a + V(ai) + J]; (^+a)-«/a: + </a) ; 
g Vjt + & Vy . 2V6 1 + 3V2-2V3 . 
c-yjx—e-^y' V2 + V3-V^' V^ + V^ + V^ ' 
V6^V5-V3 + V2 . 2 . 

V6 + V^-V3-V2' V(« + l)-V(a-l)' 

2c . a + ar + V(«' + a;*) . 

V(a + 3:)+V(«-^) . 1 . 

V(a + a:) - V(« " ^) ' « V(l + *') + * V(l + «') ' 

g yg - y) - & V(i - g') . g yg - g«) + gyg ~ c') . 

vg-*o+va-«") ' gva-^)+^v(i-«')' 
yrg + g) (1 + vs\ - vrg - g) g - &)i . 

r/-ii \/-iil\Ti /r/-l \/i ?\T» 



V[(l + a) (1 + J)] + V[(l - «) (1 - *)] 

(a - a;) V(6' + y") -jb- y) V(«' + ar* ) . 
(a + a;) V(*' + y*) + (* + y) V(«' + **) ' 

V(l+a)-Va-a) + Va + 5)-V(l-&) . 

V(i + o) + v(i - «) + V(l + *) + V(i - 6) ' 

V(x + o)-V(a;-a)-V(x + S)+V(a:-&) . 
V(a: + o) + V(a^ - a) + V(a; + *) + V(=« - *) ' 

\ ^x - Vy . f a + V(a'-l) . 

\Va^+vy' \a-v(«'-i)' 

1 i_ yg yx 

1 +J_' V^+Va' 



ya? yy ya: ya 
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10. Find the values of the following expressions for 
w = 1, 2, 3, 4, 5, respectively : 

1 r (2 + v-6)»+'-(2+V6) _ (2-V6)>^'-(2-V6)- l 
2V6L l + V^ 1-V6 J 

11. Show that 
1 



{ [a: + V(^ - l)r^' + [ar - V(^ - 1)]*'='' =F 2 1 



2(a;-l) 

is a square for w = 1, 2, or 8, respectively. 

12. Extract the square roots of : 

x-\-y — 2^{xy); a + c + e+2^{ac + ce); 
a + 2c + e + 2V[(a + c)(c + e)] ; 2a+ 2V(a' - <?) ', 
2[a» + 6'-V(a* + a'i' + **)]; x-2 + x-^; 
^x+2 + y/x-^; x + Z3? + 3? + 2x-y/x + 2a?^x) 
a?—xy+\f+^{^a?y-&3*y'-\-xj/'); 
2x+^{Z3*+2xy-y'y, 5-2V6; 10 + 2V21; 9 + 4V5; 
12-5V6; 70 + 3V451; 4-V15; 4-V15; 7+4 V3; 
9 + 2 V6 + 4 ( V + 2 V3) ; 15.25 - 5 V0.6. 

13. Find the value of: 

(" + ^)^, given x= "V° andy= V^ ; 

V(^ + y*). gi'^en X = -{/(aV), y = -v/Ca'e)-; 
^ + V(a;' + 1) riven x-V l"" h- 

Va + a;)-V(l-a;) riven r- ^^ - 
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2^V(1 + ^) , given a:^UJ^-JA 

14. li^{x + a + b) + y/{x + c + d) 

15. Simplify ^(1+V^)^-^ + i(^-V^)"-^ 



Complex Quantities. 

Quantities of the form a + i-^/— 1, in which neither a 
nor b involves -^—\, are called Oomplez Quantities. The 
letter i (or j) is frequently used as the symbol of the diten- 
sive unit V""^' ^ ^^^ a-{-b^—\ would be written a+bi. 
So also -yf—x = i^Xy -yj—x X V^ V ^ ** V(^) — ~ V^' 
and i' = — i. 

Ex. 66. 

Simplify the following, writing i for -y/— 1 in any result 
in which the latter occurs : 

1. V-4; V-36; V-Sl; V-S; V-12; V-72; 

■{/-8; v-^x V-6; V-^xV-8; V-8xvi2; 

V-8x</-8; V-^XV-20. 

2. v-^; V-^; V-«*; V-a**; V(-«)*; 

V— a X V— 1 ; V^ X V— ^• 

3. ^*; z'; i** i*; z"*^ z"; z"; i"; i^^\ i*^; i**+*; 

4. aixftz; i^x'Xi-y/y; bi; z'V^I *V~"^J ^V~"^'j 
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6. V-*'; V-»'; V-»*; V-*'; V-»'"; V-»*"' 

:y^. V-6 . V6 . yg . V-g . 1 . 

' V3 ' V-3' V-3' V-*' V-*' V-1' 

a . g' V(- aa') . -V-1 . o' . 
■y/—a' V— g'' V— a; ' -y/— g ' -^—cf' 

_^i_. V(- g)"^' 

v-<^' V(-«)' 



vsk-1 



111-111 -1 



* • • » -a » '5 > 



I O A WIt-I a WIt* 4 •W~-l 



a*i X —y ci^ 

y— g*' iya;' iy/—y'' y— c" 

8. V(« — *)X V(*-«); V(3a;-4y)x V(4y-3a;); 
(3 + 5i)(7 + 4»); (8-9i)(8-7i); 

(7 - tV5) (7 + «Vio) ; (V3 - iV6) ( V2 - »V6) ; 

(g + if) (c + ci) ; [g + (g-l)i][g + (g + l)i]; 

(■y/a + iy/b) (~^a — i-^c) ; (a + bi)(a—bi); 

(at + b) (ai — b) ; (-^g + i^b) {y/a — i-^/b) ; 

(a V* + ci's/x) {a^b — ci-^/x) ; V(l + i) x V(l — *) ; 

V(3 + 4 i) X V(3 - 4i) ; V(12 + 5i) x V(12 - 5i) ; 

(1 + i)'; (V«-»V*)'; (5-2iV6)'; 

(g + bif + (g - ii)' ; (g + bif - (g - it)' ; 

(g + hy + (ai - by ; [ V(4 + 3t) + V(4 - Si)]' ; 

[ V(3 - 4*-) - v(3 + 4i)]' ; [ V(l + ^^ + V(l -»)]'; 
(1 + t)'; (1 + ty; (a + ^T; (a + hy + (a - bty ; 

(a + biy -(a- bty ; 

n + » ys y. / -i+tys y. /- 1 - ys y. 
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ix + iy)* + (x — iyy; (x + iy)* - (ix + y)* ; . 
(1 + iV5)* + (1 - »V5)* ; (a + biy+(a- 6t)» ; 
(a + hy-(a-lny; (1 +t)» + (l-t)»; 

(i+iV2)'+(i-iV2)'; 



(^7= (^^ = 



fi[V(30-6V5)-l-y5]+it[V15+V3+Va0-2V5)]}' 
for all positive integral values of n. 



-4 64 21 



l + iV3' l-iV7' 4 + 3iV6' V2 + tV3' 

1 - 20tV5 . 1 - 1 V3 . 1+j. l+i^, l-i" , 1 - 1' . 

7-2iV5 ' 1 + »V3' l-»' l + »' !-»■' (1 + 0*' 

1 -|-i* . a;4-y^ . a + tVa; . i-^a -f- V— ^ . a -bi 
1 — i' x — yi' a — i^x ' y/— a — i -y/b ' ai-\-b' 

a + tV(l — x') . V(a;-.y)— V(y-a:) . _1 ^ 1 . 

a — i-y/(l — x')' ■y/(2/ — x)+^(x — y)' 1 + i 1 — i' 

1 + i 1-i. 1 I 1.1 1 . 



l-i'.l+i' (l + t7'(l-i)" (l + i)* (1-0*' 

a: + yt ■ a; — yt . x+yi x-yi y/x + tVy ^y+i-s/x . 
a-\-bi a — bi' a-\-bi a — bi' -^x—i-^y ->/y—i-^x' 

yg + g) + tV(l - a) V(l - «) + »V(1 + a) 
V(l + a) - tV(l - «) V(l - «) - *V(1 + «) 

10, v(3 + 40 + V(3-40; V(3 + 40-V(3-40; 

V(4 + Bi) ± V(4 - St) ; V(l + ^W^) ± V(l - 2iV6) ; 
V(5 + 2iV6) ± V(5 - 2iV6) ; 
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V(2Vi5 + 30 i) ± vCsvis - 300 ; 

V( V3 + » V105) ± V( V3 - I'VIOS) ; 

V[« + iVi^ ~ o.')] =t: V[« - Wi^ - «')] ; 

V[a' + ix^i^ + 2a')] ± V[«' - '^ V(^ + 2 a')]. 

11. Prove that both ^(—l + iyJZ) and 4(— 1 — 1^3) 

a^— 1 

■ " - the equation = ; 

a:— 1 

r+«^+<»'2)'=^+/+^+3{a:+^y)(y+<..2)(2+a^) 

at (a;+jH-z)(a>f<»y+<»'z)(aH-«.*y+«w) =a;'-H/+z'-3ayz, 

ich oi represents either of the preceding pomplex 

ities, 

ice, prove that : 

la-b-c + (b-c)i^Zf 

.•+ii* + w*— 3mvw 

= (a' + fi' + c" - 3 oic) {aJ" + y + j" - Siys), 
ax + by + cz, v^ay + bz-i-cx, w = oj + ftx + cy, 
[=(Mr + cy + iz, w = ca:+fiy + a2, «i = 6a: + oy+oz. 

Prove that i [ V5 + 1 + i V(10 - 2 V5)] satisfies the 
on ^+1 = 0. 

ting ui for the preceding complex quantity, prove that 
. + w' + 3 «.') (7 - <o* - u' - 3<u') = 71, and 
+ z){x + <a'y - J'z)(x — «i''y-<az)(x — iaz + «i*z) 
X(x+<^*y+,o'z-)=3fi+l^ + i*-t3?yz + 5xy'i*. 

fethat[4a+(6-c)(V5-l)+(64-c)iV(l'H-2v'5)]' 
= !(■» + *) [-1+»VCV5+ 2)] 
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13. Solve the following equations, and prove that, if r 
be a root of any one of them, the other roots of that equa- 
tion will be r*, ?•*, r*, etc. 



(ii.) a:* + 1=0. 



x+l 



(iii.) a;'+l = 0. ^"""'^ X + 1 ~ ^■ 

(iv.) ^^ = 0. (viii.) ^ = 0. 

§ 61. Surd Equations. 
Examples. 

1. Solve2 + V(4^ — 9a; + 8) — 2a: = 0. 

Here there is but one surd, and it is convenient to make 
that surd one side of the equation, and transpose all 
the rational terms to the other ; this gives 

V(4 a;" — 9 ar + 8) = 2 a: - 2 ; 

Squaring both sides, 

4a:» — 9rp+ 8 = 4a^ — 8a; + 4. .'.x = 4. 

2. Solve ^(^x" + 19) + V(4^ -- 19) = V^? + 3. 
We have the identity 

(4 a:» + 1 9) - (4 a;' - 1 9) = 38 = 4 7 - 9. 

Now dividing the members of this identity by those of 
the given equation, we have 

V(4a:» + 19) - V(4^ - 19) = V47 - 3. 
Adding this to the given equation, then 

2V(4a:' + 19) = 2V47. 
/. 4a;» + 19 = 47, and a: = ± -y/l. 
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3i" - 1) - V(3 - «^) ' 

Js-i" a-b 

3-^" (a-6)'' 

,_ 3(a + iy + (»- ;.)■ _ <.■ + Hi. + 6' 
(« + 6)' + 3(«-i)- a--oJ + J' 

«l + i)- .iVa-»)-V('»' + "'). (1) 

lare both membei-s and reduce, 

m'-n')x- 2mn V(l - a^) = 0. (2) 

.nsfer the radical term and sq^uare both members, 
m--nya:-^imW{l-x'). (3) 

m' + ?i')'a^=;4wiV. (4) 

m'+n' ^ ' 

above follows the usual mode of solving equations 
ng radicals; viz., make a radical term the right- 
lember; gathering all the other terms into the left- 
nember, square each member; repeat, if necessary, 
11 radicals are rationalized. This method is con- 
., but it does not explain the difficulty that only one 
is of X in (4) satisfies (1); viz., 




^V(l + ^) + "V(l -^) = V(»«' + "')■ 
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The explaoation is simple. Squaring both members of 
(1) is really equivalent to substituting for (1) the conjoint 
equation, 

[m V(l +x)- nV(l - a;) - V(^' + «')] 
[mV(l +x) + nV(l - a?) - V(^' + ^')] = 0. (^'"^ 
which reduces to (2) above. 

Treating (6) or (2) by transferring and squaring is equiva- 
lent to substituting for it the equation 

[m V(l + x)- n V(l - a:) - ^(m* + w«)] 

X [m V(l + ^) - wV(l - ^) + V(^' + ^')] 
X [m V(l + x) + ny/(l- x)- V(w' + w*)] 

X [m V(l + ^) + w V(l - ^) + V(^^' + ^')] = 0, (7) 
which reduces to 

[(m' - 71*) a; - 2mn V(l — ^)] 
[(m* - w') ^ + 2 mn V(l - ^)] = 0, (8) 

which further reduces to (3). 

Thus the whole process of solving (1) is equivalent to 
reducing it to an equation of the type -4 = and then mul- 
tiplying the member A by rationalizing factors. Thus, 
instead of solving (1) we really solve (7), that is, a conjoint 
equation equivalent to four disjunctive equations. (See page 
191, § 42.) Now the values given in (4) will satisfy (7), 
the positive value making the first factor vanish, the nega- 
tive value making the third factor vanish, while no values 
can be found that will make either the second or the fourth 
factor vanish. 

Hence, if one of such a set of disjunctive equations is 
proposed for solution, the conjoint equation must be solved ; 
and if there be a value of x which satisfies the particular 
equation proposed, that value must be retained and the 
others rejected. 
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This process is the opposite to that given in §§ 42 and 43 : 
there a conjoint equation is solved by resolving it into its 
equivalent disjunctive equations. The two processes are 
related somewhat as involution and evolution are. 

Further, it should be noticed that just as there are four 
factors in (7) while there are only two values in (4), it will 
in general be possible to form more disjunctive equations 
than there are values of x that satisfy the conjoint equation, 
and consequently it will be possible to select disjunctive 
equations that are not satisfied by any value of x, or, in 
other words, whose solution is impossible. 

This will perhaps be better understood by considering 
the following problem : 

Find a number such that, if it be increased by 4 and also 
diminished by 4, the difference of the square roots of the 
results shall be 4. 

Reduced to an equation, this is 

V(^ + 4)-V(^-4) = 4. (9) 

Eationalizing, this becomes 

. [4_v(^ + 4) + V(^-4)] 
x[4-V(^ + 4)-V(^-4)] 
X [4 + V(a; + 4) + V(a; - 4)] 
X [4 + ^ix + 4) - y/{x - 4)] = 0, (10) 

which reduces to 

[24 - 8 V(a; + 4)] [24 + 8 V(^ + 4)] = ; 

that is, 9 — (a; + 4) — 0, or a; = 5. 

Now a; = 5 satisfies (10) because it makes the factor 
4 - V(a; + 4) - V(a; - 4) 

vanish, and it is the only finite valine of x that does satisfy 
(10), or, in other words, there are no values of x which will 
make any of the factors 



SURD EQUATIONS. 281 



4 - V(^ + -i; -f- VC^' - 4), 

4+V(a; + 4) + V(^-4). 
or 4 + ^(a; + 4)_y(:P_»4), 

vanish. There is, therefore, no number that will satisfy the 
conditions of the problem. 

It will be found that as x increases y/(x + 4) — 'y/{x — 4; 
decreases; hence, as 4 is the least value that can be given 
to X without involving the square root of a negative, the 
greatest real value of -yj(x + 4) — y/{x — 4) is VS, which 
is less than 4. We see by this that our method of solution 
fails for (9) simply because (9) is impossible. 

5. y/[(a + x)(b + x)] - V[(« - ^) (* - ^)] 

- V[(« - ^) (* + ^)] - V[(« + ^)iP- ^)l (1) 

Collecting the terms involving y/{a + x) and y/ia — x), 
respectively the equation becomes 

[^{a+x)-^(a-x)] [ y/(h+x)+y/(b - x)] = 0. (2) 

This is satisfied if either 

V(a + :r)-V(«-^) = 0, (3) 

or V(* + a?) + V(* - ^) = 0. (4) 

The rational form of (3) is (a + ar) — (a — ar) = 0, which 
is satisfied by a: = 0, and this also satisfies (3). 

The rational form of (4) is {b-\-x) — (b — x) = 0, which 
requires a: = ; but this does not satisfy (4). Hence, 
the second factor of the left-hand member of (2) can- 
not vanish. 

Therefore, the only solution of (2), and hence of (1), is 
ar = 0, derived from (3). 
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6. ^(a + x)+^(a-x) = ^{2a). 

Cube by the formula, 

(w + v)' = w' + v* + 3 wv (w + v). 

.'. (a + x) + (a-x) + S </[2a(a* - x")] = 2a. 

,\2a(a*-x') = 0. 

.'. ar = zha. 

Both these values belong to the proposed equation. 

The rationalizing factors of 

^(a + x) + ^(a—x) - ^(2a) = 

are -{/(a + x) + io -{/(a - ar) - w' ^(2 a), 

and V(a + a;) + o)'^(a — a:) — ctf-Y/(2a). 

See Exam. 11, page 276. 

The remarks on Exam. 4 will apply mutatis mutandis 
to equations of this type. 

• ^(a + a;)^ - ^(a^ - or'O + ^(a - xf ''' ^ ^ 

Assume -^(a }-x) = u and ^(a —x) = v. 
:,u^-{-v^ = 2a and w' -i;' = 2a?. 



w' - v^ X 



• '5 I ..3 



w' + r a 

Also (1) becomes 

w* + wv + v' 
w' + wi; + v* 



(2) 



(3) 



Multiply both numbers by 

. w' - -y* u — V 
u^ -j-v u-\-v 



u — v 
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■•• by (2), 

f=c^". (4) 

Again, adding and subtracting denominators and numer- 
ators in (3), 

Adding and subtracting 2 (denominators) and numera- 
tors in this, 

u^--2uv + v'__ 3 — c 



u^ + 2uv + v' 3c -1 

fu — v\ *_ S — c 
\u + vj~ Sc i 

.*. substituting by (4), 



s^ 2 3 — c 

— (T 



a^ 3c- 1 

13-c 



.'. x = nc 



\3c-l 



8. [^(x+a) + ^(x-a)J[^ix+a)-^ix-a)] = 2c. (1) 

Assume u = ■y/(x + a) and v = ■y/(x — a) , 
and (1) becomes 

(u + v)\u — v) = 2 c, 

or (w + i;)V-v') = 2c. (2) 

Also u*—v* = 2a 

or (u^ + v') {v? -v^) = 2 a, (3) 

and u*-\-v' = 2x. (4) 

From (2) and (3), 

{u - vf(y - v") = ^a-2c. (5) 
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.-. (2) X (6), 

or (w» - -y')* = 4 c (2a - c). (6) 

Also (37 +(6), 

[{v? + vy + {v? - vj] (w' - vy 

= 4(a' + 2ac-c3) 
or (u^+v*)(u'-vy = 2(a' + 2ac--(^). 
Substituting by (4) and (6), 

2x'^(2ac-c') = d' + 2ac~(f. 

9. [^(a+x)+ V((^-x)]\^(a+x)+^(a^x)] = 2cx. 
Divide the terms of the identity 

</(a + ^)* - </(a - xy = 2x 
by the corresponding terms of the equation. 



. il fa + x\ _c+l 
' \\a-xj c-~l 

. a + x_/c+lV 
' a — x \c—lj 

(c + iy+(c-iy 



10, ^(a - xy + ^[(a -x)(_b- x)] + ^(b - zy 
= </(a« + ab + b'). 

Divide the terms of the identity 

■^ia-xy-^(b + xy = a-b 
by the corresponding terms of the equation. 



.:^(a-x)—^(b-x) = - 



a — b 



^(a» +ab + b^) 
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Cube, using the form 

(ifc — v)' = w' — V* — 3 Mv (m — v). 
{a — x) — (h — x) 

d? + ah + b* a' + a6 + 6' 

•'• <^[(" - ^) (* - ^^1 = ^(a'+l + y)' - 
.-. (a — a:)(6 — a:) = 



11. 



(a' + aA + ^7 
a form solved in (C), page 231. 

(a - x)yj{a -x) + {x- h)^{x - ^) 

Write a — i in the form (a — x) + {x — b), and multi- 
ply by the denominator of the left-hand member. 

... (a-xy^{a-x) + {x-by^{x-b) 

= ia-'xy^{a-x)+{x - by^(x - b) 

+{a-x){x-b)[-y/{a-x) + -yj{x-b)\ 

... (a - x) (x - - i) [ V(a - ^) + V(^ - ^)] = 
.-. (a — a;) = 0, ov x — b = 0, 
or V (^ ~ ^) + V(-'^ - i) = 0. 
Xi = ay x^ — b. 

The equation V(« — ^) + V(^ - Z>) = has no solu- 
tion, for the sum of two positive square roots cannot 
vanish. 

The solution x = i(a + b) belongs to the equation 
y(a — x) -' y/{x - 5) = 0. 
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,2. >)^+ »|6±^ = ^. 
yb-^x ya—x 

Square both members, subtract 4, and extract the 
square root. 



a~x 
b + x 



= e». 



. 2x-{a-b) _ l-^ 
a+b 1+/ 

...a;=i|^(a-6) + (a + i)^^. 

Or thus, cube both members. 

. a — X . ct . b 4- X 9 
b-\-x a~ X 

. («-x)' + (6 + .)' ^^_3^ 
(a — re) (6 + a;) 

. r (Z> + a:) - (g - a?) T_ c^ - 3 g - 2 
" L(^> + a:) + (a - a:) J c» - 3 c + 2 

_ (c + mg-2) 
(^_ 1)2(^+2) 

. 2x-(a-b) _ c + l \ c~2 
a + b c— l\c + 2" 

Prove that 

l-e« _c+l l g-2 
l + e* c-l\c + 2' 

if 2e = c±V(^*-4). 
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Ex. 67. 

1. V(a: + 4) + V(a: - 3) = 7. 

2. V(3a;+1) + V(4« + 4) = l. 

3. V(2« + 10) + V(2« - 2) = 6. 

4. -y/imx) — -y/inx) —m — n. 

5. -y/ibx) + V(ai + bx) = -y/x. 

6. Va^+V(*+3)= ^ 



7. V(aa; + «*) = (1 + a:). 

8. ^(17a;-26) = | 

9. V* — v(* + ^) = -\|-- 

10. 6 + a; - V(6' + a:*) = c». 

11. V(8 + a;) - V* = 2 V(l + ^)- 

12. V(2a;-27a) = 9Va- V(2«)- 

5V(2a:-])+2V(3.r-3) _o,. 
4V(2a:-l)-2V(3a;-3) ^'^ 

V2x+V(3-2a:) _3 
V2ar - V(3 - 2a:) 2 

,. 2^(3a; + 3) + ^(7a? + 8) _^ 
2</(3z + 3)-</(7a; + 8) 

16. 33 [13 - 2V(a; - 5)] = 3[13 + 2 V(a; - 5)]. 

17. (V« + i)[V(^ + l)- V«^] 

=. ( v« - 1)[ VC"* + 1) + V««]- 
18 V(a; + g) + V^ - Va;+Va 
V(a; + c)-V* V*-V« 
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j^ Va: + 28 __ V3; + 38 
V^ + 4 ' ^x + 6' 

<^2a: + 9 -</2a;+15 

22 3a?-- 1 _ 1 + V3a? 
V3ar + 1 2 

23. V^-V(^-^) = a. 

24. V^+V^> _fl 

v^ — v^ ^ 

26. «^+l+V(«V-l) -S 
aa: + l- V(aV-l) 

i+v[i-va-^)] 

27. -^(^+l)-^(^-l) -l 

28. '^(l-x) + ^(l + x) = ^S. 

29. ^(3 + :r) + </(3-rr) = ^7. 

30. ^(a;+l)-</(a:-l) = ^ll. 

31. ■^{a + x)+^(a-x) = ^b. 

32. ^(l + V^) + \/(l-V^) = 2. 

33. v^ - V[« - V(«^ + ^)] = i V«- 

34. ^(25 + a:) + -^(25 - a;) = 2. 

36. a: + VCa' + a^) = 



26 



wa' 



vK + ^y 
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36. V(i + ^) + V[l + ^+V(l-^)] = V(l-^). 

37. v(^ + V^)-V(^-V^) = «J-^^- 

38. ^(l + x + x') + ^(l-x + x')-^vix, 

39. V(«' - ^) + ^ V(a' - 1) = a' (1 - x"). 



40. 



Ja: 



e* _V (6a;) + c ^ 



y/(hx) + c n 

41. V(2^ + S) + V(2a^-^) = VlS+VS• 
42. V(3^+10)+V(3a;'-10)--= Vl'7 + V37. 

43. V(3^ + 9)- V(3a:'~9)= V34 + 4. 

44. V(3a-34 + a;*)+ V(2a-24 + a:») = V«+ V*- 

45. V(*«' - 3*' - 2a;*) + V(3a' ~ Sb^-x')-^a+x, 

46. [ V(a + ^) + V(« - ^)] [ V« + V(a' + ^)] = 2ar. 

49. V[(2 a + ^)' + *'] + V[(2 a - a^)' + ^>'] = 2 a. 
V(a — a;) — V(a; — *) 



51. 



52. 



53. 



54. 



^(1 + x') + ^(1 - 3^) _ a 
V(l+ar')-V(l-^) * 

^(1 + a;') + ^(1 - a;*) _ g 
</(l + .r») - ^(1 -x') b 
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,s y(.^-+i)+V(:^-i) _.. 
V(^+i)-V(«"-l) J 

57. v'('l» + '-4«)-2V(» + '-2i)-V*- 

58. VC^" - 26 + 2i) - - VCSc - 2* - 2i) - 2 V"- 

59. v(2« - i + 2a:) - V(10a -96-6:c)=4 V(a - 6). 

60. V(3a-4i + 5i) + V(«-») = 2VC»+"). 

61. V(3»-4' + 6») + v'(*-») = 2V(2»-2*). 

62. V(5»-3o + 44) + v(5i-3a-4S) = 2V(» + o). 

63. V(2ii+i+2»)+V(10(i+9J-6i) = 2V(2o+i-2i). 

64. 2v(2a+6+2a:)+V(10«+*-6E) = V(l*M-96-6a:). 

/(2a-13i+14i)+ V[3(6-2o+2i;)] = 2V(2o-4+2»). 
/t3(7a + J + i;)]-v(o+74-i)=2V(V ■> + *-«). 
/[(» + i)(i+ S)] + VK« -•:){':- S)] - 2 VM. 
/[(a + a;)(i + 6)] - v[(<. - x)(a: ^ S)] _ 2 V(*»'). 
/(ax + a?) - V(a» - 1") = V(2<» - «')■ 
/(Of - «■) + V("* + 2") = V(2<» + o"). 

+ v(i-"=) i-va-») * ■ 

+ V(»») o + V(»i:) _i-o 

-V(«x) x-VC") « 

/t(» + »)(, + i)1+ V r(a-»)(»^6) 1 lo 

/[(<. + i)(i + i)]^-V[(«-»)("'-')] Ns' 

l 3»-2H-2a ; ^ rV» + V(2a-2t)T 
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76. ■^{a + x) + -^(a — x) = 2-^a. 

76. </(<! + xy - ^(a' -3r} + </(a - ar)' = </a'. 

"■ ^0-+xf--^0--a?) + i/{X-xr ^ 

78. </(l + xy + </(l - xf = 2 J -J/(l - a:*). 

79. ^(3 + x) + ^(3 - a:) = ^6. 

80. ^(1 + xy + </(l - x)' = 5 [^(1 + a:) + </(l - x)]'. 

81. </(14 + a;)' - </(196 -:«»)+ ^(14 - z)' = 7. 

82. [^(9 + a;)+</(9-a;)]^(81-a;») = 12. 

83. [</(14+a;)'-^(14-a;)'][^(14+a:)-</(14-a:)] = 16. 

84. [^(57+a;)'+</(57-ar)'][</(57-a;)+</(57+a;)] = 100. 
86. 5[^(41+ar)+^(41-a;)]' = 8[V(4H-a;)+V(41-^)]- 

86. [ -i/(x + 5) + ^(x - 5)]'[^(a; + 5) - ^(a; - 5)] = 2. 

87. [ ^(x + 1) + ^(a; - 1)] [ yj(x + 1) + V(^ - 1)] 

= 26[</(ar+l)-</(a:-l)]. 

88. »lkM+ '/l^ = a. (y + r' = «)- 
\1 — a; >l+ar 

89. 2[</(l+a;)'+</(l-^)] = (c'+l)[^(l+a;)+^(l-a.-)]'. 

90. y(a + x) + ^{a-x)=-^c. 

91. [</(a + a;)+</(a-a;)]</(a'-z») = c. 

92. ^(a + a;)'=^(a'-a;') + </(a-a;)' = </c'. 

93. [</(a + xy - </(a - a;)'] [ </(a + a;) - </(a - x)] = c. 

94. [</(a + a;)' + ^(a - a;)'] [ </(a + a;) + </(« - a:)] = c 
96. {a + x)-{/{a-x)-(a-x)-i/{a-\rx) 

= c[</(a + x) - </(a - a;)]. 
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96. (» + j:)</(a + i)-(o-i)</(o-j:) 

97. [</(« + »)•-</(,.■-»■) + </(«- ;i)T 

= «[<'(<■ + »')+ Wo -»)]■ 

98. [</Co+l)+-y(o-l)J _(<+!) [ V(»+»)+ V(« -«)]■ 

99. [-;/(i + a)-</C»,-<.)][VC"' + a)+V(i-»)]' 

= «[-!/{» + «) + </(.-«)]. 

v(»^-<.)-v(»-») y'-t 

101 V(:.-»)+V(»-t) _ l«z:£. 
V(»-«)-V(»-*) \'-» 

102. Jf^- J^±^ = «. 

\o + a; \a — a; \b—x ya—x 

\6 — a; \a — a; \6+3; \c6--ar 

\6 + a; \a — x \b—x ya—x 

[V(«-«) + V(s-»)J" ■ 
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114. v(« -- -0' + v(^ - ^r - ^. 

V(« — a:) — y/(b — a:) 

116. rV(a-a:) + V(6-a:)1' _^ 
V(» — a;) — V(* ~ ^) 

116. v(« - ^y + v(^ - ft)' - ,. 

V(a - xY - ^(x ~hf _^ 
[^(a-x)~^(x-b)f 

118. :A^^lll±.^/^±R^^l(a-x)(x + b)]. 

y/(a ~ xy + ^(x + by ^"-^ ^^ ^ ^^ 

119 V(a-:r)'+V(x + &)'_ (a + by 

y/{a - x) + ^{x + b) ^y/[{a-x){x + b)] 

120. ^ + («-^)V(«p^^,. 

121. ^ + (a'-^)yK-^ ^^ , ... _^.,) 

122. -</(a - xy - ^[(a -x)(x- b)] + -^(x + Z^)^ 

= ^(a' -ab + b'). 

123. &v(^-^)+«y(^-fl ^^. 

V(a — a;) + V(^ — *) 
124. a V(q - a^) + ft V(a^ - ft) - J.. 

v(* — ^) + v(^ ~ ft) 

2 V(a; - «) + V(a- + «) - V(2 «) _ dv + o 
' V(^-«)-V(* + «) + V(2a) \a.--e 

V(a;-ft) + V<' \*-ft 

127. </(a - a.-)' - </[(a - x) (a; + 6)] + </i^ + ft)' 
= ^(a' - a6 + 6'). 
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128. \-^ia~ xy - ^[(o - x) (x -b)] + -^(x - by I ' 

= (a-b)[ </(fl - x) + -^(x - b)]. 

129. [^(a-xy+-^(b+xyY - (a+b) [•^(a-x)+-^(b+x)]. 

130. -i/ia - x) + -^(x - b) ^ -^c. 

131. -^(a + a;)' - ^(a - a;)' = ^(2ca;). 

132. ^(a - xf + -^(a -x)(b~ x)] + </(6 - xf ^ -^e'. 

133. -^(a - xy - <4(a - x) (x J- 6)] + ^(x 4- i)* 

134. [-^(a -x)+ -^(x + b)]-^(a - x) {x + 6)] =r c. 

136. ^(a - a;)' + -i/ix -by = c [-^(a -x) + -^(x - 6)]'. 

136. x+-!/(a''-a*)= , /, -. 

137. _«L-.= ^+-y(2^'-^) . 

a;* -6 «-^(26»-a;') 

138. (a + ar)</(a + a;) + (o-a;)ny(a-a;) 

= a[</(o + a;) + </(a - a;)]. 

139. (a + a:) -^(a - ar) + (a - a;) ^(a + a;) 

= «[</(« + ar)+</(a- a;)]. 

140. ^(26 -x) + -i/ix - 10) :^ 2. 

141. [</(a -x) + ^{x - J)]' - c[ V(a - a;) + ^{x - 6)]. 

142. (a - x) </(« - x) + (a; - b) ^(x - b) 

= (a-b) [^(a -x) + ^(x '- 6)]. 

143. [-i/(a-x) + ^(x-b)J[-^{a-x)+y/ix-b)-] 

= c{a + b-2x). 

144. [</'(a - a;) + </(J - x)][^{a -x) + V(6 - a:)]» 

^c[-i/{a-x)-^{b-xy\. 

146. a V(l + ^) - a; V(a^ + a') = e. 
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146. (a - x) -^(x -b) + (x — b) -^{a - x) 

= c[-^(a-x) + -^ix-b)y. 

147. [^(a-x)+-^(b + x)l^ = c[-^(,a-xy+-^ib + xy]. 

148. [</(a -x) + -^(b + ar)]» = c -{/[(a -x)(b + x)]. 

149. ■^(a — xy—i/(b-xy = c-^(a + b-2x). 

150. -^(a — x) + -i/(x — b) = -^c. 

151.- -^(a — «) + -y(a; — i) = -^c. 

(a-a;)</(ffl-a;) + (a;-6)^(a:-6 )_ 
■ (^a,-x)-i/{x-b) + ix + b)^(a-x) "' 

(a-x)^(b-x) + (b-x)^(a-x) _ 
^(a - x) - ^{b - x) 



154. 



^(a - ar) + \/(a^ - &) _ c 



■^{a — x) — -i/i^x - b) a + b-2x 

166 [^(a-a:) + </(6-a;)]» _ 
' ■^(a-x)--^(b-x) "■ 

166. (o — a;)-5/(a — a;) — (a;— 6)-{/(ar — 6) 
= o[-^la — x)- -^(x - b)l 

157. (a — x) -^(x + b) — (x + b) -^(x — a) 
= c[-^(a-x)--^(x + b)]. 

168. [^/(a - a;)' + ^(x - J)']-^[(a -x)(x- b)] = c. 

159. [-^'(a- *) - \^(« - *)]'[^(« - ^)' - \^(^- *)'] = o- 

160. [</(a-a;)'-</(a;-6)'][V(a-a;) + \/(^-*)J = <'- 

161. [-^ia-xy+i/(x + byY = c[-^(a-x) + -^(x+b)]. 

162. V(^- «'-*') + V(^-*'-<^)-V(«'-c'-a')=«- 
^fa' + 2a;) + V(a'-2a:) 

■ V(a' + 2*) - V(a' - 2a:) 

_ mV VCwt'a; + 2) +-N/(m'ar - 2) 
a' \/(m*x + 2)—y/{m'x-2) 
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164. V(^ - «') + V(-^' - ^') + V(^' - ^') = ^• 

165. [^(a -x)+ -^(b - x)'\[-^{a -x)- ^(b - x)] = c, 

166 ■^(a-x)--i/(x-b) _ a + b-2x 
^{a-x) + -^(x-b) a — b 

167. -^(a + x)+ -{/(a -x) = ■{/(2 a). 

^(a - xf + ^{x - b) 
Write u for ■yj{a — a;), and -y for -y/ix — 6). 

169. y(5-3a; + a;'^) + V(5 — 3y + y') = 6; .r + y = 3. 

170. V(^ — ^y) + V(y-^) = «; a: + y = 6. 

171. i/{x + m) + ^{y + n) = a\ x + y-=b. 

172. ^(143 + ^) - A/(y - 18) = 1 ; a;-y = 50. 

173. v(^y) + V[(i-^)(i--y)] = «; 

174. xy+^[{l-x')(l-f)] = ab', 

175. v(^-^) + V(y-^) = «; 

176. x^ + yl = Zixk'-y^)'--r.Zx. 
178. {x + y)^ + (x — y)^--=a^\ 



CHAPTER IX. 

Cubic and Quartic Equations. 

§ 52. The Cubic. Let the general cubic equation be 

aar^ + 3^ir' + 3crr+rf = 0. (1) 

Let y = oa; + ^. (2) 

Substitute '^~" for x in (1), and multiply the resulting 

a 

equation by a', 

which may be written 

y' + SJTy + G'^O, (3) 

in which H= ac - h\ (4) 

and 0=a^d-^al)c + 2 b\ (5) 

Assume y = w -{/ri + w^ -v^r, * (6) 

in which o)'=l. (7) 

Cube (6), y» = ri + r, + 3 </(nrO(o> ^n + co' ^r,) 

= n + ^i + 3<^(rir0y; 
y» - 3 ^(nr,) y - (r, + r,) = 0. (8) 

Equate coefficients in (3) and (8), 

n + r,^-0. (9) 

and ^(r,r,) = -JI. :.r,r, = -H'. (10) 



* Throughout this chapter the symbols y/ and ^ will be used to 
denote the corresponding arithmetical roots of the quantities they 
operate on. General roots will be denoted by exponents. See § 50, 
page 264. 
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(9) and (10) show that ri and r, are the roots of the 
quadratic 

r^+Gr-H'^O, (11) 

which may be written 

(2r + Gf - (GP + 4 Jr») = 0. (12) 

By (4) and (5), 

G^ + 4 ^' = a» (a'rf* +^a^- 6abcd+ U'd - W(^) 
= a*A, say. (13) 

.•.(2r+(?)'-a»A = 0. (14) 

:.r = — }G^± ia-y/A. 
Let r, = — J (? - J a VA. (15) 

.•.r, = -J(?+iaVA. (16) 

Substitute these values for Ti and ?•, in (6). 

.-. y = o></(-JG^-Ja VA)+a>'^(-JG4-iaVA) 

= -o></(JG4-iaV^)-<^'^(i6'-iaV^)- (17) 
Substitute this value of y in (2). 

a 

-o>«^(i(?-JaVA)]. (18) 

Hence, if 

a^ + ^lx' + 2^cx + d=0, 

ari = l[-^>-^(J(?+JaVA)-</(J(?-JaVA)], 

x, = -[-b + h(\ + i V3)^(i (? + i a VA) 

+ J(l-iV3)\/(i(?-iaVA)], (19) 

a:, = ?:[- 6 + i(l - i V3)</(J (?+ JaV^) 

+ i (1 + * V3) v'CJ (? - i « VA)] ; 
in which a'A = G^ + 4 -ff", 

(? = a'rf— 3aic + 2i', (20) 

jr= a<? - b\ 
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If the cubic have one or more rational linear factors, the 
above method of solution should not be attempted; but 
such factor or factors should be determined, and the cubic 
resolved into its equivalent disjunctive equations, and these 
solved. (See Note, page 233.) If the cubic have no rational 
linear factor, ^(J(? + }a-y/A) voill not be redttcible to 
the form u + -yjv ; but, if the cubic have such factor, 
•v^(J(? + JaV^) will be reducible, and the reduction may 
be effected by reaolmng the cviic into its equivalent dis- 
junctive equations^ and solving these. 

Examples. 

1. Solve 9a:»-9a:-4 = 0. 
Assume a: = « -y/ri + co' ^r,. 

.-. rc» = n + r, + 3 ^(rir,)a?. 

and -v^Cnr,) = |. 

.-. ri = tand r, = ^. 

2. Solve 2ar» + 6a;» + 1 = 0. 
First Solution. 

Assume y = a? + 1, and substitute for x. 
.•.2y»-6y + 5 = a 

Assume y = « \/n + «' ^^ «, 

cube each side, and compare coefficients with those 
of the equation in y, 

ri + r, = -f ; 
n^2 = 1- 
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.■.r' + ir+l=--0. 

.: n = - 2, 

and rj = — J. 

1 



••.y.=-</2- 



•^2 



Second Solution, 

Let z = a:~\ and substitute for x. 

Assume z = w -y/ri + <«>' \^^j. 
.•.r, + ra = -2; 

••• n = - 4, 

and r, = 2. 

.-. zj = </2 - ^4. 

2-4 



— (i + -!/2+J2> 



3. Solve rr + y' = 7; 



.•.ar + (ll-a;»)«=7. 

.-.a:*- 22^" + a: +114 = 0. 

.-. (a: - 3) (a;« + 3a:' - 13y - 38) = 0. 
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Therefore, either 

ar-3 = 0, 
or else ar' + Ba:' - 13a: — 38 = 0. 

Let z = ar + 1, 

and substitute for x in the latter of these diqunctive 
equations. 

.•.2i*-16z-23 = 0. 
Assume z = « -^rx + o)' ^r,. 
.•.n + r, = 23. 
and ^(rir,)-V. 

.-. r = i[23 ± V(23' - J^*)] 
= i(23 4=iiV6303). 

.•.ar=3 

or - 1 + CO </(lli + tV V6303) 

+ a>'</(lll-TViV6303), 

in which 

co = l 
or -i(l=hiV3). 

4. Find the cube roots of 

-10 + 9iV3. 

Assume \{y + o.y/z) = {r-\0 + ^ t'VS)* 

= o)^(-10 + 9iV3), (1) 

in which ^ 

a'=l, 
and a> = 1 or - i(l + ^V^) or - ^(1 - i^Z), 
and therefore 

0)' = 1 or - 1^(1 - iV3) or - 1(1+ iV^)- 

.-. ^(y -aV?) = <-'</(- 10 -9iV3)- (2) 



CUBIC AND dUAailC EQDATI0H8. 



(l) + (2), y = «</(-10+9iV3)+«'-f(-10-9iv3). 


<3) 


(3)', y'--20 + 21y. 




.•.(,-l)(j,-4)(, + 6) = 0. 




■■■yi = l. yt = 4, y, = -5. 


(4) 


(l)x(2), i(y--») = 7. 




.■.. = y"-28. 


(6) 


.-.^ = -27, !, = -12, », = -6. 


(6) 


(l)-(2), .V^ _ «-y(-l(H-9iV3)-"'-!'(-10-«V3) 


(7) 


(7)', «V2 = 18iV3 - 21aVi 




, 18iV3 




■'°-^' 21+/ 




Substitute for z its values given in (6). 




.■..V'.=-3iV3, aV?,=2(V3, aVz.-iV3 


(8) 


From (4) and (8), 




(-10 + 9iV3)l = t(l-3.V3), 




or 2 + iV8. 




les+.vs). 




5. Find the cube roots of 4 + 43 iV5- 




Assume J(j,+.V2)="W+43iV6). 


(1) 


.■.i(j,-.V')="'W-43iV5). 


(2) 


, !/ = «<'(4 + 4S.V5) + .'-{/(4-43iV5). 


(3) 


y' = 8 + 63y. 




■■•(y-8)(»' + 8s' + i)=0. . 


W 


.■•y. = 8, 




y, = -4 + vl5, 


(6) 


y, = -4-V16. 




Ky'-.)-21. 




.•.J-J--84. 


(6) 
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/.Zi = — 20, 

2, = -53-8Vl5, (7) 

z, = _ 53 -f 8 V15. 

(l)-(2), aV« =<«></(4+43fV6)-i«V(4~43iV5). (8) 
(8)*, cue V2= 86iV^ - 63a V«. 

^ 63 + 2 

, 86tV5 _ 43tV5(5 + 4V15) 

"""^^ 10 - 8 V15 25 - 240 

= _i(^5 + 4V3), 

Substituting in (1) these values of y and a^2, 
i (yi + a V^^i) = 4 + i V5, 

i(y. + aV^s) = - i(l - V3) (4 + iV^). 

Ex. 68. 

Solve the following equations : 

1. ar" — 3a:*+9a:-5 = 0. 7. rc'+3a;'+a?+l = 0. 

2. ar"— 3a:»+9ar— 9 = 0. 8. 3a:» + 27a;»-9:i;+41 = 0. 

3. 2a:»— 6a;»+18a:+17=0. 9. 3a:» + 27a;»-9a;+4=0. 

4. ar^-3ir'--15a7-13 = 0. 10. ar^- 18a;- 33 = 0. 
6. a;»-3a;»- 15a;- 25 = 0. 11. a;»-9a;-12 = 0. 

6. ar»+9a;'+9a;+15 = 0. 12. ar^-6a;»+10a;-l = 0. 

13. a;» + y» = 6, and ar^ + y» = l. 

14. a;* + y' = 67nn, and a:' + y' = wn(2m— n). 
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16. r'-Sx' + 9x + {k-8)(l + k-') = 0. 

16. x'-Sx'-lbx + {k + 216) (1 + k-^) - 200 = 0. 

17. x' + 9x' + 9x-S{k+2^)(l + k-') + lQ = 0. 

18. ar* — 2a:- 5 = 0. 

Find the cube roots of: 

19. -8 + 6V3. 20. ~55-126iV3- 

21. 5 — 7zV5- 

Solve cux^ -{-Sba^ + Scx + d = 0, given : 
22. bd=c\ 23. 2a*6c?= aV + 6*. 

24. aJ'bcd = o^^ (6* + ac) - J*. 

25. kQ-\- IP = 1^, k being arbitrary. 

26. Show that H=Q is the condition that act^ + 2bx-{-c 

shall have a square factor ; and that A = is the 
condition that cux? -\-Zboi^ + ^cx -{-d shall have a 
square factor. 

27. Show how to solve the cubic by assuming 

aof + ^boi^ + ^cx + d 

= m{ax + b + t^f + (1 — m){ax + b + t^f, 

and determining m, <i, and t^. 

28. If ti = {xi + coaTj + ia^XiY ^^d ^ = (^1 + w'ar, + war,)', 

where w* + <«> + 1 = 0, find <i + ^ and ^i 4, and apply 
the result to solve the cubic. 

29. If Xiy X2, and x^ be the roots of a cubic, express 

(a:i — a:2)*(a:a — a;3)*(a;3 — a:i)' in terms of the coeffi- 
cients. 

30. Prove that if all three roots of a cubic are real and 

unequal, A will be negative ; but, that if two of the 
roots are complex, A will be positive. 
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§ 53. The Quartic. 

Let the general quartic equation be 

ax* + 4:bx' + 6ca^ + ^dx + e = 0. (21) 

Assume 

a{ax* + 4 Jar* +Qcx* + ^dx + e) 

= (ax' + 2bx + c + 2ty - {2y/rx + s)\ (22) 

Expand and equate coefficients of like powers of x. 

.\T = at-{ac-b% (23) 

s Vr =--2hi-{ad- be), (24) 

s' = 4<? + 4 c^ - (ae - c»). (25) 

.-. [at-{ac-V)][^e + Act'-(ae - c')] 
. =[2bt-~{ad-bc)]\ 

...4^_(a^-46rf+3c0< 

+ (ace + 2 bed - ad' - eb' - c^) = 0, (26) 

which may be written 

^^-It + J=0, (27) 

in which I=ae-4:bd+Sc', (28) 

J= aee +2bed- ad' - eb' - e\ (29) 

Selecting any one of the three values of t determined by 
the cubic (27), the corresponding value of r may be found 
by substitution for t in (23), and then that of s by substitu- 
tion in (24), or if r = 0, in (25) ; and the quartic in (22) 
may then be resolved into the quadratic factors, 

a3^ + 2(b—y/r)x + e + 2t-s, 
and ax' + 2{b + -y/r)x + e + 2t-^s. (30) 

Each of these factors equated to zero will give a pair of 
the roots of the quartic equation (21), which will thus be 
completely resolved. (31) 
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The equation (27) is called the Reducing Cubic of the 
Quartic (21). 

Examples. 

1. Solve i* - 12ar' + 47a;' - 66a; + 27 = 0. (See Ex. 41.) 
Let a;*-12ar' + 47a;'-66a; + 27 

-(94 + 24j5 + 4sV^)a; + ^ + ^^ + 4^-s'. 



36 

Equating coefficients of like powers of x, 

47 



or 



36 + ^ + 4<-4r, 

66 = 94 + 24< + 4sV^, 
27 = ?g? + ^^+4^-8». 

.•.6r = 6j5 + 7, 

S6s^ = 144jf + 1128^5 + 1237. 
.(6^+7) (144 e + 1128 1 + 1237) = 216 (6 1 + 7)'. 
.6^ + 7=0, 

144^+1128j5+1237 = 216(6j5 + 7). 
. 144??- 168j5- 275 = 0. 
.(12i{-26)(12j{+11) = 0. 



and 



i _ 7 


^ 12' 


"^ 12 


.n=o, 


13 
'■' 4' 


1 


, 13 


8, - - 3 V13, 


s, - - 3. 
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= (a;* - 6ar + 12)» - 13 (ar ~ 3)* 

The last gives 

x* — 7x + 9 = or a:»-5a: + 3 = 0. 
...ar = i(7rb V13) or a: = i(5±: V13). • 

2. Solve 9a:* ~54a:» + 60a:»- 72a? + 16 = 0. 

97 

Here a = 9, * = -^, c=10, rf=-18, c = 16. 

.•.r = 9<-(90-182i) = 2i(4j5 + 41), 
^Vr = --27<- (- 162 + 135) = - 27 (<- 1), 
s» = 4^ + 40^ - (144 - 100) 
= 4(^ + 10<-ll) = 4(i5+ll)(<-l). 
.•.9(4j{ + 41)(i5+11)(<-1) = 729(^-1). 
.-.^^1 = 0, 
or (4< + 41)(<+ 11) = 81(^-1). 

If ^=1, .•.r=101i and 5 = 0. 

.-. (9 a;* - 27a; + 12)' - 405a;» = 0. 
.-. 3a;» — (9 + 3 V5) a; + 4 = 0, 
or 3a;' — (9 - 3V5)a; + 4 = 0. 

.-. a; = i [9 + 3 V5 d= V(78 + 54 V5)], 
or a; = i [9 - 3 V5 rb VC^^ - 54 V5)]. 

Ex. 69. 

Solve the following equations : 

1. a;*-6ar»-2a;' + 36a;-24 = 0. 

2. a;*-2ar»-25a;' + 18a7 + 24=0. 
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3. 2x*-bar'-nx' + bSx~2S=0. 5. a;*-12a;-5 = 0. 

4. a;* + 14a;' + 48 a; +49 = 0. 6. a;*- 12a;- 17 = 0. 

7. a;*-8ar'-12ar» + 84a:-63 = 0. 

'8. a;* + 2ar'-37a;'-38.r + l = 0. 

9. 121a;* + 198ar'-100a;'-36a; + 4 = 0. 

10. 0^ + ^ = 1^ x + f = 2i. 

§ 54. The cubic in (27) will, in general, give three values 
of L Let them be denoted by <i, ^, t^. Also let the corre- 
sponding values of r and of 8 be denoted by ri, rg, rs, and 
5i, §2, S3, respectively. Let a^i, Xiy x^, and a;^ denote the roots 
of the quartic. Then, by (31), 

aar^ + 2(^> - ^ri)x + c + 2ti- Si = (32) 

will furnish a pair of the roots of the quartic (21), say a;i,a;2, 

^^^ aa;' + 2(^> + Vn)a; + c + 2ti + Si = 

will furnish the complementary pair, Xs, a;*. 

So also ax^+ 2(b — -y/'r.,)x + c + 2t,-s^ = (33) 

will furnish a pair of roots different from either of the above 
pairs, say a?!, Xs, and 

a^ + 2(b + ^r^)x + c + 2t, + s., = 
will furnish the complementary pair X2, x^. 

Finally, 

ax" + 2(b - ^/r,)x + c+2t^ — 8^ = 

will furnish a pair of roots different from any of the pre- 
ceding pairs. These must therefore be either Xi, x^, or else 
X2, Xs. Then 

ax' + 2(b + ^r,)x+c + 2t, + s^ = 

will furnish the complementary pair ; that is, either a^a, x^, 
or Xi, x^, as the case may be. 
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Let y = 1, then y may be bo determined that 

ax' + 2(b — y^/ri)x + c + 2U-y8i = (34) 

will furnish the pair of roots ari, x^, and then 

ar* + 2 (6 + yV^»)^ + <^ + 2^ + 7^8 = 

will furnish the complementary pair a;,, x^. 

By (32), x, + x, = --{b- V^i)- 
By (33), X, + a;, = - ?(5 - V.). 

By (84), X, + a;, = - ?(6 - y VO- (35) 

4& 

By (21), a:i + a:, + ar3 + a:4 = 

a 

. • . aa;i + 6 = Vn + V^t + 7 V^» ; 

flw^j + * = — Vn + V^« - y V^»; (36) 

a^4 + * = — V^i - V^« + y V^»- 

Also, from the first three equations of (35), 

y V^i V^2 V''»= [^+^«(^i+^0][^+i«(^i+^3)P+i«(^i+^4)] 

= i' + J a J* (3 ari + a;, + a^a + 2:4) + } a*6 [(ari + a:.,) (a^i + 0:3) 

+ (a:i+a:s)(a:,+a:4) + (a:i+a:4) (2:1+2:,)] 

+ ia*(xi+Xi)(xi+Xs)(xi + Xt) 

= h'^+iab\Sxi+x,+x,+x,) 

+ Ja'6[32ri'+22:i (2;j+2'3+2:4) + 2:a273+2:2a:4+2;32:4] 

+ 4a'[a;i'+2:i''(2;2+2:3+2;4)+2;i(2:22;3+2;22:4+2:32:4)+2;22;,a:4] 

= -i(a*d-Babc+2b^). 
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That is, y^/n^n-y/r^ = -iG, (37) 

[See (5), page 297]. 

Therefore, y = + 1 or — 1 (38) 

according as O is negative or positive. 

Hence, by (4), (5), (21), (23), (27), (28), (29), (36), and 
(38), if aa^-\-U3r' + ecx' + ^dx + e = 0, 
then shall 

a:i = -(- 6 + V^'i + V^« + y V^s), 
a 

x^ = -{-b + v^i - V^« ~ y V^s), 

a 

x,^h-b-y/r, + V, - y V»). (39) 

a 

^4 = -(- * - V^i - V^« + y V^»). 

in which ri = a^ — S, 

r^ = att-B', (40) 

Ti^at^ — H, 
tij 4, 4 being the roots of the equation, 

4^-7^ + y=0, (41) 

JJ= ac — h\ 

I ==a€-4M+3c», 

J = ace + 2&CC? — ad* — eb* — c*, 

Gf z=a*rf-3a^>c + 26», 
and y = + 1 or — 1 according as ff is negative or positive. 

§ 55. The roots given in (39) may also be expressed in 
terms of any one of the three values of ^, as follows : 

By (40), ri + r, + r, = a(^ + ^ + ^)-3J?: 
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But(41),^ + ^ + 4 = 0. 

••.n + ^i + r, = — 3Jr. 

Now, v^i + r V^» = V(^» + n + 2y V^i V»*») 

= V(- n - 3 JJ — ^\ See (37). 

In like manner it may be shown that 

Replacing ri by a^ — ^, see (40), and solving (41), the 
result becomes 

. If a^ + Ux^ + 6cx' + ^(ix + e = 0, 

then 



in which t= — 



4 
€ 






(43) 



J7"= ac — b*, 

I =oe-46rf+3c', 

J = ace + 2bcd— acP — eV— <?, 

=aW— 3a6c + 26'. 
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Ex. 70. 

1. Reduce the quartic ax* + 4:bx^ + Qca^ + ^dx + e = 

to the form 3/* + 6 JJy* + 4 (?y + a'/- 3 J?' = 0. 

2. Bhow that the two quartics x^ + 6Rx'±4:Gx + K= 

have the same reducing cubic. 

Solve the quartics : 

3. a:*-24a;»±32a;-132 = 0. 

4. a:* -Gaj'zb 208a;- 321 = 0. 

5. a;*--6a;»dzl6a:-33 = 0. 

6. x*-6a;»±16a;+39-0. 

7. a;*-6a:*±48a:— 117-0. 

8. a;* + 6a;=' — 60a; + 36 = 0. 

Show that, if Xi, x^, x^, x^ be the roots of a quartic, 

9. 48JJ= — S(a;i — ar^)'. 

10. 24 a'I= S (x, - x^y (x, - x,y. 

11. 32 G^ = db (xi+X2—Xs—x^){xi+Xi-X4r-X2)(xi+X4r-Xi—Xi), 

\2. 432 aV= [(xi — x^) (xj, — x^) — (xi — x^ (re* — x^] 

X [(xi — Xs) (xt — x^) — {xi — x^ (x^ — x^y] 

X [{Xi — x^ (x^ — Xs) — (Xi — X2) (Xi — x^)]. 

13. ^m-aUE+a'^J+CP^O, 

14. Prove that, if 27J* = P, the quartic has a pair of 

equal roots. 

15. Prove that, if /= J= 0, the quartic has three equal 

roots. 

16. Prove that, if a*J=12 J?^, and a^J=SE^, the quartic 

has two distinct pairs of equal roots. 
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Solve the quartic x* + (j Hx^ + 4 (9^ + a*/- 3 jET = : 

17. By reducing it to the form 

18. By reducing it to the form 

19. By reducing it to the form 

20. By assuming the roots to be of the form 

in which a* = 1, j8* = 1, y* = 1. 

21. By assuming the roots to be of the form 

in which i* + 1 = 0, and n is integral. 

22. Apply the method of Exam. 20 (Euler s Method) to 

solve the quartics 

a?*— 6 &;*± 8 V(^+^'+ ^'-3 Imn) a:-3(4 mn -P) = 0. 

23. Reduce the quartic to the form y*+ 6 Ch/* + ^ ~ 0, by 

assuming x= ' ^ , and suitably determining Zi 
and Z]. 

24. Reduce the quartic to the form 

y* + 4^y» + 6C^« + 4% + l=0, 

by assuming x = Zi-\-z^f and suitably determining 

Zi and Zj. 

25. Make the same reduction as in the last question, by 

assuming ar = Zi + 22y~\ and suitably determining 
Zi and z^. 

26. Eliminate x between x*+ 6ffx'+AGx+ a^I- 3^=0 

and a;' + 2ya; + 2; = 0, and so determine y that the 
resulting equation may reduce to the form 
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If Xi, Xiy X3j Xi denote the roots of the quartic 
a^ + eRx' + ^Gx + a'I-SB^ = 0, 
form the cubic whose roots are : 

^0« X\X^ ~p *^3*^4) *Pl*Ps i" ^4p^3i XyX^ ~p XfX^m 

OO •*'i^2 •('3^4 •*'l«*»8 X4XJ ^1X4 •''2^3 
4Q*7. 1 » • 

•Ti ~j~ X2 X^ ~~" 3/^ Xi ~f~ 2/3 fl/^ ^] X\ "j~ 2/^ " ■ X2 X^ 

«5U* ( mTjvTj — •^8^4y (*^1 I* •^2 *^i *^4/> eoC. 

31. {Xi x^j \Xi X4J , (Xi Xi) {^x^ Xi) , {Xi X4) (a?2 o^s) . 

32. [Xi — x^) {X2 '^i) \^8 -^i) (.•^4 ^i/» 
(a?! x^) (a^s 0:4) (ar^ X2) {X2 Xi)^ 

\Xi X^) [Xi X2) \X2 X^J [Xi ^i)- 

33. Show how to solve the quartic, knowing the roots of 

any of the above cubics. 

34. Reduce each of the cubics in Exams. 27 to 32 to the 

standard form A^ -\- Oi/ -{- D = 0. 

Form the equation whose roots are : 

35. The squares, 36. The cubes, 

of the roots of ax^ -^-Sbx^ -{-Bcx-^- d=0. 

Form the equation whose roots are : 
37. The squares, 38. The cubes, 

of the roots of ax* -\-4:bx^-\-6cx^ + 4idx + e = 0. ■ 

39. Form the equation whose roots are the squares of the 

differences of the roots of a cubic. 

40. Form the equation whose roots are the squares of the 

differences of the roots of a quartic. 



CHAPTER X. 
Detebhinants. 



I. Definitions and Notation. 



§ 56. The symbol 



Ui bi 
a, 5, 



denotes the expression ai&, — OjSi, 
which is called a DetermmaDt of the Second Order. 
The symbol 

denotes the expression 

a, 

= aih^i — ai JgC, — aJfiCi + aJf^Ci + aJ>iC2 — (.ijbiCu 
which is called a Determinant of the Third Order. 



ai 


b^ 


Ci 


Ch 


b. 


c. 


«s 


h 


Ci. 



J, <?, 


-Ot 


bi Ci 


+ ai 


hi Ci 


^8 Ci 




bi Ci 




bi c. 



The symbol 



«! hi Ci ki 

Ct^ ^i C^ A?2 

Oj ^8 ^8 ^8 



a» hn C^ 



denotes the expression 



«i 



hi Ci 


— a. 


hi Ci hi 
hi Ct ^3 


••• ••• ••• 

^1, Cn K 




bn ^n K 



+•••+(-1)— a. 



6, 









^n-\ Cn-\ kn—\ 



which is called a Determinant of the nth Order. 
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Examples. 


1. 


a — b a + b 


i -(a + lY (a-by-iab. 


2. 


\ X y 
1 a:' y 
1 a;" y 


— 


x' y' 
x" y" 




a: y 
a:" y" 





ar y 
a;' y' 






= a:y — ar'y — a:y " + a;"y + ^' — ^V- 


3. 


12 3 


= 1 


3 4 


-2 


2 3 


+ 3 


2 3 






2 3 4 




4 5 




4 5 




3 4 




- 


3 4 5 



























l(15-16)-2(10-12)+3(8-9) 
-1+4-3=0. 



4. 



a 6 c 


— — a 


a b c 


+ h 


a b c 


— c 


a b c 


a z y 




z X 




z y 




z y 


b z X 




y X 




y X 




z X 


c y X 















= + aV —abxy — cazx 

+ b'^y^ —abxy -bcyz 

+ gy —bcyz — cazx 

= a V + b^y^ + ^2* — 2 abxy — 2 bcyz — 2 caza: 



Ex. 71. 

Expand the following, ^.e., write them in ordinary alge- 
braic notation : 



1. 



a y 
b X 



2. 



a b 
y X 



3. 



y a 
X b 



4. 



b a 
X y 



5. 



ma y 
rab X 



6. 



ma my 
b X 



7. 



a my 
b mx 



8. 



a y 
TYib 7nx 



9. 



a -{-my y 
b -\-mx X 



10. 



a + mh y + mx 
b X 



11. 



a, — 6 
a\ - b* 
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12. 



a;* + «* oi> 
ah x' + h^ 



13. 



ab c* 
— a* —he 



14. 



a — i, — 2a 



15. 



«! 


Oj 


<H 


&I 


h. 


K 


Cl 


Ct 


Ci 



16. 



<H 


i. 


Ci 


«, 


K 


Ct 


Oi 


K 


C\ 



17. 



X 


y 


z 


z 


X 


y 


y 


z 


X 



18. 



Ill 
X y z 
a b c 



19. 1 1 1 



. a 



21. 



23. 



29. 



a-{-h c c 
a h-\-c a 
b b c-\-a 



a' 6» c" 



22. 



20. 



a X 


y 


X a 


z 


y 2 


a 



max mbi mci 
a, b^ c, 

Os &8 ^s 



24. 



11 1 

1 l+x 1 

1 1 1+y 



GPi + wos bi + TTibi Ci-{'mCi 
aj bi Ct 

Oi bi Ci 



25. 



ai bi Ci di 

a^ b^ c^ di 

(h h Cs di 

a^ b^ c^ c?4 



26. 



a I a 2 as a^ 

bi b^ bi b^ 

Ci C?2 c^ c^ 

dx f?2 di C?4 



27. 



1111 


28. 


X 


abed 






a^ b' & d^ 


• 





a' b' (? d» 








y 





X 



- 



(H 

a, 

a; ai 

3/ Oo 



1111 
1 1+a: 1 1 

1 1 1+y 1 

111 1 + 2 



30. ! 1 + a 1 1 1 

i 1 1+6 1 1 

j 1 1 1+c 1 

1 1 11 \+d 



§ 57. The quantities wHcli in the determinant notation 
stand unconnected, and which are taken as factors to form 
the terms of the expanded determinant, are called the 
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Elements of the determinant ; e.g.y the elements of the 
determinant 

a + h a h 
c c-\-d d 
e f e+f 

are the nine quantities a + J, a, 6, c, ^ + d, d, €,/, e +/. 
>y^ The elements standing in any horizontal line constitute 
a How, and those standing in any vertical line constitute a 
Column. The rows are numbered first, second, third, etc., 
beginning at the top, and the columns are similarly num- 
bered, beginning on the left. The elements of a row are 
numbered first, second, third, etc., beginning on the left, 
and those of a column are similarly numbered, beginning 
at the top. Hence the mth element of the nth column, 
called the (m, 7i)th element, is the nth element of the mth 
row; it is often denoted by a„,,„, the first suffix denoting 
the row, and the second the column to which the element 
belongs. Thus, in the above determinant, 

ch,3 = d, (h,3=f, a^,2 = c + d. 

A determinant is said to have two diagonals, called, re- 
spectively, principal and secondary. The elements stand- 
ing in a line from the upper left-hand corner to the lower 
right-hand corner constitute the principal diagonal ; those 
standing in a line from the upper right-hand corner to the 
lower left-hand corner constitute the secondary diagonal. 
Thus, in the determinant given above, the principal diag- 
onal elements are a -f 5, c-{- d, e +/, and those of the 
secondary diagonal are b, c -\- d, e. 

The product of the elements standing in the principal 
diagonal is called the principal or leading term of the 
determinant. 

Where there is no danger of ambiguity, a determinant is 
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often denoted by writing only its principal diagonal ele- 
ments between vertical bars or within parentheses. Thus, 



I Oi &, ^8 1 denotes 



I a z? y" I denotes 



and I ^5 ^2 ^ I denotes 



a\ h\ Cx 




<H \ c^ 




(h is ^8 




a X y 
a! a:' y' 
a" 2:" y" 


A ^5 ^5 

ct g% K 

Co go h 





If, in any determinant of order n, the ^th row and the 
^rtb column be erased, and all the rows above the ^th and 
all the columns to the left of the $'th be transferred in order 
over the others, the resulting determinant multiplied by 
(— l)(*-')(^«) is called the complement of the {p, q)\h ele- 
ment. 

If n be odd, (- l)<*-')OH-t) = i for all values oi p + q. 

If the elements of any determinant are each denoted by 
a small letter, and are all different, the complement of any 
element may be denoted by the corresponding capital letter 
affected with the suffix or suffixes of the element. 

Thus, in 



a, 


h. 


Ci 


a. 


K 


c^ 


(h 


b. 


^3 



Ax denotes the complement of aj, which is 

-4, denotes the complement of a,, which is 

B^ denotes the complement of b^, which is 
In these n- 1 = 2, and .'. (- l)(»-»)(^+') ^ 1. 



b. 


c. 


b. 


Ci 


b. 


Cj 


b. 


Cl 



Cx ax 
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In 



A, = - 



and Ci = 



bs 


Cj 


d. 


h 


C4 


d, 


h 


Ci 


dr 


d. 


a« 


h 


d. 


a, 


i. 


dr 


Oj 


4, 



ax hi Ci di 

a^ b^ Ci dj 

(h f>i Ci di 

a^ &4 €4 (2ft 



Here n — 1 = 3, p- 
and .-. (- l)(*-')(^«) = 



= 1, <? = 2, 
-1. 



Here n— 1 = 3, ^ = 3, q = S, 

and .-. (- l)(*-')CiH-«) = 1. 



Written in the diagonal notation, the last example 
would be : 

In I Oi &a Cs c?4 1 A2 = — \hsCidi\ and ^s = | ^4 Oi ft, | 

To find the complement of a product of two or more 
elements, find first the complement of one of the elements ; 
then in this complement find the complement of a second 
element of the product ; next, in this second complement 
find the complement of a third element of the product ; and 
proceed thus through the whole product. The final com- 
plement will be the one required. 

For example, to find the complement of OjJj, first find 
Ai ; then in A^ find the complement of b^. Similarly, to 
find the complement of aj)idsf first find At ; then in A^ find 
the complement of bi ; then in this complement find the 
complement of d^. The order in which the partial comple- 
ments are found will affect the form, but not the value of 
the result. Thus the expansion of the complement of ajbid^ 
will be the same whether found in the order a*, ii, c^, or in 
the order 04, c^, &i, or again, in the order c^, fti, a^. 

The mth element of the wth column is called the con- 
jugate of the nth element of the 7?ith column, and vice versA; 
i.e., a^^n and a^„, are each conjugate with respect to the 
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other, or are a pair of conjugates. Each element of the 
principal diagonal is its own conjugate or is self-conjugate. 

A symmetrical determinant is one in which each element 
is equal to its conjugate. 

A skew determinant is one in which the sum of each^atV 
of conjugates is zero. 

A skew symmetrical determinant is a skew determinant 
whose principal diagonal elements are all zeros. 

Ex. 72. 

Write in the " square " notation : 
1. I ai hi Cj I 2. I Xt 7/iZi\ 3. I Oo c, «, [ 

4. I Wo Xi y, 2j I 6. I a^ i, c« d^\ 6. | ai, i a,,, Oj,, 04,4 1 

In I ai bi Cj £?4 65 1 find the complements : 
7. A^. 8. JB^. 9. By 10. By 11. Cy 12. F^. 

In the same determinant find the complements of : 
13. a^by 14. aiCi. 15. UiCi. 16. atb^Ci. 17. b^d^Ci. 18. a^CgC^. 

Prove that : 

19. I Oi J, C3 1 = (ZiAi + biBi + CiCi = ttiAi + 02^2 + (hAy 

20. OiA^ + biJ3^ + CiC^ = aiAi + biJBi + CiCi 

= OiBi + a^Bi + OiBz ~ aiCi + a,Ci + OjCi = 0. 

II. Transformation. 

§ 58. Theorem I. The value of a determinant will not be 
altered if the columns be written in order as rows^ and vice 
versA, 

Hence, in any theorem in which the word "row " occurs, 
the word " column *' may be substituted therefor, and vice 
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versd; and, in any theorem in which both *' row " and 
** column " occur, these words may be interchanged without 
affecting the truth of the theorem. 

Theorem II. J^ any two rows {or two columns) of a 
detei'minant he interchanged^ the resulting determinant will 
differ only in sign from the original one. 

Cor. 1. J^ a row (or a column) he transferred over n 
other rows (or columns) j the determinant will he multiplied 
by (- 1)-. 

CoR. 2. A transfer of p consecutive rows (or columns) 
over m — p other consecutive rows (or columns) multiplies 
the determinant hy ( — 1)(»-')p. 

Cor. 3. Jf Ap, , denote the complement of the (p, q)th 
element of any determinant A of order n, and Ap^ , denote 
the determinant formed from A by striking oui the p^^ row 
and the (\th column^ then will Ap, q = (— l)^^**^Ap^ ,. 



Examples. 



ai hi Ci 
a, b^ Ca 

Os *s <?3 




ai a, Oa 

^1 ^2 ^s 
Ci C^ Cj 




hi Oi Ci 
ht a, c, 
is (h Ci 




hi hi hi 

Oi Oj Os 
Ci Ct Ci 


' 


+ 


&2 hi 5, 
«2 ai Os 

C^ Ci (?s 











2. Transform I ai h^ c^ 1 so that b^CiO^ shall be the first row. 



or 



Ori hi Cl 

di hi Ci 

Oj ^8 Cs 

!«! hi Cs 



Os ^8 Cs 

Oi ^1 Cl 

ai hi Ci 

as hi Ci 



hz C's Os 

hi Cl Oi 

hi Ci di 

hi Cl Oi 



3. 



Transform | ai hi c^ \ so that b^OiCi shall be the principal 
diagonal elements in order. 

I «i hi cj I = I Oj hi Ci\ = -—\hi Oj Cl 
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4. 



If A = 
Here 
and 



Oi ^2 ^s c?4 65^ I, find As 5 and -48,5- 



Ex. 73. 



Transform 



a b c 
def 
g h k 

into an equivalent determinant having : 

1. <7, A, A as its first row. 

2. 5, ^, A as its first row. 

3. d,f,e as its first row. 

4. /, Ic, c as its first row. 

5. c, e, ^ as its principal diagonal. 

6. ^,/, & as its secondary diagonal. 

Transform abed 

e f g h 
k I m n 
p q r 8 

into an equivalent determinant having : 

7. a, rf, c, i as its first row, and a, k, e, p as its first 

column. 

8. s, n,hyda& its third row, and m, I, n, h as its second 

column. 

9. e, m^ q, d B& its principal diagonal. 
10. s, m,/, a as its secondary diagonal. 

Prove that : 
11. 



a b c 

d e f 

g 

h k I m 



g 

I VI h k 
c a b 
f d e 
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12. 







a 
c d 

g h h I 
m n 



h 
ef 



13. 



d a c h 
Z 
g f e 
k hO 



d c f e 

a b 

m n 

h g I k 

a 

b e 

c f hO 

d g k I 



Transform 



a 


b 


c 


d 


h 


c 


d 


a 


c 


d 


a 


b 


d 


a 


b 


c 



SO as to have the principal diagonal composed of : 

14. The four as. 15. The four J's. 

16. The four c 8. 17. The four (^'s. 

Prove that : 
18. I Oi J, I = ~ I ^1 a, I 

19. 1 Oi. Jj ^» I = — I ^1 ^2 «3 I 

20. \ai bi c, di\ = \di c^ b^ at \ 

21. I ai J, Ci c?4 66 1= I <?i c?2 Cs bt a^l 

22. I ai ^, Cj ^4 «6 /e I = — l/i et ds Ci b^ a^\ 

23. If two determinants, A and A', of the nth degree be 

such that the first row of the one is the same as the 
last row of the other, the second row of the one the 
same as the (n — l)th row of the other, the third 
row of the one the same as the (n — 2)th row of the 
other, and so on, then will A = (— 1)1"^*"*^ A'. 

Transform, by cyclic transposition of the rows and col- 
umns, the determinant | Oi &2 <?» ^4 ^s | into an equal deter- 
minant having*: 

24. Ci in the first row and first column. 
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25. c^ in the first row and first column. 

26. Cz in the second row and fifth column. 

27. Ci in the third row and second column. 



Given A = | ai &, c^ d^ e^ f^ (/-, |, determine : 



29. A 



3,6- 



30. A 



3,7- 



31. A 



s.a- 



28. Aj,,. 

32. ^2,%' 33. ^s, 5. 34. ^s, y. 35. -^5^]. 

36. Prove that a determinant will not be changed in value 
by any permutation of the rows and the columns 
which merely changes the order of the elements 
of either diagonal, without changing the elements 
themselves. 

§ 59. Theorem III. ^ A denote any determinant of order 
n, Ap^q the determinant formed from A Jy striking! out the 
'pth row and the qth column^ and ap, q the (p, q)th element 
of A, then will 

Cor. 1. A = ai,,^,,, + a2,,^2,,+ a3,,^3,,+ +a„.,^„,. 



Examples. 



1. Let A = I a, Ja <?3 1 and q = S. 



• A = 



«! ^i Ci 

a, />.2 Ca 

Os 63 C3 



= (-!)= 



Ci ai ^1 

C2 0^ O2 
<?8 O, 63 



— c. 



= (— iy(CiA,,3 - CjAa.s + t^sAs^s). 



«3 *3 



+ ^3 



«1 *1 I 1 
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2. Let A 

.-.A 



Qi 5j c'i c?4 ^5 1 and q = 4i, 
= (- 1)' I di a, b^ c^ e^ \ 

= (— 1)' (c?i I a, ^>3 c* ^5 1 — c?i I «! *s ^4 e^ I 
+ c^ I ai 6j ^4 ^5 1 — ^4 I Oi i, Cs ^5 1 

= (-l)\cfiAi,4-C^A,^4+C^A8,4--C?4A4,4 + C?5Aj^4). 



Cor. 2. i)^ ^Ae elements of the jith row all vanish except 
the qthj then shall A = (— l)^**ap, q^p.q- 



Example. 



a 


b 


c 


d 
h 


h 


? 


m 


n 


p 



=(-1) 



1+2 



/ 


d 


e 


9 





a 


b 


c 





h 


k 


I 





m 


n 


P 



= (- 1)'+'/ 



a b c 
h k I 
m n p 



Cor. 3. If the elements on one side of the principal diag- 
onal of a determinant be all zero, the determinant mill be 
equal to the product of the diagonal elements. 

If the elements on one side of the secondary diagonal be 
all zero, the determinant will be equal to the product of the 
secondary diagonal elements multiplied by (— l)i "(»-*> ^ n 
being the order of the determinant. 



Examples. 



1. 



2. 



a b c 
Ode 
0/ 



00 a 

00 ^ c 

Qd ef 

g h h I 



= a 



d e 

0/ 



= adf. 



= —a 



0b 
Ode 
g h k 



= — ab 



d 
9 h 



= ahdg. 
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Cor. 4. The order of a determinant may he raised with- 
out altering its value by prefixing a column of zeros^ and 
supe^'posing a row of elements^ the first of which rmist be 
unity J but the others may be any finite quantities whatever. 



a. 



X bi 
X bi 



Example. 



y 
y 



1 






X 
Oi — X 
CLt — X 



bi-y 
b% — y 



Theorem IV. If each element of a row of a determi- 
nant consist of two termSf the determinant may be resolved 
into the sum of two determinantSj the first of which is got 
from the original determinant by striking out one term of 
each of the elements in question^ and the second^ by restoring 
these and striking out the others. 

Conversely : The^ sum of any number of determinants 
which are alike, except as regards the mth row in each, is 
eqvjal to a deterTnirvarU which is like the given detet^minants 
except thai each element of its mth row is equxil to the sum 
of the corresponding elements of all the given determinants. 



1. 



2. 



a + x dg 
b — y e h 

c+z f k 

a b 
d e 



Examples. 





a d 


9 


+ 


X 


d g 






b e h 




y e h 






of k 




z f k 




c 




a b c 


+ 


a h c 


f 




de f 




d e f 


~n 




9 


A k 




m 


— n 



3. I ai Ja ^3 c?4 1 + I ai &2 ^3 c?4 1 + I «i *2 gz di \ 
= \(hbj (<?3 + 63+^3) d^\ 
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Theorem V. IJ each eleTnerd of any row of a detei'Tni- 
nant be multiplied (or divided) by the same factor ^ the 
determinant will be multiplied (or divided) by the said 
factor. 

Cor. 1. J^all the elements of any row be divisible by a 
common factor y su^ch common factor may be struck out of 
these elements and written as a coefficient outside the bars of 
the resulting determinant. 

Cor. 2. ^ the sign of every element of a row be changed, 
the sign of the determinant will be changed. 



1. 



Za b c 
Zd e f 
%g h Jc 



= 3 



Examples. 



a b c 
de f 
g h k 



2. 



2 4 8 

3 6 9 
5 15 20 



2.3.5 



12 4 

12 3 

13 4 



= 30 X 1 = 30. 



Here the commoji factor 2 is struck out of the first row 
of elements, 3 out of the second row, and 5 out of the third 
row, and their product is written as coefficient of the result- 
ing determinant. 



3. 



be 1 a 
ca 1 b 
ab 1 c 



abc 



abc a a^ 
abc b b^ 
ahc c & 



1 « a' 
\b b^ 



c c* 



4. 



a b 
— a c 
-b -c 





a 
b - 


a b 

-c 


-t- 


1)^ 


—a b 
a c 
b c 




(- 


ly 


< 
a 
b c 


% b 
— c 
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But this is the original determinant, say A, with its 
columns written as rows ; 

.•.A = (~1)»A; .\A = 0. 

Theorem VI. Any determinant can always he trans- 
formed into a determinant of the same order in which the 
non-zero elements of any one row or 07ie column are all unity. 



Examples. 



1. Let 



A = 



Ol 


h^ 


Ci 


Oj 


K 


Ct 


«s 


6, 


C2 



Multiply each element of the first column by 5i<?i, each 
element of the second column by Ciaj, and each element of 
the third column by aibi ; 



'.Oi'iiVA 



aibiCi 
ajbiCi 



= aJ)xCx 



biCiai 
b^Ciai 
b^Citti 

1 
aJ)iCi 
aJ>iCi 



Cittibi 
c^ibi 
c^a^bi 

1 
biCiai 
b^Ciai 



1 

C2aibi 
Csttibi 



A = 



dibiCi 



ai&i(?iA', say ; 



2. Reduce 



3 
6 
6 
4 



2 
4 
3 
6 



7 4 

3 7 

5 -2 

3 5 



to an equivalent determinant having the elements of its 
second column all unity. 

The least common multiple of the elements of the second 
column is 12, and the quotients of 12 by these elements are 
— 6, 3, 4, and 2, respectively. Multiply the first row by 
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— 6, the second by 3, the third by 4, and the fourth by 2, 
and divide the determinant by — 6x3x4x2 = — 144. 
The result is 



1 


18 12 


-42 


-24 


1 


-18 1 


49. 


-24 


144 


- 15 12 


9 


21 


12 


15 1 


9 


21 




24 12 


20 


8 




24 1 


20 


8 




8 12 


6 


10 




8 1 





10 



Ex. 74. 

Expand the following determinants : 



1. 



4. 



a 


b c 


d e 


9 


h 


1 


a* 


1 


h^ 


1 


C (? 



2. 



6. 



a b c 


d € 


g hO 


5 4 


3 7 3 


4 5 



3. 



6. 



z, 




xz y, Zi 




5 4 


2 


4 , 


3 



7. 



9. 



ai a^ tti a^ 

b^O b, 

Ci Cs 04 

ej 

a e X 

b Of X k 

c a: 

d X g h I 

:r 



8. 



X y 

X y 

X y 

y X 



10. 



Ol Ji Ci 

&2 Cj 

h 

b, 

b, 









di ex 

di e, 

d, 

d, 



Show that 
11. 



12. 



Oi Ji 

Oa ^2 

Os ^s ^1 yi 

«4 ^4 ^2 y: 



ar y* 

-\ X f 

-\ X y" 

-1 a; 



1 
1 




(h bi 


X 


^1 yi 
^2 3/2 


1 




r 
2 











a: 


y 





~y 


X 


y 





~-y 


X y 








-y X 
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Besolye the following dcterminantfi into determinauts 
with monomial elements : 



13. 



15. 



17. 



ai b^ + \ Ci 
Oj bi + a^ Cs 




cii + x + y ij 
ch + x y bi 


1 ^s 


Xi — a j/i a'- 
x^ — b yj i*- 


-Zi 


3^3 — c ys c^- 


-2s 



14. 



16. 



18. 



tti ^1 Ci + :r* 
Oj 6j c, + a:* 

«s ^s C3 + ar 



(i^-x 5, + y 0, 
as + a: b^- -y c^ 



x-\-a d 
b y -{-€ 
c / z + k 



I 



Combine into a single determinant : 



19. 



xi yx 2i 


— 


^s ys 2, 


a:, z. 




16, 16, 


a?s ys 2s 




a'l yi 2i 



20. 



22. 



23. 



21. 



rt, Jl r, 


+ 


Oi Os a4 


a, J, c, 




bi bi 64 


as ^3 ^3 




Cl Cz C4 



a:, 

^3 



«! yi 2, 
a, y, Zi 
(h ys 23 



+ 



m + n+p m + n—p 

x — y —z X +y — z 



yi 2i ai — Ml 
y2 2, a, M, 

ys 2s Os M, 




rr + y + z a: 
m—n—p m 


y + z 

-n+p 



3 y, 2i 


+ 


7 yi 2i 


— 


4 y, 2, 




6 y, Z2 




5 ys 28 




5 ys Z3 





+ 



10 y, Zi 
X u aTj a^j a^s 
10 ys 2s 



-10 

-10a;i y, 
5 



yi 
ys 



a>«i 



2l 

Z2 a^s 

2s 
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. Show tliat : 
24. 

26. 



26. 



c -^x c?+; 


5^ 




a 


— w 6 

— X d 


— V 

'-y 


-2 


a b 
c d 


+ 2 t^ 
a: 


V 

y 




tti bi (?i 
aj bi (?s 




5i 
0,0 





+ (h 


b^ c. 


+ *, 


ci 


+ c. 





^1 





a-i bx C\ di 




Oi bi c^ dj 




Os bi Cs d^ 




Ui b^ (74 C?4 





+l>i 



(7i di 

Oj Cj c^ 

a4 c^ d^ 



bi Ci di 

Oi Ci di 

Os h dz 

Ui b^ c^ 



+ «i 



^2 Cs C^ 

bi Ci d^ 
bi Ci di 



bi di 


+ di 


^1 ci 


Oi di 




Oi Ci 


a^ bi di 




Os &» 



III. Evaluation. 

§ 60. Theorem VII. If two rows of a determincmt he 
identical, the determinant mill be equal to zero. 

Cor. If the corresponding elements of two rows of a deter- 
minant have a constant ratio, the deierminard will be equal 
to zero. 



Examples. 



moTi yx nxx =mn 
mXi y, nXi 
mXi ya nXi 



mai + nbi ai bi 
mcLi-j-nbi di bi 
mai + nbi a^ bi 



^i y\ Xi 

^a y% ^% 

^s ys ^s 

mai tti bi 
mOi CLi bi 
mai «3 bi 



= 0. 



+ 



nhi Oi bi 
nhi Os bi 
nbi Os is 



= 0. 



Theorem VIII. The value of a determinant will not be 
altered if to the elements of any row there be added equimul- 
tiples of the corresponding elements of any other row. 
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Examples. 



1. 



Ol ^1 <?! 
O] b^ (7, 

Os ^s ^s 



fll ^1 Ci 

a^ is ^s 

Os ^8 ^8 



2. Evaluate 



+ I mbi hi Ci 

mbi bt Cj 

w«3 ^B w, mb^ bi Ci 

ai + wJi + w<?i &i Ci 

Oj + wii + w^i i» ^» 
Oj + ^s + ^i^s is <?8 

12 3 4 

8 7 6 5 

1 3 6 10 

36 28 21 15 



+ 



nci ii Ci 
nc^ bi Cf 
nc^ ij Cs 



From the elements of the fourth column subtract the 
corresponding elements of the third column, and write the 
remainders as the corresponding elements of a new fourth 
column. Do the same with the second column instead of 
the third, and the third instead of the fourth, and then 
with the first and second columns instead of the third and 
fourth. The resulting determinant will be : 

1111 

8 -1 -1 -1 

12 3 4 

36 -8 -7 -6 

In this determinant, add the elements of the first row to 
the corresponding elements of the second, and also ten 
times the elements of the first row to the corresponding 
elements of the fourth row ; the result will be : 

= 



1111 


--9 


1 1 1 


9 




2 3 4 


12 3 4 




2 3 4 


46 2 3 4 







by Theor. III., Cor. 2, and Theor. VII. 
determinant is equal to zero. 



Hence the given 
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3. Evaluate 



12 4 8 
2 6 7 10 
5 9 3 1 
7 3 4 9 



Take twice the third column from the fourth for a new 
fourth, twice the second from the third for a new third, 
and twice the first from the second for a new second ; the 
result is : 



1 













2 


-5 -4 


2 


2 


-5 


-4 




-1 


15 5 


5 


-1 


-15 


-5 




-11 


-2 1 


7 ■ 


-11 


9, 


1 









To the second row add the third, and from the result 
subtract the first row, and write the remainders as a new 
second row. To the first row add four times the third, and 
write the sums as a new first row. The result is : 



42- 


-13 




14- 


-12 




11 


21 





-42 
-14 



13 
12 



= (-)'14 



3 13 

1 12 



= 14 



2 1 
1 12 



= 14(24-1) = 322. 



4. 



1 1 1 


— 


a h c 




a^ b' c' 





= 10 

a h —a c —a 

= {b-a){c-a) 10 

all 
a' 5 + a c-^a 

^{b~a){c-a)[{c + a)^{b + a)] 

= (a — h){b — c)(c — a). 

This determinant may also be evaluated thus : 

The determinant vanishes for a = 5 ; therefore a — & is a 

factor of it. By symmetry, b — c and c — a are also factors. 

Now the determinant is of the third degree ; there are, 

therefore, na other literal factors than these three; the 
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determinant therefore =^m(a — b){b — c)(c — a), wherein m 
is numerical. To determine m : The principal diagonal is 
ic*, and the factors give wic*, hence m = + 1, and there- 
fore the determinant is equal to {a — h){h - c) (c ~ a), as 
was otherwise already proved. 

5. X V z = ar + y + z ^ y ^ 

x + y + z z y 

x + y + z z X 

a: + y + 2 y x 

which shows that a: + y + 2 is a factor. 

Multiply the first and fourth columns, and the second 
and third rows, each by — 1, which is equivalent to multi- 
plying the determinant by (~ 1)* = 1 ; 



X y z 


— 


X z y 




y z X 




z y X 








X 


y 


_ i 


X 





— 2 


y 


y 


— 2 





X 


- z 


y 


X 






and taking the sum of the columns, as before, for a new first 
column, x-^y—z is seen to be a factor. Similarly, x--y-\-z 
and —x-\-y-\-z may be shown to be factors. The deter- 
minant is of the fourth degree, and four linear factors have 
been found; 

.-. A = m(a; + y + 2)(y-}-2-a:)(2 + a:-3/)(a;+y — 2). 

The secondary diagonal is -j-2*, and the factors give 

— W22*, m = —1. 

.•.A = -(a; + y+2)(y + 2-a:)(2 + a;-i/)(a: + y — z). 



6. 



a' + l 


ab 


ac 


ad 


ab 


*'+l 


be 


bd 


ac 


be 


c«+l 


cd 


ad 


bd 


cd 


t?+l 



= A, say. 
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Multiply the first column by a, and then strike out of 
the first row the common factor a ; this will not change the 
value of the determinant, which denote by A. 



.•.A = |a'+1 h c d 

a^h h' + l he hd 

a^c he c* + 1 ed 

d^d hd cd cP+1 



Similarly, operate with h on the second column and sec- 
ond row, with c on the third column and third row, and 
with d on the fourth column and fourth row ; then 

a* + l h^ 



a' 
a' 
a' 



h^ c»+l (? 



Take the sum of the columns for a new first column, and 
write the common factor outside the bars. 

.•.A = (a*+&'+c'+cP+l) 



A = (a* + 5« + c» + rf«+l) 



1 J'+l & 

1 6' c'+l 
1 6' c» 


d* 


f the others ; 




10 
00 10 
1 







= a' + 5' + c' + d^ + 1. (See Theor. III., Cor 3.) 



7. 



A=: 



X y z 




z X y 




y z X 





x+y+z y z 
x+y+z X y 

.*. rr + y + 2 is a factor of A. 

Let ci>^ + o) + 1 = 0, and .•.«>'= 1. Multiply the second 
column by co and the third by w*, the second row by (o* and 
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the third by w, which is equivalent to multiplying A by a>*, 
which = 1. 

X tafy a>'z I = I a; + a>y + «'z wy a>'« 

iny u^z X ^ \x-\-viy-\- ia^z w'z a; 
.*. a: + ciiy + <»'2 is a factor of A. 

Operate with w* instead of w, and therefore with ca in- 
stead of w', and X + w'y + mz will be seen to be a factor 
of A. 

/. A = m (x + y + z) (ic + tojy + w'z) Cj: + w'y + oiz) 

in which m is numerical. The principal diagonal of A is 
3^, and the factors give ms?, 

.'. ?7l = + 1. 

,-. A = (a: + y + z) (a: + ci>y + a>'z) (a: + w'y + «z) 
= a;* + y*+ z* — 3a:yz. 



Ex. 76. 



Evaluate : 












1. 


13 5 8 
4 7 2-6 
3 10 12 6 
9 1 13 19 

• 


2. 


- 1 - 1 1 
1-1 1 
1 1-1 
1 1 1 


1 

1 

1 

-1 


3. 


-5 9 5-5 
9-15 19 28 
5 19 10 15 
5 23 15 25 


4. 


1 14 15 4 
8 11 10 5 

12 7 6 9 

13 2 3 16 




5. 


17 24 1 8 15 

23 5 7 14 16 

4 6 13 20 22 

10 12 19 21 3 

11 18 25 2 9 




6. 


1111 
abed 
a^ h" (^ d^ 
a» h^ (^ d' 
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7. 



9. 



1111 
abed 
a* b^ c^ d^ 
a" 0" d 



* b* c* d' 



a' 



1111 
a' b' c" d^ 
a' ^» c» d* 



b* c* d* 



8. 



10. 



1 1 


1 


1 


a b 


c 


<f 


cf 6' 


<? d* 


a* b* 


c* 


<f« 


1 


1 


1 


1 


a' 


6' 


1 a* 





c* 


1 6' 


e* 






11. 






a' 



{p+aj 



12. 



by-\-cz bx ex 
ay cz+ax cy 
az bz ax-\-by 



13. 



a 

a' 




a b 
b'c' 
a'V 




c 




14. 



a: 


a 


b 


c 


<? 


X 


a 


b 


b 


c 


X 


a 


a 


b 


c 


X 



15. 



17. 



X a. b c d 

d X a b c 

' ^ d X a b 

b c d X a 

a b c d X 



X X y X 

y y y X 

y X X X 

y X y y 



16. 



18. 



X y y y y 




y X y y y 




y y X y y 




y y y X y 




y y y y X 




h" a 


b' 

■ay a' 

' (a+by 



19. 



a + b + c + d 
a — b — c+ d 
a—b+c—d 



a — b — c + d 
a+ b+c+d 
a + b — c~ d 



a—b+c—d 
a+b—c—d 

a+b+c+d 



20. 



(h + c+dy 



a' 
a' 
a' 



b' c» d^ 

(c + d+ay & d" 

b^ {d+a+by d^ 

b' c" (a + b + cy 
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§ 61. Any determinant of the third order may readily 
be evaluated by the following method, called The Method of 
SarruB. Let the determinant be 

Oi bi Ci 
Of bj Cf 
€h bi Ci 

Repeat in order the first and second rows below the 
determinant (or the first and second columns to the left of 

it) ; thus, 

Ui bi Ci or, Ui by Cy Oi bi 
\./ \-X X /, 

CU Om Cn CU O2 Ci CU Oi 

X^X /,X X \^ 

Oi Oi Ci Oi Oi Ci Oi Oi 

X^ X 
ai bi Ci 

Oi bi Ci 

Form the product of the three elements in the principal 
diagonal, and also of the three in each of the two lines 
immediately following the principal diagonal, and parallel 
to it. In this case, these products are : 

Oi^iCs, aj>^i, ajbiCi ; (or aJbiCi^ biC^OLi, Ciajb^, 

Next, form the product of the three elements in the 
secondary diagonal, and also of the three in each of the 
two lines immediately following the secondary diagonal, 
and parallel to it. In this case, these products are : 

ajbiCi^ djbiCi, aJbiCi ; (or ^1^,0,, aicjbi, ^lOjCj). 

From the sum of the former three products subtract the 
sum of the latter three ; giving in this case : 

a^biCi + cbibipi + OibiCi — (a,i,Ci + aJ)iCi + aJ)iC^, 

or, taking the products derived from the right-hand ar- 
rangement as given above : 

Oi^jCj + biCiO^ + Ciajbi — {cib^ + a^cjbi + ^lOjCj). 

The given determinant is equal to either of these expres- 
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sions, which are of the same value, as may easily be seen, 
for they differ merely in the order of their terms, and in 
the order of the factors of those terms. 

In practice, it will soon be found sufficient merely to 
imagine the rows (or the columns) repeated. 

§ 62. The following theorem, which is an immediate 
consequence of Theor. VIII. and Cor. 2, Theor. III., often 
affords the quickest and readiest means of evaluating a 
determinant with numerical elements. 

So arrange the given deiei-minani that none of the elements 
bm, Cn, . . . km shall he zero, and that all the elements of the 
jnth row after 1„ shall he zero, then 

O/Y Oy C\ , , . t\ , , . S\ 

a^ o^ C]... t^ . , . s^ 

Oi O3 c^ ... If ... . $3 



^n ^n ^n ^i» 



5. 



^vffim, • • • ^n 



ai hi 
«2 h, 

« • • 

^m h^ 
^m h^ 



a. 



h, 
h. 



hi Ci 

hm Cm 

hi Ct 

hm Cm 

• • • 

Om-\ <?m-l 

hm C^ 
t>m+\ ^m4-l 

• • • 

^m C^ 



ky ti 

^m ^m 

« • • 

km ^m 

km ^m 



5, 



^m— ] 



S, 



•H-1 






In 
L 



If m = 1, the elements of the first row will be : 



O] hi 



hi Ci 
hi Ci 



ki ti 

h 4 



Pi, . . . Sj. 



This method of evaluation is known as OondeiiBation. 
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Evaluate : 


Examples. 

12 3-6 
A ^ 1 2 
^ ~ 3 1 4 

2 1 1 
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Here, since none of the inner elements of the first row is 
zero, we may take m = 1 ; then, operating on the first two 
rows, we mentally evaluate 



1 2 




2 3 


3 


-6 


4 1 




1 2 


2 






and write the results, which are — 7, 1, 12, for the first row 
of the new determinant; similarly, we proceed with the 
first and third rows, and then with the first and fourth 
rows. This gives a determinant of the third order, which 
we divide by 6, the product of 2 and 3, the inner elements 
in the first row of A, and we thus obtain 



A = i 



7 1 


12 




6 2 


18 




2 4 


9 





-7 14 

-3 13 

2-4 3 



This determinant may be evaluated by the Method of 
Sarrus, or the condensation may be repeated. Condensa- 
tion gives 

-4 -1 



26 19 



--76 + 26 = -50. 



Ex. 76. 



Evaluate by the Method of Sarrus : 



1. 



1 1 1 


2. 


12 3 


3. 


2-1 1 


12 4 




2 3 1 




12 1 


13 9 




3 12 




1 1 2 
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4. 



7 
1 
3 



6 
2 
1 



7 
1 

2 



5. 



17 3 
21 0-4 
13-2 



Evaluate by condensation 



7. 



9. 



1 -1 

1 2 

2 
3 

-2 
1 - 
3 




2 
3 

3 1 
-1 4 


3 -1 ■ 

1 -7 
3 1 



11. 



1 

-2 



-5 


-1 
1 
1 
1 



1 

1 
1 
1 



8. 



10. 



1 
1 

1 
1 



1 
2 
3 
5 



6. 


iii 




iii 




iil 



Oil 


8 


5 1 


1 


4 10 


1 


3 11 






1 

2 1 
2 3 
4 2 



1 -1 
1 1 
1 1 

1 

1 



1 

1 
3 



IV. Multiplication. 

§ 63. Theorem IX. The product of two determinants A^ 
and A2 of the same orde7% is a determinant siich that the 
element in its ipth row and qth column is the sum of the 
products of the elements of the ipth row of Ai each multiplied 
into the corresponding element of the c^h column of A^. 

Writing a^j, Xp^, and Ap^, for the (p, q)^ element of Ai, 
Aj, and of their product respectively, then 



L_pj 



^j»i 1 "^ii « "r ^Pi 2 ^2, J "r %, 3 ^8,p "r ^tc. 



Before forming the product as above, Aj or Aj may either 
or both of them be transformed by rearranging the rows or 
the columns, or by changing rows into columns. The pro- 
duct of the same two determinants will therefore appear 
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under different forms depending on the arrangement of its 
factor-determinants, but these forms will all have the same 
value. If one of the determinants to be multiplied together 
be of a lower order than the other, its order must be raised 
to that of the other. (Cor. 4, Theor. III.) 



Examples. 



1. 



a, h^ 



X Xi yi 
x^ y^ 

=-- Ch hi X 
a, b^ 



1 3 

yi y-i 



-_i 



^1 ^2 


X 


U/J x<^ 

yi y^ 


ax dt 

Kb, 


X 


x\ y\ 
^1 y% 



aiXi + byx^, 

(hXi + a^i, 
biXi + Z>2y„ 



«2yi + ^sya 

«i^2 + «»y2 
^1^1 + *2y2 



2. 



ai bi Ci 
a, &s c^ 
(h hs Cs 



X 



Xi X^ x^ 

yi y» ys 

2l 2^2 ^3 



fll^l + ^l2/l + <?l2^1 «1^2 + ^ly-J + ^*l2;2 «1^3 + h^h + ^1^3 
Oj^l + h^\ + ^2^1 «2^2 + ^XyS + '^22:2 Of^3 + ^2y3 + ^2^3 



3. 



«! bx Cx dx 


X 


^1 ^2 


— 


a^ b^ c^ d^ 




yi y-i 




Oz b^ Ci c?s 




a* bi Ci c?4 









ai bx Cx 

ttj &.J ^2 

Os ^3 C?s 

a* 64 Ci 



C?2 
^4 



/K .^'i ^2 "^3 "^l 

yi y2 ys y* 

1 Z4 
0001 



(h^i+hi^i axXi+biy^ axXs+bxy^+Ci 

a^Xx+b^yX G^!^2+^2y2 «2-^3+^2y3+<^'3 
«4^1+^4yi «4^2+^4y2 «4^3+^4y3+^4 



ai-^'4+^iy4+^'i24+<^i ' 

«3^4+^3y4+^32W-^^3 j 



Here ar,, ys, ^4, y4, ^4 are wholly arbitrary, and may be 
made all zero. 
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4. j «! b^ C^ C?4 P = 



«! hi Ci di 


X 


Oz bj C2 di 




as &3 C3 d^ 




a^ h^ C4 d^ 







Og Z>i l+l C3 C?i 
«4 ^1 l+l ^4 C?1 



«! ^a l+l Ci C?2 



Os ^2 l + l ^3 ^2 



hi hz hi Z>4 

— «! — Oj — Os — a* 

c^ c^ c4 c:?4 

^1 ^a ^8 ^4 

«2^3|+k2C^| |«2^4|+|^2C?4 
I 03^4 l+l ^8 C?4 

a4^8|+k4^| 



Tliis is a skew symmetrical determinant for 

• (\ai h,\ + \ci c^|) + (|a, *i| + |c, di\) = 0, 

by Theor. II. ; and the same holds for every other pair of 
conjugates. 

§ 64. If from A, a determinant of order n, there be 
erased m rows and m columns, the determinant formed 
from the remaining rows and columns taken in order, is 
called a Minor of A of order r)i — n. The minors obtained 
by erasing one row and one column of any determinant are 
called the Principal Minors of that determinant. 

Two minors which are so related that the rows and col- 
umns erased in forming one of them are exactly those not 
erased in forming the other, are called Complementary Minors. 

Thus, I ai hi C3 1, | Oa ^3 d^ |, | hi c* ^5 1 

are third-order minors of | ai h^ c^ (i^ 65 1, and their comple- 
mentaries are the second-order minors, 

|c?4e6|, ki^sl, \(hdil 
respectively. 

I &i 64 1 and I ^2 c^ I 

are second-order minors of | aj h^ c^ c?4 €5^6 1, and their com- 
plementaries are the fourth-order minors, 

I ^2 <?3 c^s/e I and | tti ^3 e^,/^ \ 
respectively, 
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The principal minors of | aj b^ c^ dt e^ \ are 

I ^2 <?S C?4 Cf, I, I hi Cs ^4 £?6 I, I hx C^ C?4 ^5 I, ... 

complementary to Oi, a,, Os, . . . 5i, 62, . . ., respectively. 

Hence, if in any determinant, A^^ , denote the com])le- 
ment of a, , (page 000), (— 1)*^*^, , will be the principal 
minor complementary to «,,. 

Theorem X. If any m rows of a deta-viinant he sehricd, 
and every possible minor of the mfh order he formed from 
ihemti^ and if eOjcK he multiplied hy its complementary and 
the product affected with + or — , according as the sum of 
the numhers indicating the rows and the coluniTis fro)ti which 
the tninor is formed he even or odd^ the sum of these products 
will he equal to tJie original determinant. 

Thus, the first two rows of | ai h^ c^ d^ \ give the six 
minors, 

I «! h |, I «i ^2 I, I fli ^ |, I ^1 c% I, I ^ <^ I, \cid, I, 

whose complementaries are 

I ^3 d^ I, I ^3 ^4 I, I ^3 ^4 |, I «3 C?4 |, \ciiC^\, I Os h^ I, 

and the sums of the numhers indicating the rows and the 
columns from which the first six minors are formed, are 

(1 + 2+1 + 2), (1 + 2+1 + 3), (1 + 2+1 + 4), 
(1+2 + 2 + 3), (1 + 2 + 2 + 4), (1 + 2 + 3 + 4), 

.-. I tti ^>2 <?8 0?4 I = I «! h\ I C*3 0?4 I — I ai C, I \hd^\ 

+ I ai c4 I I ^3 ^4 I + I ^1 ^2 I I ^3 ^4 I 
— \hid^\ I Os ^4 I + I ^1 c?2 I I a3 ^4 I 
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Similarly, the second, third, and fifth columns being 
those selected, 



aihiCidiC^ I = 

+ 



bi c, e, I I a* d^ 

bi Ci e^ \ I Oj c?4 

bi ^3 «4 I I «i df, 

bi c^ e^ \ \ ai di 



— I ^1 ^2 ^4 I I as ^ 

+ IbiCse^l I a, 4 

+ I *i ^4 <?5 I \ Oids 

+ \ b^Cse^l \ ai d^ 

+ I 5s ^4 es I I ai c?2 



Ex. 77. 

Perform the following multiplications, expressing the 
results in determinant form : 



1. 



4. 



6. 



«1 ^1 


Xi x^ 




2. 


3 5 


X u 




3. 


2 5 


3 5 


Q'i b^ 


yi y^ 




4 6 


y ^^ 




3 4 


4 2 


2 5 


3 6 


5. 


2 


3 


i-2 




3 6 


2 


5 






-i 


i 




-3 





2 
4 - 


3 

-2 


1 2 3 

2 4 8 

3 4-7 






8. 




y 



7. 



Hi 

1 
7 



*f 



Iff 
Iff 

4f i 



a + y h 

h a + y 



9. 



a — y h g 

h b~y f 

9 f <^-y 



a + y h g 
h b + y f 

9 f c + y 



10. 



1 a a" 
1 b b' 
Ice' 



a' b' c^ 

— a —b —c 

1 1 1 



11. 



X yi 
yi X 



y z^ 

\zi y 



Z XI 

xi z 



wherein t' = — 1. 
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12. 



13. 



14. 



16. 



17. 



18. 



19. 



20. 



21. 



a-\-bi — c-\- di 
c -\-di a — hi 

a-\-h a h 
c h-\-c h 
c Oj c-^-a 



1 

1 1 

-1 





X -{-yi u-{-vi 
— u-^-vi X — yi 



a+i + }c --ha — ii 

— \c —ha c+a+hh 



a 


a 


a 


a 




a 


h 


b 


b 




a 


h 


c 


c 




a 


b 


c 


d 









1 

1 1 



16. 



X y z 
z X y 
y z X 



y x^ 2' 
2' y' .r' 



1 
a 
b 
c 



X a? 

b c 

c d 

d e 



d 
e 

f 



1 






X 

1 





ai + a> «i + «s ch + di 
bi + h ^2 + bi bi + bi 





X 

1 X 
1 



1 

-1 

1 



1 -1 

1 1 
1 1 



1 

1 
1 

-2 



-2 1 
1-2 
1 1 
1 1 



1 
1 
-2 
1 



ai+«j+as h^+h%+h <?i+^.+^s di+df\-d^ 
Oj+Os+a* h^+h+hi Ca+<7s+(?4 cZ|+ci+c?4 
as+a4+ai b^+bc\-b^ c^^-c^+Ci d^+d^-\-di 
a4+ai+«a ^4+^1+^2 ^4+^1+^2 dc\-d^-\-d, 



&2 <?2 


-h. 


^•l 


C, 


oi 











1 





-1 








a^ 





&a ^2 d^ 

C2 c?2 

4, 









1 
1 
1 



Ci 

d^ 


1 



d, 





1 





b, 
(h 

d, 





1 













C2 



ai bi Ci di 

ai bi Ci di 

tti bi Ci di 

aj ^2 C2 di 

^2 ^2 ^3 ^ 

Oi b-i Ci di 



2x x" 


y? v^ vP 


2z z^ 


U V w 

1 1 1 
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22. 1 —3a 3a' —a'' 
1 -3^^ U^ ~b' 
1 -3c Sc' -(f 
1 -Sd 3(P -d' 



a' P c" d" 
a^ b' c" d" 
abed 
1111 



and deduce therefrom that 

9 (a - by (a - cy (a - dy (b - cy (b-dy(c- dy 
=:[(a-by(c~dy+(b-dy{c-ay+(a-dy{b- 

23. If 5„ = a* + Oj"* -[- as"* + ... + a,", then will 



-.)']«. 



1 


«! 


a^ 


... ar 


1 


a^ 


a/ 


... Ofj" 


1 


as 


a,' 


... as* 


1 


«« 


an' 


... a„" 



5o 


Si 


5j 


... S» 


Sl 


52 


53 


••• ^nr\-l 


§2 

• • • 


Ss 

• • • 


■ • • 


... S„^2 

• • • • • • 


5n 


5»H-l 


5n-f2 


... S^n 



24. If A = I ai ^2 Cs ... *n I and A'-- | ^i ^^ C3 ... K^ 

wherein Ai, —A^, A^j ... —^1, -S^, — .^3, etc., are 

the principal minors of A ; and if ai, — oj, a^, ... —^i, 

A, ~A> 6tc., are the principal minors of A', prove 

that 

AA' = A* and ai A = a, A*, 03 A = aa A", etc. 

Note. The determinant A' is called the Reciprocal of the deter- 
minant A ; and the elements A^, A^, ... B^, B^, etc., are called Inverse 
Elements with respect to Oj, 03, — h^, \, etc. 

25. Prove that a minor of the order m^ formed out of the 

inverse constituents, is equal to the complementary 
of the corresponding minor of the original deter- 
minant multiplied by the (m — l)th power of that 
determinant. 

V. Applications. 

§ 65. To solve the simultaneous linear equations, 

a^x + b^y + c^z = d^, (1) 

a.,x + ^23/ + c^z = 0^, (2) 

a^x + b^ + c^^z -- - c?3. (3) 



DETERMINANTS. 



349 



Let V = I aiVal, Va ^ . ^iVsl, Vi ^' I <«if4<^3 \,Vc'- | aAc/sj, 
and let Ai, A^^ etc., denote the eomplementa of a,, o^, etc., 
in V- 

Multiply (1) by A,, (2) by ^„ (3) by ^„ and add. 

.-. (a,^i + Oa^a + aj^s)^ -)- (JhA^ + h^A^ + hA^^ij 
+ {cyA^ + c^A^ + c^A^)z ■-=■- (d^Ai ■{- (I, At + <hAs). 
Therefore, by Theor. III., Cor. 1, and Theor. VII.. 

By using £i, B^, B^ instead of Ai^ -4,, A^, we obtain 

and using C^, Ci, ^3 instead of Ai, A^, A^, gives 

VZ = Ve- 

The method here exhibited is evidently applicable to 
the case of n linear equations containing n unknown quan- 
tities. 

2. Given the above linear equations (1), (2), (3) to find 
the value of cur + ^y + 72. 

By Theors. VIII. and VII. 

aiX + bji/ + CiZ ai b^ Ci 
a^ + h^ + C2Z cii ^2 C'l 
a^ + h^ + c^z a^ h^ C3 

Therefore, substituting from the equations (1), (2), (3), 

oJx: + Pi/ + yz a P y -=0; 
di tti hi Ci 

.'. (cur + )8y + y2;)v-aV«-/Sv5 -yVc-^O; 
••• cur + )8y + y2 = (aVa + PVb ~\- yVc) -- V- 
This result necessarily includes the solution of the equa- 
tions found above. 
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3. To determine the condition that the homogeneous 
linear equations 

aix + h^y + Ciz -= 0, (1) 

«2^ + ^ay + ^22; = 0, (2) 

«s^ + % + C32 = 0, (3) 
may coexist for values of x, y, and z other than zero. 

Multiply (1) by Ai, (2) by Aiy and (3) by A^, and add. 
and therefore if x be not zero, 

v = o. 

4. To find the condition that 

aiX^ + hiX + Ci = (1) 

and a^ + ^2^ + c, = (2) 

may have a common root. 

Multiply each of the given equations by x ; the resulting 
equations together with the given equations constitute the 
four simultaneous equations, 

aire* + biX^ + CjX = 0, 

aiX^ + biX + Ci = 0, 
a^ + b.^ + C2X =0, 

a^ + b^ + ^2 ^= 0, 

which are to be satisfied by values of o:^, x^j and x other 
than zero ; hence, by No. 8 above, 

Ui bi Ci = 0. 

tti bi Ci 

Os &2 ^2 

tta ^2 ^2 
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This is also the condition that 

Oiar* + biX + Ci and a^a^ + b^ + c, 
may have a common factor. 

5. To find the condition that 
aa^ + Sbx* + 3cx + d 
may have a square factor. 

Let (x — my be the square factor. Divide the given 
expression by x — m, and the quotient hj x — in ; the two 
remainders thus obtained must both vanish. These re- 
mainders are 

awi' + 3 brri^ -\-Zcrri-\- d 

and arri} + 2b7n + c. 

:. am» + 3Jm» + 3(7m+ J=0, 
and a7n^ + 2bm +c — 0. 

Multiply the latter equation by m, and subtract the 
product from the former. 

.-. bm* + 2cm-\-d = 0. 

Combining this equation with the second of preceding, 
the condition required is found to be 

that ao(^ + 2bx+c =0 

and b7^-\-2cx-\- d = 

shall have a common root, and the condition for this has 
been found in No. 4 above; viz., 

a 2^ c =0. 

a 2b c 

b 2c d 

b 2c d 
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6. To find the condition that the expression 

a:j^ + ^y + ^2* + 2^2 + 2^20: + 2 Aa;y 
may be the product of two linear factors. 

Let the factors be a.xX + ^^y + yiZ and a^ + ^^ + y^z. 

Multiply these together, and equate the coefficients of 
the product with those of like powers of the variables in 
the given expression. 

.*. a = aia2 ^=AA ^ = yiy2 

2/=Ay2 + Ayi 2^ = aiy2 + a2yi 2^ = 01)82 + 02)81 



a h g 
hhf 

9 f ^ 



1 

8 

1 

8 



OiOj + OjOi 01)82 + Oz^i ttiya + Ojyi 

Pio^+P^i PA+fiA Ay2+Ayi 
yio? + y2ai yiA + yz^i yiya + y2yi 



Oi O2 

A A 
yi yj 



X 



<h A y2 
tti ^1 yi 
006 



= 0. 



Hence the required condition is that 

a h g =0. 
hbf 

9 f <^ 



7. If 



and 



then will 



:r = oiX+)8ir+yi^ 
y = a,X+ p,Y+ y,Z 
z - 03X+ P,Y+ y,Z 

0.7? + Z>y* + C2;^ + 2/3/z + 2^23; + 2 Aa^ 
+ 20ZX+2EXY, 



A H G 
HBF 
O F C 





«! ^1 yi 


2 


a h g 




02 ^2 y2 




hb'f 




<H Pi 73 




9 f e 



(1) 



(2) 
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Substitute for x, y, and z in (2) their values in (1), and 
equate coefficients of like powers of X, F, and Z. 

.'. A^ cuii + ia,' + c<»8* + 2/aaa« + 2ga^i + 2 Aaio, 

B = ap,' + bl3,'+cl3,'+2fP^, + 2gp^, + 2hp^, 

C = ay,' + V + ey,« + 2/y,ya + S^^yi + 2 Ayiy, 

i^ = aAyi + *Ay. + ^ftys +/082y5 + fty,) 
+^08syi + Ay») + A(Ay« + y^^yO 

G = ayiai + iy^ + Cy^q^ +f{y¥^ + l/ifh) 

+ 9 (y«°^i + yi*») + * (*y»^ + *y«*») 

^= oai^i + *a^2 + cafiz +fishP^ + ^2) 

+ 9(^Pi + «A) + Ka^, + 0^1). 

Now 



ai A yi ' 

02 A y2 


'aha 
h hf 


os A ys 


9 S " 


ai Of Os 

A A i8. 


aha 
h bf 


Ti y. yj 


9 f c 



oi P\ yi 
o« A y2 
03 ^3 ys 



api+hp,+gp, hpA-hp,+fP, 9Pi+M+^P^ 
ayi+hyt+gy^ hyi+by^+fy^ gyi+fy^+cyz 



A BO 
H B F 
G F O 



<h Pi yi 

a, ^2 y2 
Os A ya 



8. Eliminate a:, y, and z from the equations 
a^ + hy' + cz' + 2fyz + 2gzx + 2hxy 
Ic^x + ^y + rriiZ = 0, 



=0, 



(1) 

(2) 
(3) 
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First Method. Let \i and A, be homogenous linear func- 
tions of a;, y, and 2, sucli that Ai(2) + A, (3) = (1). 

.'.aoi^ + by^ + cz* + 2fyz + 2gzx + 2hocy 
=={ax+hy+gz)x+{hx+hy+fz)y+{gx+fy+cz)z 

= {hx + ^ + ^12) ^1 + (J^ + ^ + ^22) A.2. 

.-. ax + hy + gz = kiK + *j^, (4) 

h^ + hy + fz = kK+U^. (5) 

5^^ +/y + C2 = WiXi + m^, (6) 

Now eliminate re, y, z, Xi, A, from (2), (3), (4), (5), (6) hj 
the method exhibited in No. 3, page 350. 

a h g hi h^ =^0. 

h h f k k 

g f C TTli ??lj 

hi li mi 
h^ 1% m^ 

Second Method. Multiply (2) by x, y, and z, succes- 
sively, and (3) by x and by y. 

.'. hi3i^ + ^i2^ + h^ = 0, 

l^ +mnyz +hixy = 0, 

miz* + ^1^2 -f- Aiza; ^ 0, 

h^ -\'7niZX-\- lfscy = 0j 

l^ + ^^Hy2 + ^ycy = 0. 

Now eliminate oi?^ y*, z', yz, za:, a;y from these five equa- 
tions and (1), by the method of No. 3, page 350. 

ale 2f 2g 2h =0. 

^1 P mi k 

Z, mi hi 

mi li hi 

^2 7^ 4 

040 m, kt 
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9. To solve the simultaneous equations 

aix' + 2hixr/ + by = mi, (1) 

a^ + 2h^x7/ + bi2/' = 7n^, (2) 

Write them in the form 

Let v= «»^ + ^^^ + *iy 

.-. (v + |Ai^|)^ + |*iWt,|y-0, (3) 

- I Oi 7W, |a; + (v - I Ai 7/1, 1) y = 0. (4) 

Hence v ^^^7 ^ treated as known, and then by (3), 

I ^i ma I 

Substitute this value of y in (1), and there will result a 
pure quadratic in a;, from which the value of x may be 
immediately obtained. 

10. To solve the simultaneous equations 

(hoi^ + h^ + 2hixy = 7n^, (1) 

o^ +% = ^- (2) 

This may be treated as a particular case of the preced- 
ing, or otherwise as follows : 
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Write the given equations in the form 

a^x + Jay = ^ 



Let 



TJX = b./mi — {hiX + ^ly) ?/i2, 

vy = — ^2^1 + («i^ + ^ly) ^• 

— OiTn^x + ( V — hym-i) y + a^rrix - 

Ojo; + h^ — m^ ■ 

V + him2 biTTii biTTii = 0. 

m2'^-\-him^—aJ)2mi bim^ — b^TUi 

^2 ^ 



0, 
0, 
0. 



a^wii 



(h 



(3) 



0. 



+ {a^rrii — (i{m^'){})^7nY — biin^^ = 0, 

which pure quadratic gives at once the two values of v, 
which may consequently be treated as known. Then from 
(2) and (3), 

«2^ +^23/ =Wl2, 

(ctib^ — Aitta) X + (hibz — biOs) = V ; 
two linear equations from which to find x and y. 

11. Eliminate x from the simultaneous (equations 

ar* —px^ + Qx — r = 0, (1) 

y = ai + bix + cix^. (2) 
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Multiply (2) by x, and in the result substitute the value 
oia? given by (1). 



.-. xy = cir + (a, — c^q)x + {h^ + Cip)a^ 
= a, + 6,a: + c^x^i say. 

Repeat with (3) and (1) instead of (2) and (1). 

.-. a^y = c^r + (a^ — c^q)x + (J, + Cjp)x* 
= a, + Jja: + c^x^, say. 

Eliminate x and x^ from (2), (3), and (4). 

Oi — y hi Ci =0, 

a, i, - y c, 

which, on being expanded, gives a cubic in y. 
12. To find the condition that 



(3) 



and 



U=a3^ + bx^ + cx'+ dx" + ex +/ 



may have a common factor, and to find that factor, apply 
the method of elimination exhibited in Example 4, page 
350. The result is : 



If 



a 


h 


c 


d 


e 


f 








a 


b 


c 


d 


« / 











a 


b 


c 


d e 


/ 


a 


P 


y 


8 














a 


P 


y 


3 














a 


P 


r 


8 














a 


P 


y 8 

















a 


P y 


8 



0. 



?7and Fwill have a common factor which, to a constant 
multiplier, will be 
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ax + h 

a 
ax + P 

a 





c d e f 
b c d e f 
y 5 
^ y 8 
a is y 8 
a J8 y 8 



If this determinant vanish identically ^ i.e.j if the constant 
multiplier be zero, ?7and T^will have a common quadratic 
factor which, except as to a constant multiplier, will be 

ax^ -]-bx-{- c d e f 

ao(?+Px+y 8 

ajx + p y 8 

a /? y 8 

If this determinant vanish identically, ?7and F will have 
a common cubic factor which will necessarily be T^or y 
divided by a constant. 



Example. 

Let it be required to find the common quadratic fac- 
tor of 

6a:* - a;* — ar» + lOa:* + 14a; - 40 

and 2ar* + a;» — a;+10. 

Following the above-described method, it is found to be 



6 a,-' 

23? 


-x-l 10 

+ X-1 10 

2a; + l -1 

2 1 


14 



10 

-1 


40 



10 


:10 


Qx^ — x + l 

2a? + x 1 

2a:+l 


14 

10 

1 


10 



10 





= 100 



6a;'-3a; + 6 15 
23*+ x-l 10 
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= 1500 



2a;' -2: + 2 1 i--1500(2a:»~3a; + 5). 
'Zx' + x-l 2 



Rejecting from this the constant multiplier, 1500, the 
common factor is 2a:' — 3a: + 5, as may be proved either 
by actual division or by evaluation of the determinant for 
a linear factor. 

Bz. 78. 

Apply determinants to solve the following equations : 

1. 3a?+7y=8, 2. 22r+5y = 20, 

4a; + 9y=ll. 3a;-4y = 7. 

3. 3ar — 5y+4z = 5, 4. x — y+ z — 6, 

7ar+2y-32 = 2, 7a?- 9^y+ llz = 64, 

4ar + 3y- z = 7. 23a;- 21y + 24z = 154. 

6. |(a: + 2y) = i(3y + 4z) = -K62 + 5a:), 
x-{-r/ — z = 126. 

6. l+iw + i^ + iy + i2 = 0, 

i + iu + \x + \y + iz = 0, 
^ + \u + \x + iy + ^z = 0, 

7 24 15 _o 

2a; + 3y 3a; + 4« 

30 37 o 



3a; + 4z 5^ + 92 
222 8 



= 5. 



5y + 9z 2a; + 3y 

8. 115(13 - a;) + 719(y -19)- 590(37 -z) = 27, 

5(13-a7)+2 _ 37-2 ;_^ 
y-19 y-21 
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9. u + b = a(x + y), 10. {a + b + c)x 

x + b = {a + l)(y+z), (a+d+e)i/ 

y + h = (a + 2)(z + u), (b + d+f)z 

z + i = (a + 3) (i6 + ip). Generalize. 



ay + hz+c, 
ax-i-dz + Ct 
bx + dy+f. 



11. Given a;i = %i, y, = aia:i + yi, Xi=^b^^ + x^, 
yz = a^% + yt, Xj, = b^^ + Xi, y^ = a^i + yi, 

prove that 





ar4 = — yi 



-64 -10 

1 -Os -10 

1-5, -10 

1 -0,-1 

1-J, -10 

1 -oi-l 
000001- Ji 



12. Given x=bi/(ai+y), y=bi/(ch+z), z = bs/((h+u), 
and u=pb^/a^; prove that 



x = bi 



a, -1 

is Os — 1 

64 a* 



oi -1 

i, Oj — 1 

is Os — 1 

^4 a* 



(Take for variables x, xy, xyz, xyzu, and eliminate the 
last three.) 



Solve 

13. aa: + iy — -cz = 2a6, 
by -\- cz — ax^= 2bc, 
cz -{-ax— by=2ac. 



14. {c + a)x—(c—a)y = 2bc, 
{a+b)y — {a — b)z =2ac, 
{b + c) z — (i — c)x = 2ab. 
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16. {z + x)a — (z — x)b = 2yz, 
{x+ y)b— (x— y)c = 2xz, 
(y+ «) c - ly- z) a= 2xy. 

16. a? + ay + flt*2 + o'w + a* = 0, 
x + hy + Vz + Vu + i* = 0, 
x-^-cy -\-ch +(fu +c^ = 0y 
x + dy+ dh+ d^u+ d*= 0. 

17. x + ay + a^z + a^u^d, 
x-{-by + b*z + Vu = a, 
X -{- cy -\~ (^z + <^u =6, 
x + dy+ dh+ d^u= c ; 

and if a, b, c, dj are the roots of the quartic 

V* —py +py —p^v +^4 = 0, 

determine x, y, 2, i6, in terms oi pi, p^, p^, p^, 

18. t^ + ar + y + 2 = i, 
aw + Ja; + cy + dz — l^ 

cfu + i'a; + c'y + rf'2 = m, 
a'u + 5'a: + c'v + dh = n. 



19. Show that either of the following systems of equations 

can be reduced to the other : 

(1) Xi+ x^+ x^ = uu (2) yi + ay^ + a'ys = Vi, 

axi + bx2 + cx^ = 1^, 2/1 + by., + h^y^, = Vg, 

a^Xi + i'ar, + c»a;8 = Wj ; yi + ^3/2 + c^ys = V3. 

Generalize. 

20. There is a certain ' rational integral expression whose 

value depends on that of Xj and into which x enters 
in no degree higher than the third. Its value is 4 
when x=0, is 9 when x = l, is 20 when a; =2, 
and is 49 when x = S. Find the expression. 
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Solve 



21. 



X • _2. • 2; . u 



+ 



+ 



+ 



a + k b + k c-\-k d -\- k 



=1. 



X • }L • 2 • w 



+ 



+ 



+ 



a+l b + l c + l d-\- I 



= 1. 



X , j^ , z , u 



+ 



+ 



-+ 



a; , _^ , z , u 



+ 



+ 



+ 



a-^-n b-{-n c-\-n d-\-n 



= 1, 



= 1. 



22. ^ +(^-^)(g-^) = 0, 
hz + cy b — c 

ca; + a2 c — a 

ay + ^^ cb — b 



23. 



1 

a; 

X 



X X 

1 (? 

c 1 

& a 



b 
a 
1 



= 0. 



24. 



1 

1 {al'+b^y 



a' 



1 
1 



x' {a^+vy 



1 

J* 

6* 



= 0. 



a;' 



a* (jx^ + aj 



25. 



a — J a: a; 
a: b — € X 
X X c— d 



X 
X 
X 



X 



X 



X 



d—a 



= 0. 



26. 



a' 

{a + xy 

{2a + xy 



b' 

(h + xf 

(2b + xy 



{c+xy 
(2c+xy 



= 0. 
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27. Determine a, i, and c so that the two systems of 

equations 

ax+hy-cz = l, oiiX + P^ + yiZ = k, 

ax — by + cz = m, 0Lr^ + P^ + y^z — ^i, 

— ax + by + C2 = n; a^ + P^ + ya;i = ni; 

may be satisfied by the same values of x, y, z. 

Apply to the case 

ax + by — cz= 4, 2x— y+32; = 9, 

ax^bi/ + cz= 8, Sx + 2y — 2z = ly 

— <xx + by-{-cz = 16, — a; + y + z = 4. 

28. Solve 2a: + 3.v-4z _ 3a; + 4v-2^ _ 4a;+2.v-3z 

a? + 5 5a; 4a;— 1 

"■ 6 

29. Eliminate a:, y, and z from 

(aix + % + ijZ + <h)/u = {bf,x + a^ + biZ + c^/v 

= 1 — Cio; — c^ — CjZ ; 
ux + vy -{- wz = \, 

30. Determine a, given 

^ + y + 2 + ^ = 0, aa; + Jy + ^2 + rfw = 0, 

a?t/zi^^ a?«/2 ate; ^ 

a + l + ?+7=<^' ^ + l + 7+-?-=0- 

31 . Solve li (liX + m^y + riiz) = ami* + 5^*, 

4 (4a; + Way + Ti^) = aT/ij* + bn^, 

kk + wijWs + TijWs = 44 + >Ws^ + ri^rii 
= 44 + Wim, + ni?ij = 0. 
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32. If Xif yi ; x^, y^ ; Xs, ys a.re the values of x and y that 

satisfy each possible pair of the equations 

ci^x + iiy + Ci = 0, 

prove that- 

1 1 a;,^, I = I OiJf^s I'-*- {| o^x 1 1 Oi^, 1 1 0361 1{. 

33. The equations • 

a: + 3y + 5z + 3w = 34, a? + 2y + 5z + 4w = 36, 
a?+ y + 22;+ w = 13, a: + 3y + 82; + 52^ = 51, 

have for sole solution a; = l,y = 2, z = 3, w = 4, but 
on attempting to find the value of u by indetermi- 
nate multipliers, on adding together the equations 
multiplied respectively by 1, a, )3, y, and equating 
to zero the coefficients of a:, y, and z in the resulting 
equation, we obtain the incompatible equations, 

1+ a+ i8+ y = 0, 
3+ a + 2)3 + 3y = 0, 
5 + 2a + 5)3 + 8y = 0. 

Explain the paradox. 

34. Eliminate a:, y, and z from 

oar + Jy 4- cz — 1 = Jia; + ttiy — z + (7 

= Cia: — y + OiZ + 5 = — ar + Cjy + JiZ + a = 0. 

36. Eliminate u, v, w^ x^ y, z from 

OiW + biv + Ciii; = 0, ttia: + )3,y + y^z = u, 
a^u + btV + CjW = 0, ena; + )3ay + y^z = v, 
OsW + Js-y + csty = ; a^ + P^ + y^ = w ; 

and prove thereby that 

I a^Kc^ I X I a,^gys I 
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36. Eliminate w, v, and w from 

au + hv + gw = Xm, 
hu + bv -\-fw = Xv, 
^M +/v + cu; = Xt^ ; 

and w, V, t^, a;, y, z from the three preceding equa- 
tions combined with the three following : 

ax + hy-\-gz = u — Xx, 
hx+hy+fz =v — Xy, 
93s +fy +cz=^w — \z\ 

and reduce the two resultants to the same /orm. 

37. Eliminate first, a?, y, z, second,/, g, h, from 

at^ + Ay — ^2 = 0, 
hw -{-fz — hx = Of 

^ +9^-/!/ =0- 

38. Show that 

OiOj + 61 J, + ^1^2 0^2* + b./ + ^a' 

39. Prove that 

I ctActi I' + 1 bicA r + 1 Cid^ 1» + I diaj>s |' 

Generalize. 

40. Let Ai=|aiJ2^sL ^2=|ai^2y3|, and AiA2= l^i^jCJI, 
then will oo )3o y© 

flo -^1 -^a -^3 
Jo -^i -Sj -Ss 

Cq Ci G2 C5 
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State this llieorem in the cases 

V, Ai = A2, 00 = Oo, Po = K yo = <?o; 

41. Given Wi = aiX + bit/ + CiZ + e^ = 0, 

t^ = a^ + J^ + c,z + (i = 0, 

t^ = ajar + J53/ + C52; + ci = 0, }- (1) 

W4 = a^r + J^y + C4Z + rf* = 0, 

Wj = ajar + Jsy + {?52; + c^ = 0. ^ 

1**. Determine the value of x that will satisfy 
UiUi + Ojr^a + Oji^s + 04^4 + ajt^s = 0, ^ 
biUi + Z>,z^j + biUi + b^u^ + b^u^ — ^' f (^) 

2°. Eliminate z from the group of equations (1), taken 
two by two in every possible way ; from the result- 
ing ten equations form two equations by a method 
similar to that by which the set (2) was formed from 
the group (1) ; and determine the value of x that 
will satisfy these two equations. Show that this 
value of X is the same as the value obtained by the 
solution of the set (2). 

Apply the preceding to the equations 

x- y + 2z- 3 = 0, 
3a; + 2y — 52- 5 = 0, 
4a;+ y + 4z-21 = 0, 

rr + 3y + 32J-14 = 0. 

Generalize 

42. Eliminate x, y, z, and h from 

aia; + Piy + yiz = 0, a^ + p^ + y,z = 0. 

diX + hy + hz _ bsX + a^ + bjZ _ b ^ + b^y-\- a^ 
tti + ajc Pi + PJc yi + yjc 
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43. Eliminate x, y, z, u, hi, and A, from 

a^x + piy 4- y,z + ^^u = 0, 
«2ar + i3^ + 7,2 + 8,w = 0, 

gj- + % + jyg +lu __ hx + hy -\-fz + ^^ 
tti + a^k^ + 0,^ )3i + )3,^i + pjc^ 

— .y^' +/y + cz + nu _ lx-{- my + nz + du 

44. If ^1^ + % + gig _ g»ar + % + c ^z ^ Oaa: + % + ^ sg 



t£ 



v 



ly 



then 



X 



y 



z 



in which Ai, A2, etc., are the inverse elements of Oi, 
Oj, etc., with respect to | aib^Ci |. 

45. Eliminate a:, y, and z from 

a? +y' +z' =*», 

(a;-a)«+y« +^ ={Jc-d)\ 

{x-~a,y + {y^b,y + z' ^{k-d,)\ 

{x-a,y+{y-h,y + {z-c,y = {k-d>i\ 

46. Apply the results of Examples 1 and 2, pages 348 and 

349, to prove that if the value of a determinant be 
zero, the determinant may be transformed into an- 
other of the same order in which all the elements of 
a row or of a column shall be zero. 

Transform 2 -3-4 3 

3 4 1-2 

6 5-2-5 

10 -12 3 4 

into a determinant of the fourth order with a col- 
umn of zeros. 
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Similarly transform 



13 2-4 
4 _2 -13 5 
2 8 7-11 
3-1-9 3 



= 0, 
=0, 
=0, 
=0, 



Apply the above to prove the rule for the multiplica- 
tion of determinants. 

47. Eliminate a, 6, c, rf, e,/from 

a3^-\-2hTy +cy* +2ex+2fy+d=0, 

ax+ b(xp+i/) +cyp + e + fp =0, 

a + h{2p + xq)+c{p*+yq) + fq 

h(Zq+xr) + c{^pq'\-yr) + fr 

h{^r+xs) +c{^pr+^q^+y8) + fs 

bibs +xt) + c{bps+lOqr+yt)+ ft 

and evaluate the resulting determinant. 

[Omit the first three equations, — this eliminates a, e, 
and d\ in the remaining three, take for variables 
h + cp, cq, and bx + cy +/.] 

48. If-^ +Bz + Oy + Du = 0, 

Az-B +Cx + I)v =0, 
Ay+Bx-C +Dw = 0, 
Au+Bv + Ow-D =0, 
then will 

A^ ff 



l—x^ — v^ — w^-]-2xvw \ — u^—'i^—w^+2uyw 



1— w* — v'— 2'4-2wvz \ — a?—'j^-'^+2xyz 

49. Eliminate w, v, and w from 
^^1 + vyi + wzi = 0, 



a h g u 

h b f V 

g f c w 

u V w 



-0. 
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50. Show that the system of equations 

a(b — c) . b(c — a) . c(a — h) _q 
a — a b — P c — y 

a(^-Y) , ff(Y-a) I y(a-ff) ..o^ 
a — a p — b y — c 

is satisfied by either 

a — b-{-p-'a = b — c + y — P = c — a + a 
or aPy = aby = aPc. 

_- j^ bx + ay — cz __ cx — by + az _ — ax + ey + hz 



then will 



X 


y 


z 


c 


a 


b 


b 


c 


a 



= 0, 



52. Eliminate x, y, and z from 

a(x-l) + b(i/~-l) + c(z-l)=^0, 
x + y + z = l, 

= 0. 



X 


y 


z 


c 


a 


b 


b 


c 


a 



[Reduce the determinant to the form 



ax-}-by + cz x + y-\-z =0.] 



I 



53. If 



I m n 
X y z 
u V w 



= 0, 



ab -{-be -{-ca a + 6 + <? 

Ix + my + nz =0, 

ax — by —cz =u, 

—ax + by —cz = v, 

— ax — by+cz = w, 

aux + bvy + cwz = 1, 

then will 

m^ + n* _ 71" + P 

{bn + cmy (cl + any (am + biy 

and 4 a^b'c\x'-\y+zy-{a'+b^+c')(x'+y'+z')+l- 



P + m" 



0. 
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54. Exhibit in a single equation the result of eliminating 

Uf Xj y, z from 

ax-\-hy + gz = aiu + XiX^ 
hx + hy+fz =M + ^iy, 
9^ +fy +CZ = Ciu + Xiz, 
aix+ biy+ Ciz=0] 

and V, Xiy 3/1, Zj from 

axi +hyi +gzi =aiV + \^, 
hxi + byi + fzi = bjv + X^y, 
^^1 + /yi + ozi = Cjv + XjZ, 

«i^i + ^lyi + ciZi = 0. 

55. If ai+bjy-\-CiU = a2V-i-b2-\-C2Z=aiX-\-biW-\'Ci=8, 

and ux — vy = wz = 1, 
then will 

tti — s Ji Ci =0. 

56. Eliminate X from 



+ 



+ 



a—\ b—X c—\ 



=0, 



XX' 



+ 



M. 



+ 



zz 



a — \ b — X. e — X 

67. Eliminate \ from 

3^ . y' , z^ 



= 0. 



+ 



+ 



+ 



M* 



a — \ 6 — X c — X 5' — X 



= 0. 



XX' 



+ 



mL 



+ 



zz 



+ 



9-^ 



= 0. 



a — X 5 — X <? — X 

58. Eliminate u, v, and t^; from 

p^/u + g'Y V + r^/ii; = 0, 

P{q — r) u+Q{r —p) v+ R(p — q)w = 0, 
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69. If ia,-a,y + (P^-p,y = r,' + r,\ 

{a,~-a^y+(fi,-P,y = r,' + r,\ 
(a,-a,y + (P^-fi,y = n' + r,\ 
(a,-a3)« + (A-i83)' = r,« + r,«, 
(a,-a,y + (i3,~ft)' = r,» + rA 

(a»-aO' + (A~A)' = V + ^A 
then will rf-' + r,"' + r^^ + n"' = 0, 
and Airr' + A,r,-' + A,r,-' + A,rr^ = 0, 

in which A is either a or ^. 

60. Eliminate w, a:, y, z from 

aw + Jo? + cy + cfe = 0, 

a/u + b/x + c/y + d/z = 0. 

61. Eliminate w, v, «^, x, y, z from 

^4-^y + w2j =0, 
lu+mv +nw = Oj 
fyz+gxz + hxy = 0, 

itx _ vy __ t^z . 

62. Eliminate a;, y, z from 

a? + y + 2 = /w+/v+/t^, 

ax + by+cz= /(ax) + /(by) + /(cz), 

V(a;/2^) + V(yA) + V( V^) = o» 

a;/(l - ic) + y/(l - m) + z/(l - ab) = 0, 
and reduce the resultant to the form 
Au + JBv+Cw = 0. 

63. Eliminate x and y from 

(1 + x)/(a — y) = /a + a?/a, 
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64. Eliminate x, y, 2, s from 

(s-y)(5-z) = ayz, 
(5 — z) (s —x) — bzXf 
{8-x){8-y) = cxy, 

65. Given xyz = a + t/z (7/ -{- z) = b + zx (z + x) 

show that 4 {xyzy — {ai> + ic + ca) (xyz) + oic = 0. 

66. Determine X, ft, v, given 

a — a 6 — )3 c — y =0. 

ZX + rrifi + ni/ = 0, 
X^ + ft' + v* = l. 

67. Find w, v, t(;, given 

lu + wv + w^ = 0, 
liU + 77iiV + riiW = 0, 
w' + 1;' + w;' = 1. 

68. If k(ax-}-hy+gz + lw)-\- fi(hx+by+fz-\-i7iw) 

+ v(9^+fy + cz + nw) = 0, 
aX -\- hfi + gv =^ vX^ 

h\ + 5/X, -\-fv = UfJLj 

show that ^^ + ^^ + ^?/+^^ + _J^Hhm^ _q^ 
{a-u)f—gh {b-u)g-fh {c-u)h—fg 

69. Resolve a system of three equations in three unknowns 

of which one equation is quadratic and two are 
linear. 

70. Apply the method of Example 9, p. 355, to resolve 

^' + y' + 2'==l, 
OiX + iiy + CiZ = ux, 
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OL^ + b^ + c^ = uz \ 

and compare the values of u given by the resolution 
and that obtained by eliminating x^ y, and z from 
the last three equations. 
Generalize. 

71. Eliminate Wj, Vj, t*,, v, from 

X1U2 = x^Ui, axi + du2 = bx^ + cmj, 
yiv, = yaVi, av, + dyx = bvj + cy„ 
(ad — be) xiUi = a;, y, — x^^i + MjVi — t^Vj. 

72. Eliminate re, y, and z from 

a: + y + z = 0, 

a^ + ^y* + ^2' + 2/y2;+ 2^ar2 + 2 Aa:y = 0, 
aia;* + b^ + Cjz' + Za^y + 3asa:*z + 36ia:y' 
+ 36ay'2 + Zcixz^ -|-3c?jyz' + 6dxyz — 0. 

73. Eliminate a:, y, and z from 

x' + y'- 2gxy = 0, 

y* + z«-2Ay2-0, ; 

z'+x'-2kzx =0] 

and assuming the resulting relation to hold among 
g, A, and A, find the H.C. F. of the functions 

w» + v« — 2(jfuv - (1 — ^'), 
t;* +w^-2hvw -(l-h% 
w^+u" — 2kwu - (1 - A*). 

74. Eliminate a:, y, and z from 

(/i — w) y2 + gizx + hixy = 0, 

S^^ + (^« — ^) 2^^ + ^2^ = ^» ' 
/8y2; + ^32^ + (^ - w) a;y =0. 
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75. T Zr rr.T. 



ase 



V. and z from 



^hs:^^-^c^-T2j\yz-^2g^+2{h^-u)xy 



0, 
0, 
0. 






z" =0. 



4 «. 



= 0. 



«» - w* — r* v» z* 

•si re-iare tte expanded equation to the form 

= 0, 



?v 



«l"-«» fc*-** t*~^ 

** = ^— v» — s*. 



X — a — 



7 ^ ti^ Ti&Ines of u satisfying 



J — * —r 



V 

• 



.-•r- 



= 0. 



2-r«' — u . 



y 



C — X — 



= 0. 



i^ w*::-i. 



-fi <>~y)=0. 



•^ — •'^^-^7 — a — 6 — 



e. 






■^"^ —a. 






-4 = 0. 
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80. Solve 



81. Solve 



ar* + Zxy^ — ^ocy — a; + y* = 0, 
Sar'y - Sa;* + y* — 3y» - y + 3 = 0. 



(^+l)(y+l) = 6. 
[Transform hy u = x + y,v = xy, and eliminate m.] 



82. Solve 



^ + :^y + y' = l7, 

[Transform hj u = x + y + xy, v = (x + y) xy\ 

83. Solve a^ + y' + z^^io. + uy, 

(a, - a:)' + (6, - y)' + z« = (y + 1.)', 

84. If a = aiX + Oaft + OsV, )3= JiX+ Z>2/:i + J3V, 

y = CiX + <?2ft + C3V, 8 = c?iX + d^ + c^v. 

ax^ + /SoTs' + ya?« + 8 = 0, 
ax^ + Px^ + ya?s + 8 = 0, 

in which a^i, rcj, and x^ are the roots of 

a? +pa^ + qx + r = 0, 



show that 



a, 0, 



q r 

Ci di 

a^ Dj c, d^ 

Os &s <?s ^ 



= 0. 



86. 



What does this equation become if Xi = Xi? 
What does it become if Xi = X2 = x^? 

j^ axx^ + ^i^^i' + CiXi + di _ a^^ + ^^^i' + c^i + d^ 
a^i + hx^ + C1X2 +, d^ a^i + h^^ + Caa:^ + c?, 

OsXa' + hx^ + Csorj + c?s 



376 



DETERMINANTS. 



show that Xi and x^ are the root-s of the quadratic 



a^ —a: 1 
ABC 
BCD 



0, 



in which A, B, (7, and D are the four determinants 
of the third order that can be made from the array 

^Oi bi Ci di 

' Oi b^ Ci dt 

* ' L Os 5s (?s c^. 

86. If ui'+ vi^ = Ui^ + V = 1, then both 

{a\x - u,y + b\y - v,y](xu,+yv, - If 

={a'(x-u,y+b\i/-v,y](xu,+i/v,-iy 

and { a\x — Wi)' + J'(y — Viy j { (xVi — yu^y — (a; — v^y 

-ii/-v.y] 

^la^x—u^y+bXy-v^yiKxvi—yUiy 

-(a? — wi)' — (y — fi)'} 
are satisfied by 

X y 1 =0. 

Ux Vx 1 

t^, Va 1 

87. If rXh{K + l')=rAhi{W+l^) = rAh2W+l% 

then will 

hi hji^ r^r^ =0. 
A, hjii r^Ti 
As AiA, rir. 



88 



If ^4-5^ = ^4- S!l = ??!-l 2^ = 1 
• a'^6' a'^ b' a'^ b' ' 

a:a?i . yy^ . c^' ^a^ara . yy^ . ai* 
aV &' 28a» g^'^ b^'^2h^ 

X\X2 I y\y% I tt I 

a» "^ ^>^ "^28' 
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show that 



1 X y ' _ abaaia^ 



1 ^i Vx 
1 x^ y. 



288iS, 



89. Given that aia:'+ 2 5ia;+Ci=0 and a^-\-2h^-\-c^ = ^ 

have a common root, determine it. 

Apply to case of 

f 990 a:' -441 a: -5390 = 0. 
I 825 a:' - 428 a: - 4620 = 0. 

90. Given that aar' + 3&ar' + 3ca;+c? has a square factor, 

find it. 

Apply to 2940 ar» + 812 a:* - 8385 x - 6300. 

91. Determine the condition that aa;*+36a:'+.3<?a: + c?=0 

and aa;' + 2)3a: + y = shall have a common root, 
and find it. 

Apply to f 30ar' + a:' + 35a; + 204 = 0, 

lllOa:'-23a:-357 = 0. 

92. Determine the condition that 

ax'' + 4 Jar»+ 6ca:' + 4c?a: + e 
and aar' + 3^3:^ + 373; + 8 

shall have a common linear factor, and find the 
common factor. 

93. Determine the condition that 

aa;* + 45ar* + 6ca:' + 4da: + 5 
and aa:* + 4)3a:'+ 6yar^ + 48a; + € 

may have a common quadratic factor, and find the 
common factor. 

Apply to r60a:*-4ar' + 37a;'- a: + 28, 

I 90a;* + 3a:'» + 84a;' + 22a; + 56. 
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94. Determine the conditions that 

Orip^ + 2^10; + Ci = 0, 
(i^ + ^h^ + ^2 = Of 
a,a;» + 2^>:ia; + c» = 0, 
shall have a common root. 

95. Determine the condition that 

oar* + 4 Jar* + 6ca:* + 4c&: + e = 
shall have two equal roots. 

96. Determine the conditions that 

aa:* + 4 J-r* + 6ca;» + 4rfa: + e = 
may have three equal roots. 

97. Determine the conditions that 

aa;* + 5 Ja;*+ 10car' + lOdir" + 5«r + ^ = 
may have three equal roots. 

98. Determine the conditions that ax-\-hy may be a com- 

mon factor of 

a^p^ + 2 h^xy + c{y^ 
and a^ ■\-^h^y-\-^c<^-\-d^. 

99. Determine the remainders in the process for finding 

the H. C. F. QifixY and JP(a;)"'+~. 

100. If a;" + hpif^-^ + Jaar""' + be divided by 

a;" + ttia:"-* + a^-'^ + , 

then will the coefficient of the rth term of the quo- 
tient be 

(- 1)'-' 



1 


1 








\ 


«i 


1 





h. 


(H 


«! 


1 


K 


as 


Oj 


Ol 



^r-l ^r-\ 0,r-1 ^^-J 
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101. For what value of a will 

and ax* — bx-\-4a 
have a common factor? 

102. For what values of y will 

and(^-l)'y + (y-l)' 
have a common factor ? 

103. Find the relations that must hold among a, &, and c, 

that 

aoi^ -^hx-^c 

and a{\ — c)a^-\-h\(\ — c)-\-ac\x + c 
mav have a common factor. 

104. If 2a;* -~3^ + a — and a:* — ar + ^ = liave a com- 

mon root, then must 

(4i-l)(2J'-a) + (a + 2**-J)« = 0; 

and if 6 + 2 = 0, find the values of a and the 
resulting equations. 

105. If a^iOi^ -\- 2biX -\- Ci = and a^ + 2 ^ja: + c, = have 

a common root, 

will have equal roots. 

106. If ai3^ + 2Sia: + t?i = and a^ + 25,37 + c, = 

• have a common root, their other roots are given by 
aiOj I SiCj I a:* + 1 a^c^ |'a: + CiC, | a,Sa | = 0. 

107. Eliminate a?!, a:,, arj from 

«i (^1 + ara) = — 2 5i, aix^r^ = Ci, 

Ct^ \X% ~f" X^j ■= Z #2, Ot^^^ = c,. 

Form the quadratic whose roots are x^, x^ ; and the 
cubic whose roots are Xi, x^, a:,. 
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108. Find the condition that mu&t be fulfilled in order that 

w + a' u-\- b^ 
shall have equal roots in u, 

109. Find the condition that 

^ I y' ' I ^' -1 

T[i2i.Y have equal roots in u, . 

110. li ax^ + ^ha^ + ^c3^ + 4idx-^e = have a double 

root, it will be given by 

[For the values of /and 7, see (28) and (29), p. 305.] 

111. Show that if the quartic 

ax' + ^bx" + ^co^ + 4:dx + e^O 

have three equal roots, then will 

ad- he _ ae + 2bd-Sc' _ Sjbe-cd) 
2{ac-b^) ^(ad-bc) ae + 2bd—Sc' 

2(ce-d^) 
— — ^ 1 J 

be — cd 
and prove that these equations are equivalent to 
/- ./= 0. 

112. Show that the conditions that the quartic in 111 shall 

have three equal roots are the same as the condi- 
tions that 

a^ + 2bx + c = 0, 
ba? + 2cx + d=0, 
c3^ + 2dx+e = {}, 

shall have a common root, and express them as 
determinants. (See problems 94 and 96 above.) 
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113. Find the relation that must exist between g and h in 

order that 

z« - lO^V + 12 A*z + 5/ = 
may have a pair of equal roots. 

For what values of z will each of the following equa- 
tions have a pair of equal roots ? 

114. a? + {z—l)x' + {z-^)x-^{z-2) = 0. 

116. a? + 2zx' + {z^ -bz-1b)z- 5(z« + 5z - 50) = 0. 

116. r' + (3z-2)a;'- (6z + 15)a:-452; = 0. 

117. a:* — 2(z + 2)a:» + (8z + 3)a:-6z = 0. 

118. ar»+(z + 6)a:' + (4z + ll)a;+3(z + 2) = 0. 

119. ar» -3a:+2z = 0. 122. ar'+3za;-(l-z)»-4z»=«0. 

120. ar^-3x' + 2' =0. 123. 2ar»-3za; + 2' + l = 0. 

121. a? — Zzx+7? = 0, 124. x^-^Q^ + 4tx + z = 0. 

125. a:* + 4r' + 44a:*-96a: + z = 0. 

126. {r^-(l-z)a;*}6*-4*z(l-z)* = 0. 

127. x^-\-a? + a^ + z = 0. 

128. Find the relation that must hold among the coeffi- 

cients that 

a^ + ^ba^+lbcx^ + 20da? + 15^' + 6/a:+/ 
may break up into the cubic factors 

a:* + 3 aiO? + 3 ^i^r + ^ 
and a? + ^cu^ -{-^h^x + g. 

129. Show that the discriminant of 

+ c (v^x + v~*y) x^y* 

is a rational integral function of a, i, c, and (v^+v~^) 
and of the second degree in the last of these. 
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130. Prove that 

can be resolved into linear factors, and find them. 

131. Show that if 

a+b+c=0 
and a^b + b^c + c*a + 2m^c = 0, 

then will 

ax' + by' + 02* + 2(mc + d)yz + 2(ma + 6)arz 
-\-2(mb + c)xy 

be the product of linear factors. Find them. 

132. If rc* + 2Aa:y + y' — 5a:— 7y + 6 has linear factors, 
« find them. 

133. For what values of A will 

2(a;' + 5y^ + 2;*-yz-7a;z + 2a;y) 
-A(x' + 3y« + 2z«) 
be resolvable into linear factors ? 
Find the factors in each case. 

134. For what values of A will 

80a:» + 83^ — 42* - 3^2 + 52a: + 33ay 
_X(a:» + y« + 2«) 
be resolvable into linear factors ? 
Find the factors in each case. 

135. If (^a: + m^ + rixzf + (4^ + Wj^ + n^zf 

+ (4a: + may + n^zj = a:* + y* + 2*, 
show that 

80a:* + 8y* - 42* - 3y2 + 52a: + 33a;y 

= a.{l^X + 7Yl^ + 92iZ)* +)S(4a: + ??ljy + 71,2)* 

+ y (4^' + w^jy + ?is2)*, 

in which a, /8, and y are the values of \ found in 
the preceding problem. 
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136. Find the condition that 

(x'+yzXb — c)(l + kbc) + (y« + zx)(c - a)(l+ kca) 
+(z» + xy)la - *)(!+ kab) 

may break up into linear fiictors. 

137. Find the condition that 

k (oiX^ + by + CiZ* + 2/^z + 2^,arz + 2 h^xy) 
+ {(hx' + by + c^z* + 2/^2 + 2^.p:z + 2htX7/) 

shall be resolvable into linear factors. 

138. Determine k so that 

4^;" - Qy* — 22* - 3yz + 2rr2 + Sxy 
+ k(x — 3y + z) (a: + y — 5 z) 

may be resolvable into a pair of linear factors. 

139. Find the condition that 

k(aia^ + Bbioi^ + 3ciX + c?i) 

shall have a square factor, and this condition being 
fulfilled, find the square factor. 

140. Given 

x'/a' + i/'/b' - z'/c' - 0, 
Ix + my + nz = 0, 

find the condition that the ratios x:y:z shall be 
each single-valued. 

141. Given 

rx^ + 9y + h';?^2ghyz-2fhxz-2fgxy = 

and he + my + nz = 0, 

find the condition that the ratios x.y \z shall be 
each single-valued. 
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75. Eliminate x, y, and z from 

a^3?+biy'+c^i^+2{fi — u)yz+2g^zx+2hixy = {), 
»tx^+b^+c^z^+2f^z+2{gi-u)zx+2h^ =0, 
a^+b^-{-c^^ + 2f^yz + 2g^zx+2{h^—u)xy =0. 



76. Expand 






3^ a' f z' 
x^ f b^ z^ 

7? f Z^ (? 


-0. 


77. Expand 




a? —y* — ^ y^ 

7? b^ x^ z 

x' y" 


z' 

z' 

c' x" f 



= 0. 



and reduce the expanded equation to the form 



cV 



a^-s'^b'-s'^c'-s' 
8^ = x' + y' + z\ 



= 0, 



78. If a, )8, y be the values of u satisfying 

x-{-a-~u y z 

X y + b — u z 

X y z-\- c — u 

and if 



= 0, 





a—y — z y z 
X b — z — x z 




X y c — x 


then will 


(a- a) (or P)^^ y)-0, 


in which 


< 


T^a-\-p-\-y — a — b — c, 



— x — y 



= 0, 



79. Bo\wQ 7? + 2x'y + 2xy{y — 2)+y' — 4t=^0, 
7? -\^%xy + 2y' - 5y + 2 = 0. 
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80. Solve 



81. Solve 






(a:+l)(y + l) = 6. 
[Transform by w = a; + y. ^ = ^i ai^d eliminate u.] 



82. Solve 



^ + ary + y» = 17, 

[Transform hj u — x + y + xy, v = (x + y) xy], 

83. Solve a^ + y' + 2* = (a + u)\ 

(a-xy+y + z' = (p + u)\ 
(^a,-xy + (b,-yy + z' = (y + u)\ 

(a, - xy + (h, - yy + (c, - zy = (8 + uy, 

84. If a = ajX + cl^ + ^v, /8 = JiX + ^^/ui + igv, 

ax^' + Px,^ + yx, + h = 0, 
ax^^ + Px^ + yx^ + h = 0, 
ax^' + px^' + yx^ + h=^0, 

in which Xi, a:,, and rPs are the roots of 

a? +px^ + qx -\- r = Of 

show that 1 p q r =0, 
Ui Oi Ci di 

(h bi Cs di 

What does this equation become if Xi = Xi? 
What does it become if Xi = x^ = x^? 



86. 



j£ aiXi^ + biXi* + CiXi + di _ a^^ + b^^ + c^i + d^ 

0^% + ^\X% + ^i^^a -h C^ ^a^a' + ^a-'^a* + ^a^a + d^ 

_ (hX\ + &sa:i* + gj^ri + d^ 
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Ax+JSy+Gz Hx+By+Fz 
X y 

can be resolved into linear factors. 

Find the factors in the case 

a =3, 5 = 4, tf = 5, /=1, g 



gx+ fy+ cz 

Ox+Fy+Cz 



2, A=3. 



153. Show that 13a;* + 5y' — 16xy — 2 is a factor of the 

resultant of the elimination of z from 

10/+132;»-6y2 = 242 
and b2^ + l0x'-2xz = 9S. 

154. Eliminate y from 

a\3i^ + xy + y^) - axy(x + y) + x'y^ = 0, 
0'^(2/^ + yz + z^)-ayz(y+z) + fz' =0, 

and show that 

a^(x^ + XZ + z^) — axz{x + z) + a?V 

is a factor of the resultant. 

155. If tti, oj are the roots of aiO^ + 2hiX + ^i = 0, 

A, A " " " " a2a;» + 25^ + c, = 0, 
71,7. " " " " a^ + 2b^ + c, = 0, 
form the equations whose roots are 

(i.) 2 wi =^i7, + ^^yi, 2 w, =/Jiyi + /J,yj„ 

(ii.) 2 Vi = aiy, + Ogyi, 2 v^ = ajyi + Ojyj, 
(iii.) 2 1^1 = ai)82+ a^i, 2 ty, = aijSi + o^,, 

and show that the elements inverse to m, v, and w^ 
respectively in 

1 &! Sa ^8 

all vanish. 
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[The required equations are the elements inverse to 
Cif Cj, and c^ in this determinant.] 

156. If aa^ + iy* + ^z' + 2^2 + 2gxz + 2 /ixi/ be resolva- 

ble into linear factors, the coeflScients of y in these 
factors will be the roots of 

and those of z will be the roots of 

aw* — 2gu + c = 0, 
and /must be a root of 

aw* — 2 hgu + A'c + g^b — ahc = 0. 

Example. For what values of u will 

3^+ I2j/* — 2lz* — U1/Z — Axz + 7 xy 
be the product of linear factors ? 

157. Apply problem 155 to determine the conditions that 

cu:^ + hy^ + cz*'}-dw^-{-2fyZ'\-2gxz-^2hxy 
+ 2 Ixw + 2myw + 271216; 

shall be the product of linear factors. 

For what value of n will 

x' + l0i/^ + 9z' + 6w^+l8yz+6xz + 6xy 
+ 2xw — 2yt(; + 2nzw 

be the product of linear factors ? Find the factors*. 

168. If a^ + Saix'y + Sb.xy'+cy + Scu^z + Sb^z^ 

+ Cgz" + 3a;^2; + S&ayz* + 6exi/z 

be resolvable into linear factors, determine the con- 
dition that these factors should vanish simultane- 
ously for values of rr, y, z, other than zero. 

159. If w = oa;* -h Jy" -f- 02* -f 2fi/z + 2gxz -f 2hxy, 
and V = a,a:' + Jjy* + c^z^ + 2/iyz + 2^1.2:2 -f 2 Aia:y, 

find the equation expressing the condition that 
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u-{-kv shall be the product of linear factors. If 
this equation have equal roots in ^, show that the 
resultant of the elimination of y between m = 
and v = has equal roots in x/z. 

160. Find the square root of the resultant of the elimina- 

tion of u from 

au* — 2xu^ + a = 0, 
au* — 2yu —a = 0. 

161. Eliminate x from ax^.-\-bx-{-c = and a^=l. 

162. Eliminate x from ax^ + b3^+ cx^-{- dx + e~ and 

163. Eliminate x from 

x*+G.Ax'-4:Bx+C=0 
and 2y' + 2xy' + x^y + SAy + B = 0, 

and show how to apply the resultant to obtain a 
solution of the quartic in x. 

164. Given P=b —a, ^i— c —h, p.i^=d—c, fis—e—d, 

8 =7i— y, 8i= 72— 7i« 



97= 81 

show that 

a 13 
P X 

y ^ 

166. Show that if 



I 



a h c 
bed 
c d e 



a b 

b c 



c 
d 



d e 



= 0, then will 



(ac - b') 



^^ ax^ -}- 2bxy + cy^ ba^-\-2cocy + dy^ 
ba^ + 2cxy + dy^ ct? + 2dxy\- ey^ 

ax -\-by bx -\- ry ■ 
bx -\- cy ex -\- dy 
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166. Given a^^ + 4 ajr* + 6 a.^^ + 4 OzX + a* = 0, 



show that 

Ofl Oj 0,2 = ^7 

A iSl /?2 

7o 7i 72 



a 



m+n> 



<^0 ^1 <^2 
fll 0^2 «S 

O] a3 a4 



167. If aS;« = a- + )8" + y- + 8* + etc., in which a, )8, y, 8, 
etc. are the roots of 

a^"" + aio;"-* + cm:'*-' + + a„ = 0, 

show that 



AS:-(-ao-0. 



26^2 ai 

SOs 02 













^0^i» ^m-1 <^«-2 <^m-3 ••- 









and that 



a. 



1 X 2x3.-.7w< 



8, 1 
aX S, 




2 
8^ 3 









168. 



^« ^m-l ^''m-2 ^m-S ^'l 

If AS'„ = a» + 6"+c" + etc., then- will 

= 2(a~5)^ 

= 2(a-^>)'^(a-cy(^^-c)^ 



^0 ^', 




A^i aS; 




>So aS'i xSa 


^i S'l S:i 


S-i S.i 


8, 



So Si S'i S-A 

Si S-i S-i s^ 

s, s, s, s, 

S, S^ 8, 8, 
Generalize. 



= :S,(a-by(a-oy(a-dy 

^b-cyib-dy{c-dy. 
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169. If tti, a,, Oj, On are the roots of/(a;)"— 0, show 


that 




f{xr - 


:r Oi ai Oi Oi Oi 


• 




ai 0? O] O) (7^ 


» (h 






0-2 Oa or Os di 


1 a. 






Oz Oi Oi X a^ tti 






a»_i a„_i a„_i aj,_i a: 


a« 






C C (7 c c 


• c 




170. If aSL = ar + Oj* + Os" + + an~, show that 




1 X af^ 

So s, s. 

St S, Sn+, 

• • 

* • 




So s, .. 

^, s, 
s, s. 


... On-l 






k-1 k s^-i 




«.-! aS. 


02n-a 




X 


X tti aj tti Oi 

Oi X tti O] a, 

(I2 Oi X Oj Os 


• 






1 


1 1 


1 


X a„ 
1 1 









/% A^i /S aS 

/X /S. aX S, 



171. Resolve into factors, 

I X a^ 
1 

y' /Si ./X S, S, 

y* /X aX Ss S, 

in which /S» = a"+ 5* + c^ 

172. Show that 



^. 


1 








.. 


^, 


s. 


2 





.. 


s> 


s. 


/S. 


3 


.. 


• • • 

• •• 


• • • 

• • • 


• •• 

• • • 


• • • • 

• B • 9 4 


» • • • • 

. TO— 1 


s„ 


-SL-i 


S„-, 


xS-.., .. 


. s, 
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= (— 1)* 1x2x3 (n — l)naia2 o^, if w = n, 

but = 0, if m > n, 

in which aJJ. = Oi' + a,' -f Os** + + a/, 

r being any positive integer. 

173. If w„= aiai* + G^a," + OsOj" + a4a4'* + ^fiCis", prove that 



= 0. 



t^ Wi t^ t*, W4 M5 
Wi t^, t*, W4 t*5 W, 

Ui th u^ Ui We W7 

^«8 W* W5 W5 W7 Mg 
W4 Wft W, t*7 1*8 W, 

W5 We 1^ Mg l^ Wio 

174. Obtain (? in determinant form by eliminating x 
between 

and oa; + 6 — y = 0. 
(See § 52, p. 297.) 

176. Obtain / in determinant form by eliminating x 
between 

and oar + J — y = 0. 
(See Ex. 70, prob. 1, p. 312.) 

176. Express JST, A, /, 7", and /" — 27 tT'* in determinant 

form, given as data the propositions stated in prob. 
26, Ex. 68, and probs. 14 and 15, Ex. 70. 

177. Express JS^, Is, Ja, Oa of the equation 

8^+^8,a?+^8^+^8^+S^=%,\x+ny=0 
in terms of JjT, /, J, Q of the equation 

Ooa;* + 4 aia;* + 6 Oja:* + 4 Oja: + a* = 0, 
of which ri, r,, rj, i\ are the roots. 
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178. Express Hg, Isi Ja^ Gs^ and Is~21Jst as functions 

of the differences of the roots of the quartic. 

179. Express A^ as a function of the differences of the 

roots of the cubic. 

180. If a? = XiW + /AiV, 

transforms 

ax^ -\- 2hxy -\- hy^ 
into Au^ + 2 J2wv + Bv\ 
find the value of 



A. H 
H, B 



a, h 
A, h 



181. If 



182. If 



X = \iU -f- /J'lV + VltOy 
y^K'^ + fhV + ViW, 

transforms 

ax" + bT/" + cz' + 2/yz + 2gxz + 2hxy 
into Au" + Bv" + Ow' + 2Fvw + 2 Guw + 2Buv, 
find the value of 

A JI G 
H B F 
F C 

aioc^ + 2biX-{- Ci 

= (^y + 2 B,yz + Ci3')/(X^ + ^2)', 
and a^ -\- 2h^ -\- C2 

= (^^^ + 2 ^^z + C,z')/{X^ + /x,2)^ 
then will 



• 
• 


aha 




h b f 




9 f 



^1 2J5i a 
A^ 2^1 Ci 

A^ 2B^ c; 

A^ 2B^ a, 



«! 2^1 Ci 

Oi 2^1 Ci 

Oa 2^2 ^2 

tta 2^2 C2 



X 
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183. If the quartic (a, J, c, d, e) {x, 1)* = be transformed 

by the homographic transformation 

then will 

I, = Jf */„ J, - M^J„ 

in which i[f = Xi fii 

[Jf is called the modulus of the transformation.] 

184. Find A^/A, for the homographic transformation of 

the cubic (a, 6, c, d) (a:, 1)' = 0. 

185. If K = {p'-q')/{p'+q% l^i = 2pq/(p'+q'\ 

\, = -'2pq/{p^+q% Pit^ip'-q'yif+q'), 

X = \^U + ftiV, y = -^W + /LtjV, 

then will a;* + y'^ = w* + v', 

[A transformation that changes Xx-\- x}-\- x^+ +x^ 

into Wi* + 1^' + w,' + + w^' is terriied an orthog- 
onal transformation of the nth order.] 



1 86. Form an orthogonal transformation of the third order 

and determine the value of its modulus. 
(See prob. 181 above.) 

187. Form an orthogonal tranformation of the fourth 

order. 

188. Show that S, I, J, O, P — 21J^ are the same for 

both the quartics 

a^+2 b^y-{- c^ ax:x^-\-2 h^xy + c^^ = 0, 
aia^-j-2 hixy + c^y^ a^ -f 2 h^ + c^y* 

d^ + 2a^xy + a^ h^ + 2 h^xy + h^ =■■ 0. 
bo3^ + 2bixy + h^* c^fi^ + 2 Cixy + Cjsy'^ 



394 



DETEBMINANTS. 



189. Apply Example 7, p. 336, to solve the cubic 

s^ + Sffx+G = 0. 

190. Form the equation whose roots are the products in 

pairs of those of a^ +p3^ + qx + r^=0. 

[ai=Pyf.\aai=afiy=—r. .•.ary+r=0; eliminate a:.] 

191. Form the equation whose roots are the products in 

pairs of those of a^ +ps^ + qa^-\'rx + 8 = 0, 

192. a, p, y being the roots of the cubic (a, 6, c, d) (x, 1)' = 0, 

form the equation whose roots are aP + y, ^y + a, 
yo' + p. 

193. If a, p, y be the roots of 





a: -a 
1 X b 
1 X —c 
1 d 




= 0, 


then will Py, ay, aP be the roots of 




y" 
y 1 
10 
a b c 
abed 


1 



d 



-0. 



194. If (a, S, c, d) (a:, yf = A{x + O^yf +B(x + %)», show 

that ^1, 0i are the roots of 

a b c =0. 
bed 
I 6 0" 

195. If the cubic (a, S, c, d) (x, Vf = be transformed into 

a cubic in y by means of the equation 

y = a(ax + b) +p(ax' + Sbx + 2cX 
show that this cubic is 
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y—ah-2pc aa—Spb —pa 

Pd y—ab-{- fie —ab 
ad 3ac+ pd y+2ab + pc 



= 0. 



196. Determine the condition that the roots of 

(a, 6, c, d) (a;, If = 
may be formed from those of 

by adding the same quantity to each. 

197. Given oar" + 3bx' + Bcx + d = 

findgy' + 2hy+k = 0, 

express in the form of a determinant equated to 
zero, the equation whose roots are Ix + my. 

198. Being given the cubic (a, S, c, d)(x, 1)' = 0, express 

m, Pf and q in terms of a, b, c, and d, so that the 
values which my^ -\- 2py -{- q takes when y is 
replaced successively by a, p, y, the three roots of 
the cubic, are the three roots in the order p, y, a. 

199. Determine the relation that must exist among the 

coefficients of the cubic (a, 5, c, d) (a;, 1)' = 0, in 
order that 

Aa+Bp+OY = 0, 

a, pj y being the roots of the cubic. 

200. If a, P, y, ai, Pi, yi, are the roots of the cubics 

(a, b\ c, dXx, 1)' = 0, (ai, Si, Ci, rf)(a;, 1)' = 0, 

form the equation whose roots are aai + i^^i + yyi, 
etc. 

201. a, P, y, 8 being the roots of a quartic, form the equa- 

tion whose roots are 

PyS + yS + pS + Py + P + y + S, etc. 
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202. Also the equation whose roots are 

(a-/3)(a-y)(a-S), (;8-y)()8-S)08-a), 

203. And the equation whose roots are 

(a-pXr-B), (a-y)(B-P), (a-S)(fi-y). 

From this result prove that if P — 27 cP = 0, the 
quartic will have equal roots. 
(See prob. 14, Ex. 70, p. 312.) 

204. If a, )8, y, 8 be the roots of (a, 5, c, d, e)(x, 1)* = 0, 

then will the equation whose roots are (a — ^y, 
(a — y)*, etc., be 

-3 a ah J aV+^z+4 1\=0. 

ah a (J a V+4 Hz+I) 6 J 

\ah^+A:m+I alz+^J -2Jz 

205. a, fi, y, 8 being the roots of the quartic 

(a, 5, c, d, e) (x, 1)* = 0, 
express the product 

in terms of a, 5, c, c?, and a single root of the re- 
ducing cubic f — It + 2 c/= 0, and hence form the 
equation of the squares of the differences of the 
quartic. 

206. Solve \x—a{ap+y^)\\x-a{ay+ph)]\x-a{aB+py)\ 

= 16 



a 


b 


c 


b 


c 


d 


c 


d 


e 



in which a, p, y, 8 are the roots of 
(a, b, c, d, e) (x, 1)* = 0. 

207. Find the relation which connects the coefficients of 
the cubics 

U = (a, b, c, d ) (x, 1)', 
V=(a\b\c\d')(x,l)\ 



DETERMINANTS. 



397 



when it is possible to determine the ratio A/^ so 
that \U-{-fiVmB,j be a perfect cube. 

208. If the roots a, ^, y, 8 of (a, b, c, d, e) {x, 1)* = are 
all unequal, and if there exist unequal magnitudes 
B and </>, such that 



show that 



a 


b 


c 


b 


c 


d 


c 


d 


e 



= 0. 



209. If 



and form the quadratic determining ^ and <;(>. 

^ +-2-+-i-„=o. 



a — P ' y — a a — 8 
in which a, fi, y, 8 are the roots of 
(a,b,c,d,e){x,iy = 0, 



show that 



a 


b 


c 


b 


c 


d 


c 


d 


e 



= 0. 



210. If a— -y/P, a, and a+ -y/p be three of the roots of 
the quartic (a, b, c, d, e) {x, 1)* = 0, show that 

5, 0, Sjy, -O, =0. 

0, 5, 0, 3^, -O 

21 H, 210. bia'I-SJP), 0, 

0, 27^, 21(7, bia'I-SH'l 

0, 0, 27^, 21 G, bia'I-SJP) 



211. Show how to solve the quartic (a, ^, c?, c?, e) (x, 1)* 
by assuming 

ax* + 4:bx^-{-6ca:^ -{-4:dx + e 

= a (o;^ + 2 Wi^; + ^i) (^ + 2u^ + Va) 

and eliminating Wi, 2^2, Vi, Vj. 



= 
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110 

Vi 17, 



1 t^ I'jj = 

1 Ui Vi 

;o 



= ! O 



Wl + Ml t'lT-«l 



Vi -fv, UiVt+UtVi 2 Wit;, 



= 0. 



a 6 e + 2t 

b c- t d 
c + 2t d e 



= ; i.e., ^f-Il + J= 0.] 



212. Show that the redaction of the qnartic 

(a, ft, c, d, e) (x, 1)* = 
to the biquadratic form 

{x' + iy + Ax (x" + 1) + Bx" = 

depends upon the solution of the cubic 

(aa^ + Ua^ + 6cx' + ^dx + e)(ax + by 
^a^aa^ + Sbx' + Scx + dy. 

213. If a, p, and ai, ^i are the roots of 

oar* -f- 2Sa: + c = and aiO^ + 2biX + Ci = 0, 

respectively, show that 

a 2b c 

a 2b c 

Oi 2bi Ci 

Oi 2bi Ci 

= aV(a-aO(a-A)(i3-aO(i3-A). 

214. Similarly, resolve the resultant of 

aa^+Sbx'+Scx+d^O and aiixi'+2biX+Ci=0 

into a product of the diflferences of the roots of the 
two equations. 

216. By eliminating ^, A, k, and I from 

a=((/a+h)(ka + l), fi = (gb + h)(kb + 1\ 
y={gc + h){Jcc + ll S = (gd+k){kd+ll 



DETERMINANTS. 



399 



prove that 

1 
1 



1 
1 



a 
b 
c 
d 



a aa 


= 


/3 bp 




I % 





1 ab-i-cd 
1 bc-\-da 
1 ac + bd 



o/8 + v8 
fiy + Sa 
ay +PS 



216. 



= (a-p)(b-cXy-S)(d-a) 
-(a-b)(fi-y)(c-d)iS-a) 

= (_a-y)(c-d)iS-fiXb-a) 
_(a_c)(y-8)((i-6)08-.«) 

= (a-S)(d-b)(fi-y)(c-a) 
-{a-d)(8-p)ib-c)(y-a). 

Similarly, prove that 

=(a-i)08-y)c-(a-/8X4-c)o, 



1 


a aa 


1 


b bp 


1 


c cy 



and that 

1 

1 
1 



b+p 
c +y 



aa 

bp 



217. 



= (a-J)08-y)(c-«)+(«-)3)(J-c)(y-a). 

a, )8, y, S and ai, )8i, yi, 8i being the roots of two 
quartics, prove that if PJi = ii't/*, then also will 

= 0. 



1 


a 


«! 


OQi 


1 


P 


A 


m 


1 
1 


I 


I 


^: 



218. 



If u, V, w denote the roots of aV — aia: + 2 «7'= 0, 
and Ml, Vi, u^i the roots of ajV — aii;a: + 2t7i = 0, 
a, i8, y, 8 the roots, and / and J the invariants, of 
(a, S, {?, d, «) (ar, 1)*=0, and aj, )8i, yi, 8i the roots, and 
Ii and Ji the invariants, of (ai, ii, Ci, rfi, ei) (a:, 1)* = 0, 
then will 
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1 
1 
1 
1 



a ai 



oai 

8^ 



= 4 



1 
1 
1 



u 


w, 


V 


Vi 


IV 


w, 



219. If a, )8, y, S be the roots of (a, &, c, rf, e) {x, 1)* = 0, 
and ai, )5i, 7i, 8i those of (oi, ii, c,, rf„ Ci) (ar, 1)* = 0, 
form the equation whose roots are the twelve dif- 
ferent values of 



.1 


a 


0| 


oa, 


1 


P 


i8. 


/3A 


1 


I 


yi 


ryi 


1 


8. 


88, 



220. If(a-aO()8-A) + («i-i3)(A-«)=^0, 

in which a and j3 are the roots of oa;' -f-2&x+^=0, 
and tti and )8i are the roots of ai3^-j-2biX + Ci = 0, 
show that 

aci — 2 bbi + <?«! = 0, 
and that aci — 2bbi-\- cai is a factor of the invari- 
ant J of the quartic 

(ax' + 2bx+c)(aix^ + 2bix + ci)=0. 

221. Reduce 

\x^+7/'-(l-k)gx+m^l^ 

= (i + ky\h'(^' + y')-9yi 

to the form 

\a^ + y^ + Ax + B\^=^ax' + bx + c, 
and show that 6' - ^A£b -h 4^V = 0. 

222. So determine k and I in terms of a, &, and c, that 

(^'+y'+ zy+ 2 00^+ 2 by^+ 2 cz^+ 2 kx+ 1= 
may for y = assume the form 

{x'' + z^ + m){a? + z» + n) = ; 
and for 2 = 0, the form 

(a;^ + y' + ^i)(^ + yM-w,) = 0. 
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223. If a, P, y, 8, four of the roots of the quintic 

(a,6,(?,rf,e,/)(a:, 1)* = 0, . 

be connected by the relation o + ^ = y + S, show 
that €, the fifth root, will be given by the equations 

z = a€ + &, 2^-8^2 + 166^ = 0. 

224. If a, P, y, 8, four of the roots of the quintic 

(a, 6, c, d, ej) {x. If = 0, 
be connected by the relation 

S(2a-)8-y)(2^-y-a)(2y-a-^) = 0. 
then will c, the fifth root, be determined by 

2 = a€ + 6, z»- 8^2+166^ = 0. 

225. If (a-)8)(y-8) + ()8-y)(8-a) = 0, in which a,)8, 

y, 8 are four of the roots of the quintic 

a3t? + b = c{x+l)\ 
then will 

J'-2^3V^+2^'3'X = 0, • 
in which 

J = &V + cV + aV — 2abc(a + b + c), 
K^ a'6V {he + ca + ah\ 
L = a'h'c\ 

m 

226. Reduce (a, b, c, d, e,f) (x, yf to the form 

h {x + hyyf + kt{x-\- h,yf + hix + h^)\ 

and hence prove that ( ) (a;, 1)^^ = can be re- 
duced to the form 

lix+lf-maf'-n^Q. 

into linear factors. 



227. Resolve 





1 


1 


1 




1 





c' 


b' 




1 


c' 





a' 




1 


6' 


a' 
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228. a, p^ y being the roots of a^ —px^ -{■ qx — r = 0, 
express 






a 


P 


y 


• 





1 


1 


1 


y 





y 


p 




1 





I 


P 


/3 


y 





a 




1 


y 


a 


a 


P 


a 







1 


P 


a 






in terms of j», q, and r. 

2"29. Find the value of 

a 
a 



b 
c 



230. Show that 



c 

b 



b 


c 


• 

• 


c 


b 







a 




a 










1 
1 
1 
1 



1 1 

a 

a 

b b 



1 
b 



1 
c 
c 



a 
a 






a' 


v (? 


a' 





y /«' 


i» 


y" 


o' 


c' 


iS* 


a' 






231. If 




1 
1 
1 
1 

then will 



1 

a» 

P^ 



a 


b' 



1 

0" a' 
a" 



i 



= 0, 



(a' + ^" + ^ + a' + i5» + /)(aV + 6')5»+c»/) 
= 2 a'aXa'+ a») + 2 Z»')3*(^>«+ )5»)+2 cV(c'+ y') 



232. If a*+/J» + a)8 

i^' + Z + iSy 

/ + a' + ya 
then will 



a', 



= b\ 
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1 

1 



111 
iJ? ^ '■' 

c" 



1 P" c" a' 
1 / b' a» 



= 0. 



233. 



284. 



If x^ -\-y^ — 2 oLxy — c*, 
y' + z'-2fyz-a\ 
z^ +0^- 2yzx — b\ 
then will 


and 


1 y ^ 

y 1 a 

y3 a 1 




1 1 

1 a^ 
1 a;^ 
1 f (? 
1 z^ h^ 


1 1 

C» b^ 

a« 
a* 


-0. 




Prove that 








X 
-X 


V z 
c b 


= {ax- 


- Jy + cz)', 




y c 


a 








-z h 


-a 







= 0, 



235. 



and generalize the theorem. 
Evaluate 



x 


y 


z 


y 


X 


y 


z 


z 


X 



236. 



and use the result to prove that 



tfc' -j- v' + ii;' — 3 wow 

= (a' + 5* + «?' — 3aZ>c) (ar* + y» + z» - 3a;yz), 
wherein 

u=ax-\-by-\-cz^ v = cx-}-ay+bz, w=bx-{-cy-{-az. 

Evaluate 

and use the result to prove that 

1 - {2x'-iy-(2f- \y-{2z-iy 

+ 2(2a,-'-l)(2y»~l)(22»-l) 
==-^(l-a^-y'-z^+2xyzX\'-3i^-y'-z^-2xyz). 



1 


X 


y 


X 


1 


z 


y 


z 


1 
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abed 
—b a —d c 

— c d a — I 

— d — c b a 



a -\-ib 
— c-j-id 



c + id^ 
a — id 



= {a^ + b'' + c^ + dy, ^' + l = 0. 

Apply this identity to prove that the product of the 
sum of four squares by the sum of four squares can 
be reduced to the sum of four squares. 



238. 



Prove that 


a pb 


qc 


pqd 




— b a 


— qd 


qc 




— c pd 


a 


—pb 




~d —c 


b 


a 



= (a' +pb^ + q(^ +pqdy. 
Hence prove that 

(a'+pb^+qc' +pqd')(A'+pB'+ qC+pqD^) 

= {a A i-pbB + qcC+pqdny 
+p (- aB + bA- qcD + qdCJ- 
+ q (- aC+pbD + cA- pd£y 
+pq {-aD-bC+cB + dA)\ 



239. 



240. 



Show that 


a" 2ab 
aa ap + 
a' 2a^ 


b' 

J) bj3 


= (aP + aby. 


and generalize. 


If u = {x — tti) (x — 0.2) {x — Og) {x — a„) 


= a;~ — ^lO;**'^ +^^2^'**"^ (— )"Pn, show that 


1 11 1 




\ X a^ (h 0,4 

1 ai X a^ a^ 

1 «! tta X a^ 

1 «! a.2 a^ X 




••• ••• ••■ 


••• ••• ••••• 







= — wa;"~* + (m — 1) pix^-' — (w — ZjptXf-' + 
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241 



1 1 

1 

1 

1 



«i 

X 
X 



X 
X 



X 
X 



= ( — l)»|7ia;*-^ - (n - \)pyp[^-^ + \ . 



242. 



X 



X 



X 



1 » • • • • • 



>•• ■•••< 



= w + 2 



■ II » 

2; — a^ 



243. 



Show that ! a + ^ X 

X P + x 

X X 

X X 



X X 

X X 

y-\- X X 

X h-\- X 



= a)8y8a: (/a +/P +/y +/8 +/x). 



244. Prove that 



1 

1 c 
1 b 
1 Z» 
1 b 

and generalize. 



Ill 
a a a 
c a a 
b c a 
b b c 



{c - ay - {c - by 

■-■■ ■ ■ ■■ M I ^M I • 

a — b 



245. 



Writing f(x) for (^^i — x){Ci — x) " 
that 

_ af(b) - ^/(a) 



(<?„ — a;), show 



ri a a a 

Z> c^ a a 

b b Cs a 

b b b Ca 



• •• ••• ••■ •■• ••!•< 



a 



246. Show that 









b, 
b. 



(h 


b. 



a* 

«4 



^4 



as 
as 





= biata^a^as, + bib^a^aSb + bib^fi^ata^ + bibjbjb^ar,. 
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248. 



249. 



250. 



a 
c 
a 
b 
c 
a 
b 



b 
b 
a 
b 
c 
a 
b 



b 
c 
c 
b 
c 
a 
b 



b b b 

c c c 

a a a 
abb 

c b c 

a a c 

b b b 



b 
c 
a 
b 
c 
a 
a 



• • • • • ■ 



I • • • i 



• • • • • • 



L \c — a a — o b — cj) 






1 


1 


1 




a 


b 


b 




c 


b 


c 




a 


a 


c 




b 


b 


h 




c 


€ 


c 




a 


a 


a 



1 

b 

c 
a 
a 
c 
a 



1 
b 
c 
a 
b 
b 
a 



1 
b 
c 
a 
b 
c 
c 



= n\(a-b)(b-c)(c-a)l^-' 
X {a'+P + c*-bc-ca- ab). 

Prove the two following identities, and generalize 
them : 



a — X b c 

b c — X a 
c a b — x 



= {x-8oW-8,S,\ 



/S'n = a+ 0)~^> + (O'^^C, (O* + (1) + 1 = 0. 



a — X b c d 

b c—x d a 

c d a—x b 

da b c — X 



= (x-So)(,x-iS,)(3^-S,8,), 



Sn=a + i''b + i''c + i'^d, i'+l^O. 
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251. 



252. 



253. 



254. 



255. 



u' (S-xy y" 2* 

V* s^ y" (S-zy 

= 2 S^uxyz (/u +/x +/y +/z - ^/S) 
wherein 

S= u + x + y + z. 

1 11 

1 ^ {x-\-zy ^ 
1 ^ y" ix+yy 

^{x+y+zy(x'+f+7?-2yz-2xz-2xy). 

1111 

1 {8-uy ^ y" z* 



1 
1 
1 






(S-xy y" ^ 

a^ {S-yy z' 

x" f (s-zy 



= S'lu\S-2u)+x'{S~2x)+y\8-2y) 
+;^(S-2z)+2uxyz(/u+/x+/y+/z)], 

S=u + x + y-^z. 

Prove the four identities next following, in which 

U= {x — 2ai){x — 2a,) {x — 2a»). 

(x — a^y a} Os* 

{x - a^y 






«s 



a,' (x — a^y 



I x — 2a^) 



1 1 

1 {x-a,y a,' 



«3" 



1 tti' (x—a^y Oj' 
1 ai' ^* (a;— as)' 



= - nUaf-' S 



a: — 2a. 
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256. 



257. 



258. 






= ?7a;»-^ I 



a:+S 



X 



-2a«3 



ai a, as 

Oj aiOj (a; — Oay a^^^s 



= - C/'a:"-^ S 



«« 



a; — 2a. 



a; — ^1 a^ as 

0L\ Q>2 X ^3 



«! 



(h 



a^ 



a, 
a 



n 



a; — ^, 



=a;(a;-AS') 



n— 1 



/S'^ ai + a, + + ««, ^« = aS'- a„. 



259. If /(a, ^') = 



a — k . a~ I . a 

~r ; ;t- 



m . a 
-r 



n 



b — k ' b — I b —VI b —n 
show that 

/(a, a) /(i, a) f{c, a) f{d, a) = 0. 

f{a,h) f(b,b) /(c,b) /(d.b) 

f(a, c) f(b, c) f(c, c) fid, c) 

/(a,d) f{b,d) f(c,d) f{d,d) 



260. Expand 



261. Expand 



A c 


2a 


Sa 


2a 


2b 


\ c 


2a 


3a 


Sb 


2b 


k-c 


2a 


2b 


Sb 


2b 


X-c 


a 


b 


c 


d-. 


b 


c 


d+\\ 


e 


c 


J-^A 


e 


f 


d + X 


e 


f 


9 
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262. Show that if 

(x — a) {x 
a + b — c 

Qb 



P 
-4 







-b)(x— c) = a^—px"^ + qx — r, 

4a 6a 4a 

a + b — c 4a 6a 

4ib a + b — c 4a 
6b 46 a + b-c 

r 
q r 

V 9. 



<1 

P 
-16 



-A p 

263. If a + 6 + c-— 0, ab-\-bc-\-ca=^q, aSc == r, then will 

\ - Z^V ab {a' + c^) ac {a' + Z>^) 



a5 (Z>^ + ^) \- a'c' be (a' + b') 
ac (b' + c') be (a' + c') k - d'b' 

= \^ — \q (q^ - 27^) + q\ 

264. Show that 

\-2bp-2cy 
aP + ab \ 
ay + ac 

-{a^+b''+c'){a'+^+y'')\{\-2aa-2hp-2cy) 



afi + ab 
-2aa — 2cy 
by + fie 



ay + ac I 
by + pe 
\-2aa~2bfi 



265. Show that 

A + aa + a'a' ba + 6'a' 



Ca + c'a' 

ay8 + a'/3' X + bfi + b'fi' c/S + e'P' 
ay + a'y' 5y + 6'y' A + c?y + c'y' 



= Xr-'\\^ + k(A + JB) + AB- CD] ; 

wherein n is the order of the determinant, and 

A^aa^ + bb' + cc' + 

^ = aa'+y8j8'+yy'+ 

C =aa' + bp'+cy'+ 

J) = aa' + ^b'+yc'+ 
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266. Show that 

1 a a a' 

yyl 
88' 



1 a 

1 



X 



and generalize the proposition. 
267. Show that 



111 

a + fi y + 8' 8 + y 

ap yS' 8y' 



di 







■=\aib^\x\cidt\ 



Oi hi Ci 

O] b^ c^ 

(h b^ 

Ui 64 

and generalize the proposition. 

268. Given (a,\ - x^y + (i/^ - 7/^y = a\ 
{x,-x,y + {y,-y,y = h\ 
(a^s — x,y + iy^ - y^Y = c», 
{x,-x:f + {y,-y^y = d\ 
(^1 - x^f + (yi —y^y = h\ 
{x^ — x^y + (^2 — yO' = ^, 

8= \ I Xi yi 

1 a:, ya 

1 1 3:3 ^8 
1 rr* y* 

then will 16 aS" = 4 h^l^ - (a* -h' + c'- dj. 
If hk = ac-\- hd and 2s = a + J + c + cZ, 
then will 8^ = {s- a) (s -b)(s- c) (s - d). 

^8 ys zs 

is satisfied by any one of twelve systems of three 
equations each ; find them. 

270. Given x^^ + y^^ + Zi^ = 1, arirr, + y,y, + 2,2, = 0, 

^2' + y-i" + ^2" = 1 , x^i + yiyz + z2Zs =^ 0, 

^s' + y^ + Za' =- 1, 2:52:1 + y^i + ZsZi = 0, 



269. 



«! 


^ 


Oi 


^2 


K 


C2 


as 


bs 


Ci 
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prove that 

Xi + x^ + a:,* = 1 , ariyi + x^^ + x^^ = 0, 

y\ + y-i' + y«* = 1 , yi^i + Vt^t + ysZs = 0, 

and if 



A = 



and 



Xi 

x^ 

Xi 



Xi — \ 

x^ 

Xi 



yi 
y^ 



2l 



then will A = ± 1, 



yi 
y.-A. 

^3 



2l 

z« 
Zs — A. 



= 0. 



271. 



2742. 



X a a 
c X a 

OCX 

d 



d 
d 

y 



y 

h 



y 
h 

h 



X a a p 



y 

d 



h 
h 

y 

X c 
a X 
a a 



c X a p h 

c c X p y 

q q q 2r q 

a d y p X 

d y b p a 

y b b p a 



y 

d 
d 
c 
c 

X 



b b 



y 
d 

c 

X 

a 



X 



y 
d 

d 

9 
c 

c 

X 



x — y a — b 

c — d x—y 

c — d c — d 

x-\-y a + b 

c+d x+y 

c +d c + d 



= 2 



X —y a 
c —d X 
c —d c 



X 



r 

9. 
9 



P 
x + y 
c + d 
c+d 



a — b 
a — b 
x — y 

a + b 
a + b 
c+d 



-b a — b 
-y a-b 
-d x — y 

p p 

a+o a + o 

x + y a + b 

c+d x + y 



273. Xi^ x^yi y^ y^Zx 

Xi x^2 yi 3/2^2 

^8* Xf^i yi y^i 

Xi X^i 3^4* ^4^4 

xi' x^^ y^ yfiZft 

xi Xf^t yi y«z« 

^84-^61" ■^34 ^%\ 



2;, Z^Xi 
Z2 ZfX^ 
Zi ZiX^ 

z^ z^x^ 

Z5 Zg^/'s 

Zg z^^ 

Z\t ^5 "" -^12-^45 
"^34 -^1 ~ -^34-^1 



-^12 Jm15 J^12 -^45 
-^23 J^M -^23-^56 
-^84 y^l -'^^84 -^61 
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-AT-. - = 



-m, n 



Y = 



m, n 



^mm. « = 



'm, n 









274. If a, J, c, c^, e,/ denote the six determinants that can 
be formed from the array 



{ 



a, ^, y, Si 



then will ad+be+ cf^=Q, 

275. Prove that 

I CLiC^eJ^ t^ 1 1 Mz^si/i ^» 1 

= 1 afi.^ej'i t^ I I (?iC^e:/4 4 |. 

276. If A^, B^, C^ are the inverse elements of | aib^c^ \ with 

respect to a„, b^, c„, show that 



1 


1 1 


— 


«1 

^1 


A.2 -4s 


• 



1 1 1 


+ 


6, J, 6j 




5, B, B, 





1 1 1 

C\ Cj Cs 
Gj Cj Cj 



= 0. 



277. If 



«! ^2 0^3 
Z>i ^2 ^S 

Cj Cj C3 



Wi V Ui 

Vi Uy W 



Ai Bt (7s I be the reciprocal of | ai ^2 c?s |, and 

tti hi Ci 

Os ^3 C3 

element for element, and U, V, W be the principal 
diagonal elements of | ^i ^2 ^s |^ then will 
uU+vV+wW 

— 3 1 ai&2^8 1*+ 2 t6Wi*+ 2 vvi+ 2 wwi— 6 t^iVit^i. 



278. If 



a 


b 


c 


d 


b 


a 


d 


c 


c 


d 


a 


b 


d 


c 


b 


a 



= aA + bB + cC+dD, 



prove that 
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{a'\-b + c-\-dy{A + B+C+ Df 

ABC D 

B A D C 

C D A B 

D C B A 



279. If 



a = 


X y z 




u X y 




Z U X 


c = 


Z U X 




y z u 




X y z 



h = 


y z u 




X y z 




u X y 


d- 


%i X y 




Z 11 X 




y z u 



prove that 



in which 



a = 



a h c 


• 


a fiy 


dab 




8 a /3 


c d a 




y 8 o 



a 


b 


c 


d 


a 


b 


c 


d 


a 



with similar expressions for j5, y, 8. 



280. Given oi? —yz — a, y^ - 
show that 

{ax ■\-by-\- czf ~ 



zx 



b, z^ — xy^ c, 



a 


b 


c 


c 


a 


b 


b 


c 


a 



281. If 



yz — ?/ = a^, zx — v^ 
vw — xu = c?', vm — yv 
prove that 

a^ f e" 
P ¥ d' 



b^, xy—w^ = &, 

e*, uv — zw =f\ 



X W V 




w y u 




V u z 





d} 



and solve the equations. 
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282. If I A ^1 C; K^ I be the reciprocal oi\a^l<? it* |, 

prove that (— 1)*~*'^,/<4» = sum of all the prodacts 
of 6, c, d, A, taken n—r at a time. 



283. Evaluate 








L M N 
I m n 


• 
• 


1 
I 
I* 



1 1 

m n 



in which 

L ={a,b,c,d)(l,\r, 
M= (a, b, c, d) (m, 1)', 

N^(a,b,e,d)(n,iy. 



284. Prove that 

a; 






X,' 



y. 



y yi' y,y, 

z Zi* ZiZi Zi 

z y 2y^zi yiz^ + ytZx ^y^z^ 

z X 2ziXi ZiXi + z^i 2z^j 

y X 2xiyi x^y^+x^^ 2x^t 

286. Prove that 

a: OTi' x^ I 

y y,* y,« w 

z z^ z^ n 

z y 2yiZi 2y^Zt 2p 

z X 2ziXi 2z^t ^q 

y X 2x^1 2x^i 2r 

+p{Y,Z,+Y,ZO 
+ q(Z,X,+Z,XO 
+ r(X,Y, + X,YO]^ 



= |aryiz. 



in which 

A = 



X 


^1 


^2 


y 


yi 


y^ 


z 


2i 


Zt 



Xi is the minor of :ri in A, etc. 
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286. Evaluate 



O N X 

F M y 

C L z 

L D w 

z w 



A H 

H B 

G F 

N M 

X y 

in which A^ B, (7, 2), etc., are the complements of 
a, 5, c, c?, etc., in 

h 



a 
h 

9 
n 



h 

f 
m 



9 w 

/ m 

c I 

I d 



287. If I Oi J, c, I = 0, then will 



X ai hi 




X Ci ai 


— 


X bi Ci 


y <hht 




y c^o^ 




y K C2 


z (h bi 




Z Ci Oi 




z bi d 



be a square. 



288. If 



a b c d 

Ui bi Ci di 

a, 5, c, c4 

a b c d 

ai Ji Ci di 

a^ bi c^ di 



= 0, then will 



a c d 


— '• 


a b d 




bed 


ai Ci di 




Ox bi di 




by Ci di 


Oi c^ di 




Oi bi di 




bi Ci di 



= 0. 



289. Show that 



+ 



b c d 

a c d € 
2b d e f 
Sc e f g 

a b c 
b c d d 
c d e 2e 
d ef Zf 



+ 



a c d 
b b d e 
c 2c e f 
d %d f g 

= 0. 



+ 



a b d 
b c c e 
c d 2df 
d e Se g 
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290. Given A^ = | 4^3^41^ -^ {| 4^8 1 1 4^4 1 | h'^^2 1 ] , 

^, = 147713^4 1' -^ {Ki^al 14^41 KiW^i II, 

^3 = |/l7ri2p4|*-^ IKl^i-il \kr/h\ |/4??i, II, 

^4 = I 4^1,^3 1'-^ {|4^[ l^^^al 14^1 11, 

find the value of AJi + -^j^ + A^l^ + -444- 

291. Gi\en Uu =aiX + biy -\- CiZ, 7/22 = ^2^ + ^ay + ^iZ, 



292. 



Uu^CiX + e^ + C2Z, 

^^l = xun + 2/W12 + zui3, 
U2 = xu^i + yun + 21^23, 

[/"= a:wi + ywj + 2Ms, 
then will 



"^2 ^^ ^23, 







UiuU.a,U39 z^ 


-4 


Wn 


W12 


w, 


+ 6 ?7 Uii u„ 








W21 


W22 


1^ 










Ten 


eralize. 




Wl 


^2 













tto 


fli Oa 


03 


04 


Os 


06 


07 




«! 


Oj + ^0 0^3 


a* 


as 


Oe 


Or 







a., 


a3 + tti a4 + Oo 


as 


Oe 


O7 










as 


a^ + ci'2 as + ai 


as + Oo 


07 













a* 


tts + «8 06 + 02 


ai + Oi 


Oo 













^5 


Oe + a* ai + (H 


aa 


«! 


Oo 










ae 


ai + 05 O4 


a-s 


02 


Oi 


Op 







Or 


Og 05 


04 


03 


a2 


Oi 


Oo 




is 


divisible by 


















(h Oo Os 


a* 




Os 




Ob 


Ch 






03 ai a4 


Oo as 




Oe 




O7 









a4 — a2 as — 


a, ag — 


Oo 


ay 














as aa ag 


02 07 — 


Oi 


-Oo 














Oe — a4 ay — 


as 


02 


o, 




Oo 









a, as 


04 




03 


— i 


h 




Oi 


-Oo 



Generalize the result obtained. 
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293. Simplify 



^ll^^S ^12^13 ^11^33 

^11^4 ^12^14 (^n^hi 



^13^^12 ^Il^n2 ^111^12 

^13 ^ll^nS ~" ^ln<^13 



in which a^, = a^p. 



294. If v(a,^,4i».+i 



a /> 
6? a 

c 

-0 




b 
a 
c 





b 
a 























cab 

Oca 

then will 

V (a, ^, c)2n+i = «V (a' — 2 be, b\ c\. 
295. Also v(a:,l,l):^ = vCr'^-2,l,l)„+v(a:-2,l,l)„_i. 



296. If/(m, n,p) = 



, prove that 



297. 



1111 

a* yg* y"* g«« 

a« /3» y« §« 
a^ )8' / 8^ 

(a+j5+r+S)/(7>i, n,^) - aj8y8/(m-l, n-l ,;?-l) 
=/(?72rf 1, w,p)+/(m, w+l,p)+/(m, ?i,p+l). 

If A = |ai, 62,^8, ^»l and ^^ / j^' \ denote the 

result of replacing the /th, mth, columns of A 

by a,, ft, , a^, Pm, , respectively, show that 



ly m) 
^ /)' my 



l«»»« ••••• 



= A*-' X A 



h m, )' 



the determinant on the left of " = " being of the 
order r. 
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298. 



1 




1 
1 
1 
1 



1 
1 





1 
1 
1 



1 
1 
1 





1 
1 



1 
1 
1 
1 





1 
1 
1 
1 
1 












1 
1 
1 
1 
1 







1 
1 
1 
1 
1 









10 



= 5. 



Show that the value of a determinant formed like the 
above, but with m units and n zeros in each line, is 
w if w be prime to n, but is zero if m be not prime 
to w. 

299. If (a, h, cj, g, h){B<f>, e+<f>, Vf = 0, 

and (a, b, cj, g, h){<l^x, <^+x, 1)' = 0, 
find (a, j5, y, K, A, ,*)(6>x, O+x. 1)' = 0, 
and show that if 

a = a, P=h, y = c, k=/, \=g, /a = A, 
then will 

ac + V + 2hg-^fh = 0. 

300. The minors of order 2w — 1 of a skew symmetric 

determinant of order 2w are divisible by the square 
root of the determinant. 



( -1 



\ 





